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Abstract— While a new type of power take-off (PTO) based on
mechanical-motion-rectifier has been developed, its dynamic
model is over simplified and cannot properly predict its nonlinear
system characteristics. There is a need to develop a high fidelity
PTO model to predict the system dynamics. An equivalent circuit
would be a convenient tool to model the system behaviour and can
easily apply to a circuit-based wave-to-wire (W2W) model. In this
paper, a methodology for deriving a circuit-based high-fidelity
model through the PTO design is introduced following by the
extraction of the parameters through experimental results.
Finally, the PTO circuit model is validated by the bench test
results under the time domain
Keywords— Power take-off (PTO), wave energy converter
(WEC), mechanical-electrical analogies, mechanical-motionrectifier (MMR), wave-to-wire (W2W) models.

I. INTRODUCTION
An electric analogue has been adopted to depict the physical
dynamic to a circuit model. Especially in electric-based interdiscipline research fields such as mechatronic or energy
harvesting, equivalent circuits for various applications has been
developed and applied for system design [1]–[3]. An equivalent
circuit model of wave energy converter (WEC) usually includes
analogues of a wave to body behavior, and power take-off
(PTO). The former analogue is derived from the hydrodynamic
of the wave-body interaction [4] and the later from mechanical
dynamic of PTO.
A new direct-drive PTO has been designed and
manufactured by Virginia Tech [5] which includes a
mechanical motion rectifier (MMR) gearbox that could convert
the bi-directional motion from wave into an uni-directional
rotation on the generator. This could increase the PTO
efficiency by keeping the generator speed under high efficient
operating speed. To characterize the PTO dynamics with the
non-linear MMR gearbox, simple circuit model has been
developed under shock absorber applications [6]. While the
model is over simplified, it is unable to accurately predict the
system dynamic especially the PTO efficiency and the peak –
average force from PTO which could significantly impact the
levelized cost of energy (LCOE) of the WEC system. It is
necessary to develop a PTO model with a high fidelity to
accurately predict the system dynamics.
This paper provides a methodology to build a high fidelity
equivalent circuit for the MMR-based PTO, and also simplies
the nonlinear model with an equivalent circuit model. The

parameters in the circuit model are extracted through multiple
testing conditions, and the resulting model with extracted
parameters is validated under time domain with multiple test
conditions.
II. MODEL OF MECHANICAL MOTION RECTIFIER BASED
POWER TAKE-OFF
The design and nonlinear dynamic equations of a directdrive PTO with MMR gearbox for a point absorber type WEC
system will be introduced in this section.
A. Mechanical Structure
As illustrated in Fig. 1, the direct-drive WEC system
includes two parts, the floating buoy that capture the ocean
wave excitation force, and the direct-drive PTO that convert the
kinetic energy into electrical energy, which is implemented
inside a sealed column. If the column is assumed to be fixed
corresponding to the incident wave, the relative motion will be
produced between the PTO and the buoy. The relative linear
motion on the push tube will drive the ball-screw, and the ballscrew nut embedded with the end of the push tube will transfer
the linear reciprocal motion to a bi-directional rotational motion
on the input shaft of the PTO. The MMR gearbox converts the
bidirectional rotational motion on the input shaft to a unidirectional motion on the output shaft and the generator.
Direct-Drive PTO

WEC System

Push tube

Ball-Screw

input coupling
Buoy

MMR Gearbox
Output coupling

Direct-Drive
PTO

Generator

Fig. 1. Design of the single body WEC and direct-drive PTO which
including the ball-screw, MMR gearbox, mechanical couplings, shafts,
bearings, and permanent magnetic synchronous generator [5].

