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1. Introduction

Parametric resonance (PR) is a dynamic instability occurring when
a system parameter varies periodically. PR can manifest in marine
renewable energy (MRE) devices, such as wave energy converters
(WECs) and offshore wind turbines (OWTs), due to periodic nature
of the marine environment (such as waves) influencing the parameter
values of the MRE systems. This instability triggers exponential growth
in system oscillations, significantly affecting MRE device performance
and safety. The design and optimization of MRE systems depend on
understanding component responses to oceanic inputs and effectively
managing resonances to achieve optimal techno-economic outcomes.
Although the MRE sector is familiar with resonance, the phenomenon
of PR has not been explored as extensively. Consequently, a deeper
understanding, accurate simulation, and effective PR management are
essential for developing cost-effective and reliable MRE solutions.

The effect of PR in ocean engineering is large-amplitude, unstable
motions, generally occurring unexpectedly when certain frequency and
amplitude conditions are met within a floating structure. In other
offshore industries, PR has been studied extensively due to its potential
to jeopardize the safety of vessels and floating structures. The nascent
MRE industry could benefit from the insights and methodologies de-
veloped in these other fields. The present review aims to bridge this
knowledge gap by consolidating PR research in MRE, integrating find-
ings from other offshore sectors, and identifying areas where further
research is needed. The paper is structured as follows:

+ Section 2 is an overview of PR, detailing the theory behind its
occurrence in floating bodies.

+ Sections 3 and 4 delve into the literature on PR for WECs and
OWTs, respectively.

+ Section 5 distills key findings from related fields to enhance the
understanding of PR in MRE.

+ Section 6 provides a synthesis and discussion of the insights
gained in the previous Sections.
+ Section 7 is the conclusion.

2. Parametric resonance

PR is fundamentally different from the more common structural
resonance, as depicted in Fig. 1. The first reports of PR date back
to the work of Faraday [1] and Melde [2] in the 19th century. In
1868 Mathieu [3] provided the first mathematical description of PR.
PR is now well detailed in classical books [4,5], as well as in modern
books [6-8].

In this section, the mathematical foundation for understanding PR
is outlined, as follows:

+ Section 2.1 presents the canonical Mathieu equation and its ex-
tended form, the Hill equation.

+ Section 2.2 discusses PR’s manifestation in floating structures.

+ Section 2.3 details the equations of motion for WECs and OWTs,
highlighting where the sources of the time-varying parameters
originate.

» Section 2.4 illustrates the concepts discussed, showcasing the
occurrence of parametric pitch and roll motions in a spar-buoy
oscillating water column (OWC).

2.1. The Hill and Mathieu equations
A general class of second-order homogeneous differential equations

with real periodic coefficients for studying PR can be typified by the
Hill equation defined as

d*u du
Py )8 apu=o, M

where u is the dependent variable, y is the damping coefficient and
a(t) is a single-valued periodic function with a fundamental frequency
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Cosine Fourier coefficient
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Arbitrary periodic function

Sine Fourier coefficient
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Gravitational acceleration [m/s?]
Moment of inertia [kg m?]
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Normal to a surface panel
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Rotation matrix

Position vector [m]

Position vector in moving frame [m]
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Time [s]

Deviatoric stress tensor [N/m?]
Period [s]

Dependent variable in Hill’s and Mathieu’s
equations

Linear velocity [m/s]

Earth-fixed reference frame

Moving reference frame

Body-fixed reference frame

Damping coefficient
Mass density [kg/m3]
Dimensionless time
Torque [N m]

Angular velocity [rad/s]
Frequency [rad/s]

Total surface area of the body
Center of buoyancy

Wetted surface area of the body
Wave excitation

Center of gravity

Hydrostatic

Hydrostatic restoring
Mooring

Pressure

Pressure and shear stresses
Power Take-OFf

Relative to atmosphere

Wave radiation

Water

Frequency

Limiting value when w —

Computational Fluid Dynamics

CPU Central Processing Unit

DoF Degree of Freedom

FOWT Floating Offshore Wind Turbine
HPA Heaving Point Absorber

MRE Marine Renewable Energy devices
NLFK Nonlinear Froude-Krylov

OSWC Oscillating Surge Wave Converter
OWC Oscillating Water Column

OWT Offshore Wind Turbine nm

PR Parametric Resonance

PTO Power Take-Off

TLP Tension Leg Platform

TRL Technology Readiness Level

VIV Vortex Induced Vibrations

WEC Wave Energy Converter

of w =2x /T, see [9]. Under these conditions, a(f) may be written as a
Fourier series in the form

a(t) = Ag + Z A, cos (io1) + Z B; sin (iwt). 2
i=1 i=1
The Mathieu equation with damping is a special case where the
Fourier series simplifies to

a(t) = Ay + A cos (wt), 3)

serving as the foundational example of PR [3]. The Mathieu equa-
tion can be rewritten as

