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Abstract—Wave energy is a kind of clean renewable 

energy that is huge and still need further research. Point 

absorber wave energy converter (PA-WEC) is widely 

utilized for offshore power devices. The PA-WEC utilizes 

the heave motion to drive linear electric generator or a 

hydraulic motor to generator using power take off (PTO) 

system. And the PTO system usually is assumed to be a 

linear spring and a linear damper. Because of the larger 

motion, the PTO system, which exhibited non-linear 

behavior, is considered as linear spring with the nonlinear 

hardening spring and a linear damper. Through the time 

domain method, the dynamic model of the PA-WEC is 

developed under irregular waves. The state space model 

replaced the convolution term in the frequency domain 

equation. The dynamic response of the PA-WEC is 

researched considering different environmental parameters 

by Runge-Kutta method. Then the power and power ratio 

performance of the system is obtained. Compare with the 

linear WEC, the results show that the nonlinear WEC can 

increase the power captured in irregular waves. 

 

Keywords—wave energy converter, nonlinear hardening 

spring, PTO, irregular waves, state space model, dynamic 

performance 

I. INTRODUCTION 

ith the global climate change, the renewable 

energy is getting more and more attention. Wave 

energy is substantial as a clean renewable energy, and 

many WECs have been designed and analysed. The PA-

WEC is widely utilized the depth of between 40 and 100 

meters [1], and possesses very small dimensions relative to 

the incident wavelength [2]. So the effect of wave direction 

is not important for the capture of these devices, and can 

adapt to the various complex sea conditions. 

Generally, the PTO system of WEC can be assumed as a 

linear spring and a linear damper in heave motion [3]. For 

this problem, many researchers have carried out. Crozier 
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et al. [4] developed a heaving buoy for WEC using the 

coupled electromechanical and hydrodynamic simulation 

of a novel generator. Bailey and Bryden [5] assumed the 

PTO system including linear and nonlinear components 

due to the large amplitude to obtain the more accurate 

results. Zhang and Yang [6] debated the power capture 

performance of an oscillating-body WEC under irregular 

waves considering the nonlinear snap through PTO 

system. Tarrant and Meskell [7] described the dynamic 

stability of point absorbers in time-domain nonlinear 

numerical model. Manna and Sims [8] used the magnetic 

levitation to design a duffing oscillator to harvest energy. 

Pellegrini et al. [9] used nonlinear springs to harvest the 

energy in order to obtain the wide frequency band tuning. 

Liu [10] developed the duffing type nonlinear oscillator 

dynamic differential equation of wave energy conversion 

and found the large displacement excitation amplitude 

and nonlinear stiffness will increase the nonlinearity, 

output voltage and harvesting frequency bandwidth. 

Wilson et al. [11] demonstrated the performance of 

nonlinear WEC using the nonlinear cubic hardening 

spring and solved the dynamic response considering the 

nonlinear control. Sun et al. [12] used the finite element 

analysis software COMSOL Multiphysics to obtain the 

nonlinear hardening spring characteristic of magnetic. 

Wilson et al. [13] extended the concept of Complex 

Conjugate Control (CCC) to nonlinear WECs using 

Hamiltonian Surface Shaping and Power Flow Control 

(HSSPFC) to design the optimal limit cycles. Wu et al. [14] 

studied the nonlinear behavior of wave energy harvesting 

considering nonlinear stiffness in regular waves. Dang et 

al. [15] debated the WEC performance considering the 

variable stiffness mechanism (VSM). Zheng et al. [16] 

analyzed the dynamic response of the PA-WEC 

considering nonlinear hardening spring PTO systems with 

regular waves. Furthermore, the power capture of WEC 
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can be enhanced by different control strategies taking 

advantage of in PTO system, such as passive loading 

control [17], Latching Control [18], Reactive Loading 

Control [19], declutching control [20], model predictive 

control [21], near-optimal control [22], nonlinear model 

predictive control [23] and so on. 

