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Abstract— Authors proposed 2D numerical method in time 
domain, using vortex method that can consider the fluid viscosity 
and calculated primary conversion efficiency of a floating OWC-
type wave energy converter in waves. In this method, two models, 
that is, vorticity layer model and vorticity shedding model, for 
vorticity creation from the body surface and diffusion of the 
vorticity into the fluid region are used. In this paper, by 
comparing the calculation results with experimental results on 
the flow field around the circular cylinder in uniform flow and 
the vertical force acting on the oscillating submerged horizontal 
plate in vertical direction under still water surface, calculation 
accuracy of two vorticity creation models from the body surface 
is showed.  

 
Keywords—Wave energy converter, Performance analysis, 
Viscus Flow, Vortex method, Vorticity creation 

I. INTRODUCTION 

In the optimum design of a floating OWC-type wave 
energy converter such as Backward Bent Duct Buoy (BBDB), 
in order to increase the absorption of the wave energy, natural 
period of the oscillating water column in water duct is 
matched at the period of the predominant wave in the sea area 
where the device is installed. For the optimum design of the 
BBDB, at present, analysis methods based on potential theory 
assuming that fluid flow is inviscid and irrotational are 
proposed. However, in the method based on the potential 
theory, it is difficult to estimate the motion of the oscillating 
water column at resonance frequency accurately. For the 
optimum design of the BBDB, it is necessary to develop the 
numerical method to consider the viscosity in fluid and 
vorticity creation from the body surface and the diffusion of 
the vorticity into the fluid. 

In order to achieve this purpose, we proposed 2D numerical 
method in time domain, using vortex method considering the 

fluid viscosity and calculated primary conversion efficiency of 
the BBDB in regular waves [1],[2]. In this method, two 
models for vorticity creation from the body surface and 
diffusion of the vorticity into the fluid region are used. One is 
the vorticity layer model used in the smooth surface of the 
body. The other is the vorticity shedding model used for 
separation of the vorticity generated from the corner of the 
body. From the comparison between the experiments and the 
calculations for BBDB, it was found that calculated results on 
the air pressure and free surface elevation in the air chamber, 
motions of the BBDB and primary conversion efficiency are 
good agreement with experimental results. However, we did 
not show the calculation accuracy of two vorticity creation 
models from the body surface.   

 
 
 
 
 
 
 
 
 
 
 
Fig. 1 Schematic Diagram of Floating OWC type WEC “BBDB” 

 
In this paper, in order to evaluate the accuracy of two 

vorticity creation models, firstly, calculated results on flow 
field around the circular cylinder in uniform flow are 
compared with experimental results. Secondly, calculated 
results on the vertical force acting on the oscillating 
submerged horizontal plate in vertical direction under still 
water surface are compared with experimental results.  



From the comparison between the experimental results and 
the calculation results, the accuracy of two vorticity creation 
models from the body surface are discussed. 

 
II. FORMULATION 

A. Governing Equations 

Two-dimensional incompressible, viscous fluid flow based 
on a vorticity ξ  and stream function ψ  formulation can be 

expressed as follows: 
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where u , v are fluid velocity of x, y direction, t the time  
and  the kinematic viscosity. The vorticity transport equation 
as shown Eq. 1, can be split into two equations, a convection 
step and a diffusion step (Chorin [3]). 

 
a) Convection step 
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b) Diffusion step 
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The solution of Eq. 5 corresponds to convection of the 

blobs with the flow velocity at their locations as Lagrangian 
points. Eq. 6 represents the two-dimensional diffusion 
equation. 

The vorticity field is represented by a collection of discrete 
vortex elements called “vortex blob”: 
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where mΓ is the circulation associated with each blob, 

( , )x yX a field point in the fluid domain, 
( ) ( ( ), ( ))m m mt x t y tX  the location of each blob at time t , N is 

the number of blobs and G  the distribution of vorticity within 
each blob. 