2 24
du+M%+<%+jcos(r))u=0. 4)

a2 " wdr

Here 7 = ot is a dimensionless time and w? = A, where w, is the
(undamped) natural resonance condition when A, = 0. The instability
regions of Eq. (4) are depicted in Fig. 2 for different values of u/w. This
figure shows that there are two regions of instability in the examined
frequency range. The first region is around w2 /w? ~ 1 for which o ~ w,.
The second region is centered around corz1 Jw?* ~ 1/4, which corresponds

%w. For small values of the parameter A, Eq. (4) exhibits PR
when the frequency w is close to the natural frequency of the system
or half of it. Fig. 2 also shows that as the damping u/w increases, the
system is stable for larger disturbance values of A, /w?.

to w, ~

2.2. Parametric resonance in floating bodies

The study of PR floating bodies dates back to Froude [10,11], who
describes large roll motions when a ship’s roll natural period is twice
the heave/pitch natural period. PR in floating bodies typically involves:

» Wave-induced parameter variation: Waves act as an external
periodic force on floating bodies, causing variation in system
parameters such as: buoyancy, stiffness, and mass distribution.

+ Resonance condition: PR occurs when the wave frequency aligns
with a critical frequency and the system starts to ‘resonate’ with
the periodic changes induced by the waves, leading to larger
amplitude oscillations.

+ Shift to half frequency: Upon the onset of PR, the oscillatory mo-
tion shifts to a frequency that is half that of the wave frequency.
This shift to half frequency is a key indicator of PR.

2.3. Generic equations of motion for WECs and OWTs
The motion of a floating body can be described using the reference

frames depicted in Fig. 3. We consider an inertial, earth-fixed reference
x =(x,y,z) and a X = (&, J, Z) reference frame attached to the floating
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Fig. 1. Comparison of PR with the more commonly known structural resonance. While normal resonance is caused by an external force oscillating at the natural frequency of
the structure, leading to a linear increase in structural vibration (until damping limits further growth), PR is caused by an internal oscillation of system parameters, at twice the
natural frequency of the structure and with sufficient amplitude, leading to an exponential increase in structural vibration.
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Fig. 2. The region of instability of the damped Mathieu equation for different values
of u/w.

body - the so-called body fixed reference frame — whose motion is
defined relatively to the inertial reference frame. We also consider a
x' = (x',y,z') reference frame, with axes parallel to the earth-fixed
reference frames, whose origin is fixed with respect to the % reference
frame. The position and orientation of the body are described relative
to the inertial reference frame. The linear and angular velocities of the
floating body are described in the body-fixed reference frame.

The position vectors in the x” and % reference frames are related via

r' = R¥F, (5)

where R is the rotation matrix; see [12]. It can be demonstrated that
R~! =R7, implying that

F=R"r. (6)

For simplicity and without loss of generality, we consider the refer-
ence point to be the center of gravity of the body r,, since

/ rg X pgdS =0, @
Sa

where S, is the surface (wetted and non wetted) of the floating body,
p is the density of the body and g is the gravitational acceleration.

0

(2,9, 2) = body-fitted
reference frame

(z,y, z) = earth-fitted
reference frame

T

Fig. 3. The x inertial earth-fixed reference frame, the x’ body-fixed reference frame,
and the x reference frame aligned with the x reference frame and fixed to the body
point ‘0’

The coordinates of a point r’ in the inertial reference frame are
r=rg+r'. (€)]

Let v and @ be the linear and angular velocities defined in the x
reference frame and expressed in the 7 reference frame as # = RTv and
Q = RTQ. The balance of momentum and angular momentum written
in the 7 reference frame reads

mbg + QX g = RT(mg + F s + Fe10® + Fmoor() ©

JnQ+ex(Jne)= RT(ZPS(I) + Tpro() + Tmeor (D))

Here m is the mass and J is the moment of inertia of the body in the
X reference frame, fpro and 7py are the force and torque exerted on
the body by the PTO, f00r a0d 7,00, are the force and torque exerted
on the fairlead by the mooring lines.