Fig. 2 shows the design of the MMR gearbox which contains
two one-way sprag clutches, three bevel gears, one input shaft
and one output shaft. The MMR gearbox is modified by a threeway right angle bevel gearbox to provide a high efficiency
transmission [7]. The uni-directional motion transmission is the
results of two one-way sprag clutches which are design to only
engage in only one direction as shown in Fig. 2. The input shaft
is connected to two one-way clutch on their inner rings. The
inner ring (input shaft) and the outer ring (output shaft or bevel
gear) of the clutch will be synchronous only when they are
wedged by the sprags’ friction, which is also called engagement
mode. In this mode the torque will be transferred from the input
shaft to the output shaft. For another direction on the inner ring,
the rollers slip due to the asymmetric shape of the sprags. There
is no torque transmission during this mode which is called
disengagement or free-wheeling mode.
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Fig. 2. The design of one-way sprag clutches in MMR gearbox where the
rotational speed of the outer rings of the one-way clutches are ꙍm3 or
ꙍm2, and the rotational speed of the inner rings are ꙍm1. The spring and
the damping of the clutches are ksc3 (ksc2) and csc3 (csc2) respectively [8].

The output shaft rotates in counter-clockwise direction
driven by two different ways. One way is that when the input
shaft is rotating in clockwise direction, the upper clutch will
engage and the lower clutch will disengage. The torque is
transferred from bevel gears to the output shaft, where the bevel
gears will change the rotational direction so the output shaft has
opposite direction from the input shaft. Another way is that
when the input shaft rotates in counter-clockwise, the upper
clutch will disengage and the lower clutch will engage. The
torque is directly transfer from input shaft to output shaft
through the engagement of the lower one-way clutch, where the
output shaft has the same rotational direction with the input
shaft.
B. Mathematical Behavioral Model
To model the WEC system dynamic, a time-domain
Cummins’ equation (1) is used [9] for the heave-only, SDoF
WEC system. As in [10], the mooring force fm(t), and nonlinear viscous damping force fv(t) are usually omitted during
controller design.
(𝑚𝑓 + 𝐴11∞ + 𝑚𝑝𝑡𝑜 )𝑥̈ 𝑒 +
𝑘𝑠 𝑥𝑒 = 𝑓𝑒

𝑡
∫−∞ 𝑘𝑟 (𝑡

− 𝜏)𝑥(𝜏)𝑑𝜏 + 𝑓𝑝𝑡𝑜 +
(1)

where A11∞ is the added mass in infinite frequency, shown as:
A11  lim A( )
 

(2)

where ω is the frequency of regular wave; m is the mass of
buoy; xe is the vertical displacement of the buoy (upward as
positive); kr(t) is the impulse response function of a radiation
force; ks is the hydrodynamic stiffness which results in
hydrostatic force, fpto is the force applied by PTO; fe is the heave
excitation wave force exerted by incident wave while the buoy
is fixed.
The PTO force fpto is derived from the following (3) – (10)
of PTO and generator dynamics. First, the ball-screw transfer
the linear speed 𝑥𝑒̇ into rational speed ωm1, and the gear ratio of
the ball-screw kb can be derived from the l/2π where l is the
ball-screw lead.
𝑥̇ e = 2𝜋𝜔𝑚1 /𝑙 = 𝜔𝑚1 /𝑘𝑏

(3)

The fpto in (4) is contributed from the Coulomb friction
torque τ0, the viscous friction cn and cvs on both ball-screw nuts
and input shaft coupling, the equivalent force from the torque
Ts that is transferred to the one-way clutch, the forces from
Newton’s second law where the mass mpt and mbn are from the
push rod and ball-screw nut, the inertia Js1 and Jcp1 are from the
input shaft and the upper mechanical coupling respectively.
The torque on the one-way clutch Ts is based on the nonlinear
equation (5) which is decided by three different modes
according to the rotational speed of input shaft ω m1 and its
relationship with the speed of the output shaft ω g. The physical
behavioral model can be also found in the Fig. 2.
𝑓𝑃𝑇𝑂 = 𝑠𝑔𝑛(𝑥̇ e )𝜏0 𝑘𝑏 + (𝑐𝑛 + 𝑐𝑣𝑠 𝑘𝑏 2 )𝑥̇ e + 𝑇𝑠 𝑘𝑏
+ [𝑚𝑝𝑡 + 𝑚𝑏𝑛 + (𝐽𝑠1 + 𝐽𝑐𝑝1 )𝑘𝑏 2 ]𝑥̈ e