At each time step, the convection step is simulated in the 
first half step and the diffusion step is simulated in the second 
half step. In the convection step, the boundary element 
method based on the complex velocity potential (Complex 
variable boundary element method) is used to solve Eq. 2 and 
Eq. 5. The stream function ψ is decomposed into the 

irrotational component hψ and the rotational component  as 

follows: 
 v h                                                                            (8)                                                                                  

The following equations are obtained by substituting Eq. 8 
into Eq. 2. 
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In the diffusion step, Equation 6 is solved. 
 

B.  Calculation of Convection Step (First half step) 

1)  Boundary integral equation  

The definition of computational domain is shown in Fig. 2. 
The complex velocity potentials hβ , vβ are introduced as 

follows: 
 
  ih h h                                                                       (11)                 
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where h  is the irrotational component of velocity potential, 

v the rotational component of velocity potential and 1i   . 

The v  corresponding to Eq. 12 is as follow [4]: 
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To obtain the solution of hβ , the complex variable 

boundary element method is used to calculate a boundary 
integral equation based on Cauchy’s integral formula: 
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where ςC represents the boundary contour and ζ  the location 

on the boundary ζC . There are some researches about 

simulation for nonlinear wave using the complex velocity 
potential, such as Vinje and Brevig [5] and Takagi et al.[6], 
and in this paper, we use the dual-variable equivalence 
method introduced by Sato [7]. The following equations for 
the velocity potential and the stream function are set up at 
each nodal point by descretizing the boundary to linear 
elements, 
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where kθ is the internal angle at the nodal point. jH and   

jI are defined as follows: 
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Fig 2. Definition of computational domain 

 
Eq. 15 and 16 are solved by the dual-variable equivalence 

method. When the velocity potential is known ( kP= ) at the 

nodal point kζ  , we can write: 
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The following equations are obtained by substituting Eq. 19 
for Eq. 15 and 16, 
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When the stream function is known ( kS= ) at the nodal 

point kζ , we can write: 
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The following equations are obtained by substituting Eq. 22 
for Eq. 15 and 16, 
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Eq. 20 and 21 can be used when the velocity potential is 
known at the nodal point on the boundary. Eq. 23 and 24 can 
be used when the stream function is known. The unknown 
values are h  and h at each nodal point of the right-hand 

side of Eq. 20, 21, 23 and 24 and the solution can be obtained 
by computing the 2M dimensional simultaneous equations. 
The calculation accuracy can be improved by using the both 
equations for the velocity potential, Eq. 15, and the stream 
function, Eq. 16. 

 
2)  Boundary conditions 

At the free surface, the kinematic boundary condition is 
used to advance the location of the nodes, while the dynamic 
condition is used to advance

h
  : 
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where g is the gravitational acceleration, w the complex 

velocity ( w u iv= − ) and *w the complex conjugate of w . 

ap is the air pressure, 0p the atmospheric pressure,  the 

density of water.   
In case that there is an incident wave, following analytical 

solutions based on linear water wave theory are used at the 
incident wave boundary.   
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where a and are the amplitude and angular frequency of 
the incident wave, respectively.   

The damping layers are used on the left and right hand ends 
of the free surface. 

  * ( ; ) d r

D
w t

Dt
    

X
X                                              (29)                 

   1
*

2
h v

d h r

D D
w w gy

Dt Dt

                                    (30)                 

Here dν is the artificial damping coefficient, ζ the vertical 

displacement of nodal point on the free surface, rζ and    

r the reference values of vertical displacement of nodal point 

and velocity potential. On the weather side-damping zone (Fig. 
2), the analytical solutions of linear wave theory are used for 
the reference values to attenuate the reflection wave from the 
body. On the lee side-damping zone, the reference values are 
set to 0rζ = and 0r   to attenuate transmitting wave 

approaching the open boundary. The positions of the nodal 
points on the free surface are relocated in every time step.                         