If the moment of inertia is time dependent, it can be decomposed
as

J) = Jo + AJ o), 10

a time-constant term jo plus a time-variation function of AJ@).

The force fs(1) is the resultant of the pressure and shear stresses
Fool0) = _}( pr(r’,t)ndS,+jl{ T(F.1)nds, an
Sp(0) Sp(0)

where p, is the static pressure relative to the atmosphere, T is the
deviatoric stress tensor, n is the body’s surface normal, and S} the
wetted surface of the body. Hereinafter, it is assumed that the pressure
and shear stresses in the air are negligible compared to the wetted
boundary. The torque vector 7,y(r) resulting from the pressure and
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shear stresses is

Tps() = —}2{ r' xp.(',t)ndS +}l{
X0) Sp(0)

It should be noted that p.(r',¢) is the pressure field that results from
the fluid-structure interaction with the floating body and not simply
the pressure field from the waves in the absence of the floating body.
The pressure and shear stress fields can be computed using numerical
wave tanks based on computational fluid dynamics (CFD) solvers [13].

r' x (T, Hyn) ds. 12)

2.3.1. Equations of motion under the linear wave theory

The equations of motions under the linear wave theory are the most
common model used to study PR due to its simplicity and reasonable
agreement with experimental data. The balance of momentum and
angular momentum written in the 7 reference frame reads

(mI+AL) by + QX By = R (f o) + fraa®) + Fis(®) + Fr10 + Frmoor)
JO+A)2+0x (F®) 2) = RT(Tege® + Trag(®) + Ths() + Toro + Tmoor)-

13

Here I is the 3 x 3 identity matrix, A, is the added mass and inertia
matrix in the limit as the frequency goes to infinity, f () and 7. ()
are the excitation force and torque vectors, f1,4(r) and 7;4(f) are the
hydrostatic restoring force and torque vectors, f..q(f) and 7.,4(t) are
the radiation force and torque vectors. These matrices and vectors are
usually computed based on hydrodynamic coefficients computed using
boundary element method codes [14-18]. Some of these codes required
a translation of the hydrodynamic coefficients to the center of mass,
see [19] for further details.

Linear wave theory assumes irrotational flow and, as such, the shear
stresses are zero. Under a hydrostatic pressure field p, (still water
conditions), the resultant of the pressure force, f,, is equal to minus
the weight of the displaced water volume V, thus giving

£yt =— f (' ) dS = pgV(e., as)
Sp(0)

For the current purpose of studying PR, the displaced volume can
be decomposed as

V() = Y, + AV(1), (15)

where V, is the displaced volume in still water conditions and AV(¢) is
a smaller time variation term. The resultant momentum is

T,(t) = —}z{ r' X pp(r', ) ndsS = rp(1) X (pye¥(ne,), (16)
Sp(0)

where rg is the center of buoyancy defined as the center of mass of

the displaced water volume V, which is time varying. The hydrostatic
restoring force and moment are therefore

Fus@® = (=m+p,V(D)ge., a7)
and

Ths() = 1L () X (pugV (D e;). 18

2.4. Example

In Egs. (9) and (13), PR may arise from the time variation of the
inertia matrix J and the instantaneous wetted area. Variation of the
wetted area is the most common cause of PR for floating bodies, as
demonstrated in the following example. For this case, in normal oper-
ation, the spar buoy should predominately heave, with a small amount
of pitch and very little to no roll due to the axisymmetry. However,
the wave-induced heave motion causes the instantaneous wetted area
to change as the spar-buoy oscillates into and out of the water, which
shifts the center of buoyancy, as depicted in Fig. 4. The shifting center
of buoyancy results in a time-variable hydrostatic stiffness for pitch and
roll motions, Eq. (18). This time-varying hydrostatic stiffness in Eq. (13)

Renewable and Sustainable Energy Reviews 220 (2025) 115850

acts similarly to the a(r) term in Eq. (1), potentially triggering PR in
pitch and roll when the oscillation amplitudes are sufficiently large and
the damping relatively low, as illustrated in Fig. 2.

The behavior of the spar-buoy, as depicted in Figs. 5 and 6 from
experiments outlined in [20], illustrates the dynamics under normal
conditions and during PR. Normally, pitch oscillations are minor and
synchronize with the wave period, accompanied by negligible roll mo-
tion. In contrast, PR significantly amplifies pitch oscillations, increasing
their amplitude by an order of magnitude with a period twice that
of the waves. Similarly, pronounced roll motions emerge, also with
a period twice that of the waves. This demonstrates PR’s effect in
generating large-amplitude oscillations at half the wave frequency.