𝑐𝑐3 (𝜔𝑚1 − 𝜔𝑚3 ) + 𝑘𝑐3 (𝜃𝑚1 − 𝜃𝑚3 )
𝑖𝑓 𝜔𝑚1 > 0
𝑖𝑓 𝜔𝑚1 < 0
𝑇𝑠 = { 𝑐𝑐2 (𝜔𝑚2 − 𝜔𝑚1 ) + 𝑘𝑐2 (𝜃𝑚2 − 𝜃𝑚1 )
0
𝑖𝑓 |𝜔𝑚1 | < 𝜔𝑔

(4)

(5)

where kc3 and kc2 are the spring’s torsion coefficient from the
cage and sprags motion in the lower and the upper one-way
clutch respectively, which are linearly approximated and will
be extracted from the experiments; cc3 and cc2 are the torsional
damping coefficient inside the lower and the upper one-way
clutch; ωm1 and θm1 are the rotational speed and the angle of the
input shaft; ωm2 and θm2 are the rotational speed and the angle
of the outer ring of the upper one-way clutch; ωm3 and θm3 are
the rotational speed and the angle of the outer ring of the lower
one-way clutch. The relationship of the rotational speed can be
written as (6).
𝜔𝑔 = 𝜔𝑚3 = −𝜔𝑚2

(6)

After the one-way clutches, the torque Ts will be transferred
to the output shaft and drives the generator as shown in (7), and
the Ts equals to zero when absolute value of the input shaft
speed ωm1 is slower than the output shaft speed ωg.

Fig. 3 shows the mechanism of the sprag one-way clutch
(𝐽𝑠2 + 𝐽𝑔𝑏 + 𝐽𝑐𝑝2 + 𝐽𝑔 )𝜔̇ 𝑔 + (𝑐𝑔 + 𝑐𝑣𝑔𝑏 )𝜔𝑔 = 𝑇𝑠 − 𝑇𝑒

(7) and its equivalent circuit based on the analogue from (5) to the

where Js2 is the inertia of the output shaft; Jgb is the inertia of
the bevel gearbox; Jcp2 is the inertia of the lower mechanical
coupling; Jg is the inertia of the generator; cg is the viscous
damping of the generator; cvgb is the viscous damping of the
gearbox;
Te is the electrical torque derived from output load current
of the generator as in (8) where p is the pole numbers, kt is the
torque constant of the generator, and iabc are the current on each
phase of the generator output. Phase to neutral air gap voltages
Eabc (9) are the results of the rotor speed ω g which is equals to
the rotational speed of the output shaft in PTO, and the angle θ
is decided by electric frequency ωe = 0.5pωg. The air gap
voltages can also be written as a function of current and internal
impedances Li and Ri in (10). The output resistive loads Rin is
connected to the output of the generator.
Te 
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(10)

As a result, the PTO system dynamic can be solved by
including all the equations above including the nonlinear
equations in (5).
III. EQUIVALENT CIRCUIT OF MECHANICAL MOTION
RECTIFIER
The expression of dynamic equations is complicated and is
difficult to analyse the frequency response of each component
under different excitation input. The equivalent circuit model
provides simple and straightforward understanding for the
dynamics of the PTO under both time and frequency domain.
Especially the nonlinear equations can be easily descripted by
the electrical components in this section.
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Fig. 3. The mechanical scheme and the equivalent circuit of the one-way sprag
clutch. ωm1 θm1 are the rotational speed and angle of the inner ring; ωm3 θm3 are
the rotational speed and angle of the outer ring; csc3, and ksc3 are the torsional
damping and the torsional spring coefficient of the sprag clutch.
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electrical equation (11) which shows the dynamics of the lower
clutch, where the spring torsional coefficient is represented by
the reciprocal of Lc3 = 1/kc3, and torsional damping coefficient
is Rc3 = 1/cc3.