The WECs system is debated to maximize power 

absorption with large motion considering the nonlinear 

dynamic. So in this paper, the linear spring of PTO system 

is replaced by linear spring and nonlinear cubic hardening 

spring to obtain more accurate results with the PTO system 

generates power following floating motion. The motion 

model of the PA-WEC is developed in irregular waves 

using time domain method. The state space model 

replaced the convolution term in the frequency domain 

dynamic equation. The dynamic response of the PA-WEC 

is researched considering different environmental 

parameters by Runge-Kutta method. Then the power and 

power ratio performance of the system is obtained..  

II. DYNAMIC MODEL OF POINT ABSORBER WEC 

UNDER IRREGULAR WAVES 

A. JONSWAP spectrum 

Generally speaking, the real sea state is defined by the 

wave spectrum. The JONSWAP spectrum [24] is used in 

this simulation. 
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(1) 

where, 𝑆𝜂(𝜔) is the spectrum density function, 𝜔 is the 

circular frequency, 𝐻𝑠 is the significant wave height, 𝜔𝑚 is 

the peak frequency, 𝛾  is the peak lifting factor. 𝜎  is the 

peak shape factor, and the value is  

 𝜎 = {
0.09 for𝜔 ≥ 𝜔𝑚

0.07 for𝜔 < 𝜔𝑚
 (2) 

𝛼* is a coefficient related to 𝛾 as following: 

 𝛼* =
0.0624

0.23 + 0.0336𝛾 − 0.185（1.9 + 𝛾）
−1 (3) 

For times series calculation under irregular waves, the 

wave can be represented by series linear combination of 

sinusoidal waves. 

 𝜂(𝑡) = ∑√2𝑆𝜂(𝜔𝑖)Δ𝜔

𝑁

𝑖=1

𝑐𝑜𝑠(𝜔𝑖𝑡 + 𝜑𝑖) (4) 

𝜂(𝑡)
 
is wave elevation; Δ𝜔  is small circular frequency 

interval; 𝜑𝑖 is random phase angle. 

B. Dynamic model 

For the larger motion, the nonlinear hardening spring is 

considered in simplified model of point absorber WEC as 

shown in Figure 1. And the system can be looked upon as 

a mass-damping-spring model. The motion of floating 

only is along with heave motion under the wave exciting 

force. In this paper, the motion of PTO system 

accompanies by the motion of the cylinder floating. The 

mass of the floating is 𝑚 = 𝜌𝜋𝑅2𝑑𝑓  (𝜌  is the density of 

seawater, 𝑅 is radius of floating, 𝑑𝑓 is the draft of floating). 

 
Fig. 1.  PA-WEC with nonlinear hardening spring PTO system. 

 

For this system, the time domain method [25] is applied 

to develop the dynamic model under irregular waves. In 

this paper, only considering the heave motion, the 

equation model of the PA-WEC system can be got as 

following: 

 
[𝑚 + 𝐴𝑧(∞)]�̈�(𝑡) + ∫ 𝑘𝑧(𝑡 − 𝜏)�̇�(𝑡)𝑑𝜏 +

𝑡

0

 

𝐶�̇�(𝑡) + 𝜌𝑔𝑆𝑧(𝑡) + 𝑘𝑙𝑧(𝑡) + 𝑘𝑛𝑧3(𝑡) = 𝐹𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟  

(5) 

If 𝑘𝑛 = 0 , the system becomes linear PA-WEC as 

following 

 
[𝑚 + 𝐴𝑧(∞)]�̈�(𝑡) + ∫ 𝑘𝑧(𝑡 − 𝜏)�̇�(𝑡)𝑑𝜏 +

𝑡

0

 

𝐶�̇�(𝑡) + 𝜌𝑔𝑆𝑧(𝑡) + 𝑘𝑙𝑧(𝑡) = 𝐹𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟  

(6) 

where, 𝑧 , �̇� , �̈� are the displacement, velocity and 

acceleration of the system in heave motion, 𝐴𝑧(∞)is the 

added mass of the floating as 𝜔 = ∞; 𝐹𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟 is the wave 

excitation force of the floating; 𝑆 is the cross-sectional area 

of the floating and 𝑆 = 𝜋𝑅2; 𝐶 is the equivalent damping 

coefficient; 𝑘𝑙 is the equivalent linear stiffness coefficient; 