3. Parametric resonance in WECs

The literature pertaining to PR in WECs can be grouped into four
main categories:

Section 3.1 Observation - Publications noting the existence of PR
when it was not intended.

Section 3.2 Suppression - Publications aiming mitigate the exis-
tence of PR.

Section 3.3 Exploitation - Publications aiming to utilize the exis-
tence of PR to increase the energy capture of a WEC.

Section 3.4 Modeling - Publications aiming to investigate PR
through modeling.

3.1. Observation

Many studies unintentionally encountered PR, either in physical
testing or simulations, as detailed in Table 1. The first recorded instance
of PR in WECs was during late-1980s wave tank experiments on the
Frog [22], a point absorber designed for heave, where intense pitch
oscillations were observed at half the wave frequency.

3.1.1. Wave regularity

PR is most frequently reported under regular waves, where periodic
excitation aligns with system natural frequencies. Giassi et al. [41-43]
perform the same tests in regular and irregular waves and note that
the dynamic instability mostly occurred for regular waves. While the
impact of irregular waves on the occurrence of PR is discussed more
in Section 3.3.7, in general the study of PR in irregular waves is a
knowledge gap requiring more attention, as discussed in Sections 6.1
and 6.2.

3.1.2. WEC types

The observation of PR spans multiple WEC designs:
Oscillating Water Columns: For fixed, shoreline-based systems, PR is
observed in the sloshing mode of the water column [23]. For heaving
spar-type designs [29-34], parametric pitch/roll is observed (as in
Section 2.4). The occurrence of PR in OWCs leads to unexpected oscil-
lations that reduce energy capture and challenge linear hydrodynamic
models.
Two-body Heaving Point Absorbers: The floating OWCs [29-34] are
an example of a two-body HPA, comprising the outer spar-buoy and the
inner water column. Other two-body HPAs [22,35,39] also experienced
similar parametric pitch/roll resonance. The coupled dynamics of the
two-bodies may be a trigger for PR, thus the decoupling of the two
bodies is explored as a suppression strategy in Section 3.2.
Mooring Influences: WECs whose PTOs act through the moorings ex-
hibited PR in lateral DoFs [26-28,36,41-43]. For some of these [26,27]
the occurrence of PR is noted as being dependent on the PTO settings
such as damping or hydraulic pressure. For some point absorbers with
tri-point moorings [24,40], parametric yaw motion was triggered when
parametric roll occurred.
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Fig. 4. The center of buoyancy, B, and the center of gravity G shift due to heave motion The two points do not follow the same path.
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Fig. 5. The motion of an OWC Spar buoy over one wave period, for two consecutive cycles, for the case of (a) normal operation, (b) PR in Roll and (c) PR in Pitch and Roll.
See videos at [21].
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Fig. 6. Time series for a normal operation case: (a) Heave, (b) Pitch and (c) Roll, and for a PR case: (d) Heave, (e) Pitch and (f) Roll.

Table 1
Publications not explicitly studying PR, but observe its occurrence in WECs.
Ref. WEC Waves Instability Experiment
[22] The FROG Regular Pitch Wave tank
[23] LIMPET OWC Regular Slosh Wave tank
[24] SEAREV Regular + Spectrum Roll + Yaw Wave tank
[25] Sloped WEC Regular Roll Wave tank
[26] Spring Reel Tethered Buoy Regular Sway Wave tank
[27] SurfPower Regular Sway Simulation
[28] Manchester Bobber Regular Surge Wave flume
[29] Floating cylindrical OWC Regular Roll Wave tank
[30-34] OWC Spar Buoy Regular Pitch + Roll Wave flume
[35] Two-body HPA Regular Pitch + Roll Wave tank
[36] CETO 6 Regular Sway and roll Wave tank
[37]1 Three tether WEC Spectrum Pitch Simulation
[38] HPA Regular Pitch Simulation
[39] Two-body HPA Regular + Spectrum Pitch Wave tank
[40] Floating Power System Spectrum Roll + Yaw Wave tank
[41-43] Taut-moored point absorber Regular + Spectrum Sway Wave tank
Table 2
Review of publications investigating control methods to suppress PR in WECs.
Ref. WEC Waves Instability Control
[27] SurfPower Regular + Spectrum Sway Hydraulic pressure in PTO to adjust the mooring stiffness
[44] WaveBob Regular Roll Notch filter in PTO coupling between the two bodies
[35] 2-body HPA Regular Pitch + Roll Fins
[45] SEAREV Regular + Spectrum Roll Geometric optimization
[46] 2-body HPA Regular Pitch + Roll Mooring system
[47] OWC Spar Buoy Regular Pitch + Roll Fins
[48] OWC Spar Buoy Regular Pitch + Roll Geometric optimization
[49] Variable Inertia System WEC Regular Roll Changing the moment of inertia to shift the resonance frequency
[20] OWC Spar Buoy Regular Pitch + Roll Relief valve to decouple the buoy and water column