At the body surface, the following equation is given by the 
no-flux boundary condition: 
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where ( s sx , y ) are the coordinate on the body surface, 

( 0 0x , y ) the center of gravity of the body, bU and bV  the body 

velocities of x and y directions, and Ω the angular velocity 
around the center of gravity of the body. When one of the 
nodal points on the body surface is designated as a reference 
node ( )A A Aζ x , y=  and the stream function at the reference 

node as A h ,A v ,Aψ ψ ψ= +  , the stream function j h , j v , jψ ψ ψ= + at 

any points at body surface ( )j j jζ x , y=  can be obtained by 

integrating Equation 31 along the body surface as follow: 
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The stream function of Eq. 32 can be decomposed into the 

irrotational and the rotational component as follows: 
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The positions of the nodal points on the body are relocated 
in every time step. 

At the bottom, the stream function is given by the no-flux 
condition as well as the body surface. The stream function can 
be calculated by the equation as 0 0b bU , V= = and Ω 0= of 

Eq. 33. 
 

C. Calculation of Diffusion Step (Second half step) 
The Core-Spreading method proposed by Leonard [8] 

simulates the viscous diffusion of the vortex by the expansion 
of the core size ( )ε t  of the vortex element. The vorticity 

distribution of a vortex blob is represented as follow: 
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where ( )m mr t X X . The induced velocity by a vortex 

blob is as follow: 
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The rate of core expansion is based on the exact solution of 

the Navier-Stokes equation for viscous diffusion of an isolated 
two-dimensional vortex filament in a rest fluid as follow:  
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D. Vorticity Creation from Body Surface 
 In this study, two models for vorticity creation from the 

body surface and diffusion of the vorticity into the fluid region 
are used. The vortex layer model is used in the smooth surface 
of the body. On the other hand, the vorticity shedding model 
is used for separation of the vorticity which arises from the 
corner of the body. 

1)  Vorticity layer model 

The vorticity layer model [9] is applied to simulate the 
vorticity creation on the smooth surface of the body and 
diffusion of the vortex into the fluid region. A liner 
distribution of velocity in the thin vorticity layer which has 
uniform vorticity strength is assumed as shown in Fig. 3. By 
assuming the no-slip condition on the body surface, the 
vorticity in the vorticity layer is given as follow: 
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where s1u , s2u are the tangential velocity at the collocation 

points outside of the vorticity layer, Δh the height of vorticity 
layer.  
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Fig.3 Vorticity creation from smooth body surface 

 
The introduction of the vorticity into the flow field is 

represented by simulating convection and diffusion of the 
vorticity in the vorticity layer. By using the relation of 
continuity of the flow, the convective velocity CV  at the 

height Δh  can be expressed as follow: 
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where Δl  is the panel length. The vorticity in the vorticity 
layer diffuses into the flow field. The diffusion velocity DV  is 

expressed as follow: 
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If C DV V+  becomes positive, the nascent vortex elements 

are introduced into the flow field. 
The vorticity 2ξ of the introduced vortex element is given 

by the conservation of the circulation as follow: 
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where 1A  is the area of the vorticity layer and 2A the area 

of the vortex element introduced into the flow field given as 
following equation. 
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where Δt is the time step. The introduced vortex element is 
converted to the vortex blob. 

 

2)  Vorticity shedding model 

The vorticity shedding model [10] is applied to simulate the 
vorticity creation and diffusion from sharp corner of the body 
as shown in Fig.4.  When the relative flow velocity vector on 
the sharp corner of the body is represented by cv , following 

vortex sheet with strength c and convective velocity 

/ 2cv would be shed into the fluid continuously from the 

sharp corner with direction of the relative flow velocity vector.  
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where cn is the unit vector being inward normal to the 

corner of the body. The vortex sheet length L shed into the 
fluid during the small time interval t is expressed as follow:  

/ 2cL t  v                                                            (43) 

Therefore, circulation c shed from the sharp corner is as 

follow: 
       / 2c c c t   v                                                         (44) 

The vortex sheet shedding from the sharp corner is converted 
into vortex blob with circulation c . We assume following 

equation for the initial core radius of the vortex blob.   
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Fig.4 Vortex shedding model  