𝑘𝑛  is the nonlinear hardening stiffness coefficient; 𝑘𝑧(𝑡) , 

which is the retardation function, can be solved: 

 𝑘𝑧(𝑡) =
2

𝜋
∫ 𝐵𝑧

∞

0

(𝜔) 𝑐𝑜𝑠( 𝜔𝑡)𝑑𝜔 (7) 

where, 𝐵𝑧(𝜔) is the radiation damping coefficient of the 

floating in heave direction. 
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The module of wave excitation force |𝐹𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟| is  

 

|𝐹𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟| = ∑Γ𝑧(𝜔𝑖)𝐴𝜔𝑖

𝑁

𝑖=1

= ∑ Γ𝑧(𝜔𝑖)√2𝑆𝜂(𝜔𝑖)Δ𝜔

𝑁

𝑖=1

 

(8) 

where, Γ𝑧(𝜔𝑖)  is the excitation force coefficient of 

floating in heave direction..  

The parameters of the system are listed in TABLE I. 

Vicente, Falcão, and Justino [3] show that when the value 

of equivalent linear stiffness is 𝑘𝑙 = 0.1𝜌𝑔𝑆 , the PTO 

system can obtained the most power. Using the AQWA 

software, the hydrodynamic coefficients of floating are 

calculated in heave direction as shown in Figure 2. 
TABLE I 

PARAMETERS OF THE SYSTEM 

Symbol Quantity Unit 

𝑅 5 m  

𝜌 1025 kg·m-3 

𝑑𝑓 3 m 
𝑘𝑙 0.1𝜌𝑔𝑆 m/s 

 

 

 
Fig. 2.  Hydrodynamic coefficients of floating in heave direction. 

 

Using the MATLAB curve fitting for polynomials, the 

wave excitation force coefficient Γ𝑧(𝜔)  can be got as 

following 

 

Γ𝑧(𝜔) = −3269𝜔6 + 5.104 × 104𝜔5

− 3.141 × 105𝜔4 + 
9.343 × 105𝜔3 − 1.235 × 106𝜔2

+ 1.806 × 105𝜔

+ 7.761 × 105 

(9) 

In the frequency domain, the dynamic model of the 

system (6) can be written as 

 
[𝑚 + 𝐴𝑧(∞)]�̈� + 𝐵𝑧(𝜔)�̇� + 𝜌𝑔𝑆𝑧

= 𝐹𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟 − 𝐶�̇� − 𝑘𝑙𝑧 
(10) 

Using the complex amplitude 𝑧  and 𝐹𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟 . The 

function (10) can be solved 

 𝑍 =
𝑓𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟

−𝜔2[𝑚 + 𝐴𝑧(𝜔)] + 𝜌𝑔𝑆 + 𝑘𝑙 + 𝑖𝜔[𝐵𝑧(𝜔) + 𝐶]
 (11) 

The power capture of WEC can be expressed as:  

 

𝑃 =
1

2
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(12) 

where, 𝑈  is the complex amplitude of velocity in the 

heave direction. For the power capture of WEC can get the 

maximum value, the function (12) need 𝑈 =
𝑓𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟

(2𝐵𝑧)
 . So, 

we can get as following 

 𝜔 = [
𝜌𝑔𝑆 + 𝑘𝑙

𝑚 + 𝐴𝑧(𝜔)
]
1/2

 (13) 

 𝐶 = 𝐵𝑧(𝜔) (14) 

III. STATE SPACE MODEL 

In this paper, the state-space model [16] [26] is used to 

instead of the From Figs. 3 and 4, the matrixes 𝐀′,𝐁′, 𝐂′ can 

be got convolution terms for dynamic solution. The typical 

state-space model usually can be expressed as 

 {
�̇�(𝑡) = 𝐀′𝐗(𝑡) + 𝐁′�̇�(𝑡)

𝐼𝑧(𝑡) = 𝐂′𝐗(𝑡)
 (15) 

where, 𝐼𝑧(𝑡) = ∫ 𝑘𝑧(𝑡 − 𝜏)�̇�(𝑡)𝑑𝜏
𝑡

0
is the radiation force.  