3.1.3. Implications for energy capture and modeling

Two main challenges are seen to arise for WECs due to PR:
Reduced Power Output: PR diverts energy from the primary power-
generating DoF to secondary modes, reducing the overall efficiency.
Modeling Discrepancies: Many studies noted mismatches between
numerical models and experimental results when PR occurred, em-
phasizing the need for higher-fidelity modeling. Notably, 13 of the 16
cases in Table 1 stem from physical experiments, suggesting that many
WEC models may inadequately capture PR and are unable to predict
its occurrence.

3.2. Suppressing parametric resonance

Table 2 compiles publications on PR suppression. The control meth-
ods can be divided into two categories: passive and active.

3.2.1. Passive mechanisms

Passive controls like fins or strakes enhance hydrodynamic damping
in pitch/roll, effectively reducing PR in spar platforms [50]. Beatty
et al. [35] demonstrate that strakes could mitigate pitch and roll and
improve power output at PR frequencies. Ortiz [46] explored mooring
dynamics as an additional form of passive control. Gomes et al. [47]
applied large fins to the OWC Spar Buoy, depicted in Fig. 7(a), decreas-
ing but not fully eliminating PR-triggered pitch and roll oscillations.
Cordonnier et al. [45] and Gomes et al. [48] took a different route by
optimizing WEC design from the outset to avoid PR, concluding that
optimal designs accounting for PR tend to be wider.

3.2.2. Active control

Active control strategies directly alter WEC dynamics to counter-
act PR. Nicoll and Wood [27] modify mooring line tension through
hydraulic PTO pressure to offset PR in the SurfPower WEC, Fig. 7(b).
Villegas and van der Schaaf [44] combat PR in the WaveBob utilizing
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Fig. 7. Mitigation of PR by: (a) adding fins to increase damping or using a relief valve to alter the roll and pitch natural frequencies, (b) adjusting the mooring line tension via

the hydraulic pressure in the PTO.

Table 3
Comparative analysis of PR suppression strategies in WECs.

Strategy Implementation Maintenance Effectiveness Impact on primary
cost requirements power capture
Fins/strakes [35,47] Low Low Low Minor negative
Geometric optimization [45,48] None None High Minor negative
Mooring (Passive) [46] Medium Medium Medium Minor negative
Mooring (Active) [27] Low Low High Negligible
Decoupling bodies [20,44] Medium Medium High Minor negative
Variable inertia [49] High High Mixed Potentially positive

a notch filter to negate PTO forces at PR frequencies. Maloney [49]
employ an internal, elastically supported mass within a WaveBob-like
HPA, to adjust the spar’s natural frequency. Davidson et al. [20] use a
relief valve in the OWC Spar Buoy’s air chamber to change its dynamics,
depicted in Fig. 7(a). Since active controllers switch on when required
and remain inactive during normal operation, they require real-time
monitoring and early warning systems for the onset of PR, as shown
in [51].

3.2.3. Comparative analysis of suppression strategies

Except for one study [27], the suppression of PR focused on pitch/
roll motions in spar-type WECs. A comparison of PR suppression strate-
gies is presented in Table 3.

Passive approaches offer advantages in terms of reliability and
maintenance. Geometric optimization stands out as the most cost-
effective solution, requiring no additional components, however may
result in a geometric design which is suboptimal in terms of power
production. Fins and strakes offer moderate effectiveness with minimal
maintenance, though may introduce additional drag to the primary
DoF that slightly reduces power capture. It is also worth mentioning
that laboratory scale results may overestimate the effect of fins due
to the small Reynolds number. Active control strategies demonstrate
promising PR suppression capabilities but at the cost of increased
complexity and the risk of controller malfunction.