 
E. Calculation of Pressure on Body Surface and Acceleration 

of Floating Body   
We use the integral equation for the energy deduced by 

Uhlman [11] to calculate the fluid pressure acting on the body. 
This equation is derived from the fundamental equations for 
viscous fluid. On node i on the boundary, the following 
integral equation is obtained. 
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Here / n  shows the normal derivative on the boundary, 

u  the velocity vector, ξ the vorticity vector, ζ  the location in 

the fluid domain or on the boundary, n  the outward normal 
unit vector at  the boundary, ζC the boundary and ζA the 

region of the flow field. B , na  and iζr are given as follows: 

1

2

p
B gy


   u u                                                            (47)                 
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
u

n                                                                         (48)                  
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1 2{( ) ( ) }i i i i ir x y         r X ζ                     (49)  

                                
where p is the fluid pressure. 

 
III. UNIFORM FLOW PAST A CIRCULAR CYLINDER 
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Fig.5 Calculation model of the circular cylinder 

 

A. Computational Condition 

To verify the calculation accuracy of vorticity creation 
method, we apply the vorticity layer model to impulsively 
started flow around a two dimensional fixed circular cylinder. 
For impulsively started flow, the vorticity field and the 
velocity field behind the cylinder develop with time. The 
inflow velocity is uniform U  and the diameter of the cylinder 

is D  (Fig.5). The starting time of flow is 0t  , and the 
nondimensionnal time is defined as * /T U D t  . The time 

step of calculation is *T  0.025. Calculations are carried out 
for Reynolds numbers ( e /R U D  ) e 3000R  and 

e 9500R  . Calculations were carried out for following four 
cases of vorticity layer thickness.   

Case-A: */ 1.136 / e 0.18 / eh D T R R     

Case-B: / 0.5 / eh D R   

Case-C: / 1.0 / eh D R   

Case-D: / 1.5 / eh D R   
 
Case-A proposed by Ojima [12] is a method considering the 

vorticity layer thickness to be displacement thickness of  
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Fig. 6 Velocity profiles along the centerline of wake (Re=3000) 
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Fig. 7 Velocity profiles along the centerline of wake (Re=9500) 
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boundary layer that develops between time steps t  in 
Rayleigh’s problem of an infinite flat plate started impulsively. 

Case-B~Case-D is a method of setting the thickness of 
vorticity layer based on the thickness of boundary layer, and  
Imamura et al. [13] carried out the calculation using this 
method. 

 

B. Computation Results 

Figs.6, 7 compare the calculated velocity profiles along the 
centerline of wake with the experimental results (Bouard and 
Coutanceau [14]). In these figures, the horizontal axis shows 
the x coordinate of Fig. 5 and the vertical axis shows the x 
component of fluid velocity at y=0. The horizontal and 
vertical axes are nondimensionarized by the cylinder diameter   
D and flow velocity U , respectively. In the case of Case-C 

and Case-D, flow velocity of the negative direction on the x-
axis tends to develop earlier than the experimental value. The 
difference between the calculated value and the experimental 
value on flow velocity is large in both cases of e 3000R  and 

e 9500R  in the time after T*=1.5. The distribution of flow 
velocity does not smooth in Case-A and differences are in the 
calculated results and the experimental results in the time after 
T*=2.0 in case of e 3000R  and in the time after T*=1.5 in 
case of e 9500R  . Since calculated results in Case-B are 
approximate to the experimental results in each time, it seems 
that it is appropriate to make the thickness of vorticity layer to 
be the value decided by Case-B.   

 
IV. FORCED HEAVING MOTION OF A SUBMERGED 

HORIZONTAL PLATE 
 
Calculated results on vertical hydrodynamic force acting on 

the forced oscillating horizontal plate in vertical direction 
under still water surface are compared with experimental 
results.  

 

A. Forced Oscillation Tests in Wave Tank 

A two-dimensional wave tank at Imari Satellite of Institute 
of Ocean Energy, Saga University, was used for this 
experiment. The tank has a length of 18m, width of 0.8m and 
water depth of 1.0m (Fig. 8).  