The MSS FDI Toolbox [27] is adopted for obtain the 

matrices 𝐀′,𝐁′, 𝐂′. According to the research data [16], 𝑛 =

5 is selected as iteration number. The best identification 

results can be obtained as shown in Figures 3 and 4. 

 

 
Fig. 3.  The best identification results of the retardation function. 
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Fig. 4.  The best identification results of the hydrodynamic 

coefficients 

 

From Figs. 3 and 4, the matrixes  𝐀′,𝐁′, 𝐂′ can be got 

𝐀′ =

[
 
 
 
 
−3.3213 −7.6454 −8.2999 -5.1180 -0.8772

1 0 0 0 0
0 1 0 0 0
0
0

0
0

1
0

0 0
1 0 ]

 
 
 
 

 
𝐁′ =

[
 
 
 
 
1
0
0
⋮
0]
 
 
 
 

 
𝐂′ = [56770 199640 371110 65454 0] 

So, (5) and (6) can be written as following 

 

[𝑚 + 𝐴𝑧(∞)]�̈�(𝑡) + 𝐂′𝐗(𝑡) + 𝐶�̇�(𝑡) + 
𝜌𝑔𝑆𝑧(𝑡) + 𝑘𝑙𝑧(𝑡) + 𝑘𝑛𝑧3(𝑡) = 𝑓𝑑𝑧𝑟𝑒𝑔𝑢𝑙𝑎𝑟

 
�̇�(𝑡) = 𝐀′𝐗(𝑡) + 𝐁′�̇�(𝑡) 

(16) 

 

[ ( )] ( ) ( )

( ) ( ) ( )

+  + +

+ + =

z

l dzregular

m A z t t

Cz t gSz t k z t f

C X
�̇�(𝑡) =

𝐀′𝐗(𝑡) + 𝐁′�̇�(𝑡) 

(17) 

The function (16) and (17) are calculated using Runge-

Kutta method by MATLAB. We assumed that the initial 

conditions is 𝛌 = [0 ⋯ 0]7×1
𝑇 . 

The time-averaged power capture of PTO system can be 

calculated 

 𝑃 =
1

𝑇2 − 𝑇1

∫ 𝐶�̇�2𝑑𝑡
𝑇2

𝑇1

 (18) 

The power ratio is defined as 

 𝐶𝑝 =
𝑃

𝑃0

 (19) 

where, 𝑃0is time-averaged power capture of linear PTO 

system. 

IV. RESULTS AND DISCUSS 

Through (13) and (14), the resonance angular frequency 

and the optimum damping coefficient can be obtained, i.e. 

𝜔0 = 1.4058 rad/s  and 𝐶𝑜𝑝𝑡 = 64652 N/(m/s)  . The 

nonlinear parameter 𝛼 (𝛼 = 𝑘𝑛/𝑘𝑙) is chosen from 0 to 1 for 

research the nonlinear WEC. About the JONSWAP wave 

spectrum, 𝐻𝑠 = 2 m  and 𝛾 = 3  are adopted in this paper. 

When 𝜔𝑚 = 1 rad/s , the power spectrum density and the 

wave height of JONSWAP wave are obtained as shown in 

Figure 5. 

 
(a)The power spectrum density 

 
(b)The wave height in different time 
Fig. 5.  The irregular waves (JONSWAP wave spectrum:𝐻𝑠 = 2𝑚, 

𝛾 = 3 and 𝜔𝑚 = 1𝑟𝑎𝑑/𝑠) 

 

The averaged power capture of WEC can be calculated 

by calculated from 2000 s to 4000 s using （18） 

considering the different significant wave heights. The 

power ratio of WEC is also analyzed. The results are 

shown in Figure 6. From Figure 6, the captured energy of 

WEC increases following the significant wave height 

increasing. When the peak frequency is close to the natural 

frequency of the PA-WEC system (1.4 rad/s), the captured 

energy of nonlinear WEC reduces following the nonlinear 

parameters increasing. With the significant wave heights 

and nonlinear parameters increasing, the decreasing trend 

of captured energy becomes more obvious. When the peak 

frequency is larger than 1.67 rad/s, the captured energy of 

system can obtained more energy than the linear WEC.  