The nonlinear mechanism of the one-way clutch is
represented by an ideal diode connected to a RL parallel
network. The diode will only conduct when it anode voltage (p)
is higher than the its cathode voltage (n). It can be analogue to
(5) when ωm1 is smaller than ωm3 (ωg), no torque is transmitted
to the outer ring, whereas in this case no current will flow
through the diode.
The rest of the model approximation can be derived based
on the mechanical – electrical analogues introduced in [11] and
Table I.
TABLE I
ANALOGUES BETWEEN MECHANICAL AND ELECTRICAL VARIABLES [11]

Mechanical

Electrical

Acceleration (𝑥̈ )

Current (i)

Velocity (𝑥̇ )
Spring k: dF/dt=k(𝑥̇ 1-𝑥̇ 2)
Inerter m:
F=m[d(𝑥̇ 1-𝑥̇ 2)/dt]
Damper c: F=c(𝑥̇ 1-𝑥̇ 2)

Voltage (v)
Inductor 1/L: di/dt=1/L(v1-v2)
Capacitor C:
i=C[d(v1-v2)/dt]
Resistor 1/R: i= (v2-v1)/R

As a result, the PTO equivalent circuit model can be derived
as following Fig. 4 where the ball-screw is represented as a
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extracted in the following experiments section. The PTO circuit model will be used to simulate the PTO behaviour and compare with the bench test results.

transformer with 1:kb turn ratio; the mass and inertia are
analogue to parallel capacitors along the circuit; the viscous
dampers are analogue to the parallel resistors; the Coulomb
friction τ0 is analogue to a controlled current source based on
the rotational direction; the 3-way bevel gears are analogue to
the transformers with 1:1 ratio; two one-way clutches are
analogue to the circuit in Fig. 3 with a RL network and ideal
diode in series connection.
IV. EXPERIMENTAL RESULTS AND ANALYSIS
Dry lab tests are performed with Instron machine 8801 to
validate the equivalent circuit model in Fig. 4. A 500 W directdrive PTO is used as a show case for the model, and its push
tube is replaced to fit into the test machine. The test setup is
shown in Fig. 5 that the PTO is fixed by clamps to prevent the
rotational motion while driven linearly. The output setup of the
PTO is shown in Fig. 5(b) that the three-phase generator is
connected to three external resistors in Y configuration. The
input force, displacement, and velocity are recorded by the data
acquisition system on the test machine under 10 kHz of
sampling frequency. The output information including two
phase-neutral voltages, and two currents are recorded with
oscilloscope under 20 kHz of sampling frequency.

∆𝐹𝑖 = 2(𝑘𝑏 𝜏0 + 𝑣𝑚𝑖 𝑘𝑏 2 𝑐𝑒 )
𝑐𝑒 = 1/𝑅𝑒 = 𝑐𝑛 + 𝑘𝑏 2 (𝑐𝑣𝑠 + 𝑐𝑣𝑔𝑏 + 𝑐𝑔 )

∆F

Fig. 6. The triangular displacement open circuit test for identification of PTO’s
characteristics. The velocity Vmi, displacement di, output voltage vbc, and input
force Fpto of PTO under 10 mm of amplitude, with square wave shape of
velocity input.

The coefficient of the model (12) can be derived from the
linear regression by using ∆F as a response and input velocity
as an input control variable which can be shown in Fig. 7(b)
that 2kbτ0 equals to 221.4 N, and kb2ce equals to 1305 Ns/m
when kb ratio is 104.
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To verify the equivalent viscous friction and the Coulomb
friction, a triangular linear displacement is set as an input to the
PTO where the input velocity can be assumed as a constant
voltage source under steady state as in Fig. 6. The output
voltage is almost constant during the test due to the square wave
input from the test machine, and the input force is also a square
wave under the test. The square force amplitude ∆F (12) is the
result of the Coulomb friction and different viscous frictions
under various input speed by assuming the diodes always
conduct which can be simplified as Fig. 7(a). The capacitors
and the inductors can assume to be open and short circuit under
dc voltage input in Fig 4. The equivalent viscous friction ce is
derived in (13) as a sum of all the viscous frictions.

(13)

where the ∆Fi is the different force amplitude according to
different input velocity vmi.

500

Fig. 5. (a) PTO test setup with Instron 8801. The test machine will provide a
linear actuation with triangular displacement or sinusoidal displacement to the
tested PTO. (b) The PTO output setup of the three-phase generator, Li and Ri
are the internal inductors and resistors. Rin are the external resistances
connected to the output of the generator.