The experimental conditions are shown in Table 1. The 
vertical displacement of the oscillating plate is expressed as:  

2
sinz a t

T

   
 

                                                            (50) 

where a is the vertical amplitude of the oscillating plate, 
T the period of the oscillation and t the time. The vertical 
load on the plate during the forced oscillation tests is 
measured using load cell. To remove high frequency 
components of the measured data from the load cell, the 
method of least squares curve fitting using trigonometric 
function is used. In addition, to obtain the vertical 
hydrodynamic forces acting on the plate, the inertia forces of 

the plate and the steel beam are subtracted from the fitted 
measured data. 

 
 
 
 
 
 
 
 
 
 
 

 
Fig. 8 Experimental arrangement 

 
 

Table 1. Experimental conditions 

 
 
   
 
 
 
 
 
 

B. Calculation conditions 

To examine the effectiveness of two models for the 
vorticity creation from the body surface and diffusion of the 
vorticity into the fluid region, following three kinds of 
calculations are conducted.  

1) Method① (Vortex method①) 
·Calculation by vortex method  
·Vorticity creation model: Vorticity layer model 

2) Method② (Vortex method②) 
·Calculation by vortex method  
·Vorticity creation model: Vorticity layer model and  
                                              vorticity shedding model 

3) Method③ (Inviscid) 
·Calculation as an inviscid fluid 
·No vorticity creation 

 
The plate is oscillated by Eq.50 from the initial submerged 

depth of 15cm. The height of vorticity layer h is set 
as 0 5h / L . / Re   from the results of former section. 
Reynolds number is defined as follow: 

max 2V L aL
Re

T


 


                                                          (51)   

where maxV is the maximum heaving velocity of the plate. 

C. Comparison of experimental results and calculation results 

Figs. 9, 10 show the time series of measured and calculated 
vertical hydrodynamic forces acting on the plate for two kinds 
of oscillation period of the plate ( 1 0 1 4T . sec, . sec ). Non-
dimensional time is expressed *T t / T . The calculation 



results by three methods are shown. The motion of the plate is 
also shown. The calculation results by method ② agrees well 
with experimental results. From these results, it is found that 
the hydrodynamic force acting on the plate can be calculated  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

at the good accuracy by using “Vorticity layer model” with 
“vorticity shedding model” as vorticity creation model from 
the body surface. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.9 Time series of vertical forces action on the plate (T=1.0sec) 

Fig.10 Time series of vertical forces action on the plate (T=1.4sec) 

Fig.11 Vorticity distribution around the plate (Method ②,  T=1.0sec) 

a) T*=6.7 

b) T*=7.3 

Fig.12 Velocity vector around the plate (Method ②,  T=1.0sec) 

a) T*=6.7 

b) T*=7.3 



 
 
 
 
 
 
 
 
 
 
 
 
 
                                    
 
 
 
 
 
 
   Figs.11,13 show the vorticity distribution around the plate 

by Method ②  at 6 7*T . and 7 3*T .  for 1 0T . sec and  
1 4T . sec . Figs.12,14 show the velocity vector around the 

plate by Method ② at 6 7*T . and 7 3*T .  for 1 0T . sec and  
1 4T . sec . Large vortex is generated from the edge of the 

plate.   
 

V. CONCLUSIONS 
 
In this paper, in order to evaluate the accuracy of two 

vorticity creation models from the body surface, that is, 
“Vorticity layer model” and “Vorticity shedding model” 
used in the 2D numerical method using vortex method 
proposed by authors for estimating the primary conversion 
efficiency of a floating OWC-type wave energy converter, 
calculation results on the uniform flow past a circular cylinder 
and forced heaving motion of a submerged horizontal plate 
are compared with the experimental results.     

As the results, it is found that the calculation accuracy was 
good in the method for using “vortex layer model” with 
“vorticity shedding model” .   
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