Considering different peak frequencies and nonlinear 

parameters, the averaged power capture of WEC is 

calculated in different significant wave heights as shown 

in Figure 7. From Figure 7, the power increases along with 

the significant wave height increasing. And the change of 

power is not obvious with the nonlinear parameter 

increasing. However, if the peak frequency is less than the 

natural frequency, the power ratio decreases with 

significant wave heights and nonlinear parameters 

increasing. When the peak frequency is 𝜔𝑚 = 2.1 rad/s , 

the power ratio increases with significant wave height and 

nonlinear parameter increasing. 
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(a)

 
𝐻𝑠 = 1 m 

 
(b)

 
𝐻𝑠 = 1 m 

 
(c)

 
𝐻𝑠 = 2 m 

 
(d)

 
𝐻𝑠 = 2 m 

 
(e)

 
𝐻𝑠 = 3 𝑚 

 
(f)

 
𝐻𝑠 = 3 m 

Fig. 6.  The power and power ratio of WEC in different peak 

frequencies and nonlinear parameters with the different significant 

wave heights (a) (b) 𝐻𝑠 = 1 m ; (c) (d) 𝐻𝑠 = 2 m ; (e) (f) 𝐻𝑠 = 3 m . 

 

 
(a)

 
𝜔𝑚 = 0.3 rad/s 

 
(b)

 
𝜔𝑚 = 0.3 rad/s 

 
(c)

 
𝜔𝑚 = 1.3 rad/s 

 
(d)

 
𝜔𝑚 = 1.3 rad/s 

 
(e)

 
𝜔𝑚=2.1 rad/s 
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(f)

 
𝜔𝑚=2.1𝑟𝑎𝑑/𝑠 

Fig. 7.  The power and power ratio of WEC in different significant 

wave heights and nonlinear parameters with the different peak 

frequencies (a) (b) 𝜔𝑚 = 0.3𝑟𝑎𝑑/𝑠  ; (c) (d) 𝜔𝑚 = 1.3𝑟𝑎𝑑/𝑠  ; (e) (f) 

𝜔𝑚=2.1𝑟𝑎𝑑/𝑠 . 

 

The value of damping parameter 𝛽 =
𝐶

𝐶𝑜𝑝𝑡
 is in range 

[0.5, 1.5]. The effect of power of WEC is simulated with 

different damping parameters and peak frequencies in 

different nonlinear parameters. The results are shown in 

Figure 8. Though increasing the damping, the captured 

energy will increase. And the damping has a little effect to 

the peak frequency. However, the nonlinear parameter 

almost has nothing effect to the power ratio.  

 
(a)

 
𝛼 = 0.1 

 
(b)

 
𝛼 = 0.1 

 
(c)

 
𝛼 = 0.3 

 
(d)

 
𝛼 = 0.3 

 
(e)

 
𝛼 = 0.5 

 
(f)

 
𝛼 = 0.5 

Fig. 8.  The power and power ratio of WEC in different 

peak frequencies and damping parameter with the 

different nonlinear parameters (a) (b) 𝛼 = 0.1; (c) (d) 𝛼 = 0.3; 

(e) (f) 𝛼 = 0.5. 

V. CONCLUSION 

This paper studies the dynamic response of a PA-WEC 

with nonlinear hardening spring PTO systems under 

irregular waves. The time domain method is developed 

the dynamic model of WEC considering the JONSWAP 

wave spectrum. The results are calculated by MATLAB 

with state space model. For the larger motion, the 

nonlinear parameter increasing will lead to the captured 

energy of the WEC decreasing. When the peak frequency 

is close to the natural frequency of the PA-WEC system 

(1.4rad/s), the system has maximum power captured. The 

significant wave height will increase the power capture 

but the effect of nonlinear parameter become more 

obvious. The damping parameter increasing can lead to 

the power capture of WEC increasing.  
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