(12)

0.05

0.10

Vm

0.15

6.22577
99.6%
99.6%

0.20

(a)
(b)
Fig. 7. (a) Simplified equivalent circuit under constant velocity test (b) The ∆F
– vm curve with PTO input velocity vm from under 0.02 – 0.2 m/s. According
the linear regression results from Minitab, the equivalent coulomb friction is
2kbτ0=221.4 N, and the equivalent viscous friction is 2kb2ce = 1305 Ns/m. In the
simplified equivalent circuit, current source τ0 = 1.06 A, and overall equivalent
resistance Re= 1/ce = Rnkb2//Rvs//Rvgb//Rm = 16.58 Ω.

The next step is to derive the Lc2, and Lc3 in the equivalent
circuit. This can be done by matching the efficiency curve of
the PTO system. The mechanical efficiency of PTO is derived
by measurement data from the input force and displacement,
and the output voltage and currents as shown in the following
equations (14) – (16)
𝑃 = (𝐼 𝑉 + 𝐼 𝑉 + 𝐼 𝑉 )
𝑜𝑒
𝑎 𝑎𝑛 𝑏 𝑏𝑛 𝑐 𝑐𝑛

𝑃𝑜𝑒 =

𝑃𝑜𝑒
𝑅𝑖𝑛

ηm=

(𝑅𝑖𝑛 +𝑅𝑖 )

𝑃𝑜𝑚
𝑃𝑖𝑛

(14)
(15)
(16)

where the input power Pin is derived from the integral of the
force and the displacement divided by the its time interval as in

Fig. 8; the output power Po is derived from the mean value of
the measured output voltage and current as shown in Fig. 5(b)
and Fig. 8; ηm is the mechanical efficiency of the PTO; Rin is
the external resistors connected as output loads for the
generator; Ri is the internal resistance of the generator; here the
voltage drop on the inductance Li is neglected due to the
relatively low impedance compared to Ri.

Fig. 10. Time domain results of PTO input force Fpto and output voltage Vabc
from the Fig. 5 bench test and Fig. 4 simulation under Rin = 0.5 Ω, 3 Hz of
driving frequency, and 10 mm of amplitude.

Pin

(b)

Poe
(a)

(c)
Fig. 8. (a) Bench test results under sinusoidal input displacement, amplitude as
10 mm of amplitude, 4 Hz of frequency, and 1 ohm of output resistance R in (b)
filtered force - displacement loop can be used to calculate the input power (c)
measured three-phase output line-neutral voltage can be used to calculate the
output power.

By assuming Rc2 and Rc3 equal to 50 ohm, values of LC2 and
Lc3 can be approximated as 0.07 H when compares the
efficiencies from the bench test and the simulation results with
different Lc values.

Fig. 11. Time domain results of PTO input force Fpto and output voltage Vabc
from the Fig. 5 bench test and Fig. 4 simulation under Rin = 0.5 Ω, 3 Hz of
driving frequency, and 10 mm of amplitude.

V. CONCLUSIONS
An equivalent circuit for MMR-based PTO is derived. The
MMR gearbox can be shown as a parallel RL network series
connected to an ideal diode. The parameter extractions are
extracted through bench tests. Finally, the derived model can
accurately predict the PTO input force and its efficiency, and it
can further combine with a circuit-based W2W model for
overall WEC system simulation.
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Fig. 9. Mechanical Efficiency to determine the inductance value Lc of both Lc2
and Lc3 under different output resistances from 0.1 Ω to 10 Ω. The simulated
efficiency curve is approximated to the test results when Lc = 0.07 H.

Therefore, from the triangular input test results and the
efficiency curve fitting under sinusoidal input test, all the
parameters in the PTO equivalent circuit can be extracted. The
developed model is then validated under real-time testing with
multiple conditions as shown in Fig. 10 and Fig. 11. Under both
test conditions the input force and the output voltage can fit
between the experiment and simulation results, besides the
noise from the measured input force might be the result from
gears engagements and other non-ideal effects from the
mechanical coupling.
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