3.3. Exploiting parametric resonance

The earliest study to exploit PR for wave energy conversion is
from 1995 [52], considering a parallel plate capacitor, immersed in
water, combined with an oscillating electromagnetic circuit. Waves
passing through the plates vary the capacitance, and parametrically
excite oscillations in the circuit. Several other strategies to exploit PR
have been investigated in the past two decades and are collated in
Table 4. While many of these strategies leverage the hydrodynamic
PR phenomena in DoFs such as heave, pitch, roll and OWC motion

(denoted in the Instability column in Table 4), others aim to exploit
mechanical PR via the rotation of a pendulum.

3.3.1. OWC volume

Olvera et al. [53] exploit PR in an OWC by varying the OWC
chamber volume. A controllable valve is connected to an auxiliary
chamber, which increases the volume and reduces the air spring’s
restoring force. Simulations demonstrate that PR yields maximal system
response, maintaining large oscillations even if the input frequency
shifts, diverging from typical resonance behavior.

3.3.2. Mass-modulation

Mass-modulation in a two-body HPA is proposed in [73-78] by
varying one body’s inertia with each wave cycle, leveraging hydrody-
namic added mass and control valves. Initial simulations by Orazov
et al. [73,75] demonstrated a 25%—-65% increase in energy output and
reduced damping sensitivity with mass-modulation. Further analysis
explored stability and energy potential, with Rougirel [76] validating
the scheme’s efficiency over traditional oscillators. Orazov’s thesis [74]
and subsequent improvements by Diamond et al. [77,78] addressed
momentum loss and refined the model, respectively, showing up to
a 200% boost in energy output and enabling passive flap operations
through a refined mass-modulation strategy.

3.3.3. Parametrically excited pendula

Dotti et al. [89] delved into the nonlinear dynamics of WEC pen-
dulum systems, emphasizing the potential of the rotational motion
of the vertical parametric pendulum for energy harvesting, depicted
in Fig. 8(a). Research at the University of Aberdeen [54-58,63] and
furthered by Heriot-Watt University [61,62,64-68,70] has delved into
harmonic excitation, non-sinusoidal wave profiles, and stochastic forc-
ing to understand and enhance pendulum energy capture under various
conditions.

Addressing oceanic low-frequency waves necessitating long pendu-
lums (Fig. 8(b)), [62,63] propose and experimentally validates an inno-
vative N-pendulum system, boasting a length-independent and tunable
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Table 4
Review of publications exploiting PR in WECs.
Ref. WEC Waves Instability Control
[52] Immersed capacitor Regular AC circuit Time varying capacitance
[53] Shore based OWC Regular OWC Time varying air chamber volume
[54-72] Pendulum on HPA Reg. + Spectrum Pendulum rotation Parametric excitation of the pendulum
[73-78] Two-body HPA Regular Heave Time varying inertia
[79] Vessel with horizontal pendulum Regular Roll Pitch-roll coupling of hull to induce large
rotation of internal pendulum
[80-82] 3 DoF Cylinder Reg. + Spectrum Pitch Energy maximizing model predictive control
[83] HPA Regular Heave Leveraging heave-to-heave PR
[84] UGEN Reg. + Spectrum Roll Leveraging parametric roll
[85] HPA Regular Heave Time-varying PTO damping
[86] Vertical Axis Parametric Reg. + Spectrum Pendulum rotation Parametric excitation of the pendulum
Pendulum
[87,88] The PeWEC Regular Pitch Leveraging parametric roll
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Fig. 8. (a) The vertical parametric pendulum type WEC. (b) The required pendulum length to align the natural period at twice a typical wave period [90]. (c) The tri-pendulum

concept whose natural period can be tuned by adjusting the position of the masses, eliminating the requirement of excessively long pendula.

natural frequency, depicted in Fig. 8(c). [70] also developed a method
to adjust natural frequencies to changing wave conditions by altering
the pendulum’s inclination angle. Subsequent studies integrated WEC
hydrodynamics with pendulum dynamics, observing that WEC dynam-
ics filtered the ‘noise’ in stochastic wave inputs, enhancing pendulum
rotation [64] and identifying vast regions in the wave frequency/am-
plitude space with a high likelihood of inducing rotation [71,72]. The
potential benefits of multiple counter-rotating pendulums are high-
lighted in [57]. Experimental validations in [59,60] note discrepancies
between experimental and theoretical rotation ranges.

Recently, Jiang et al. [86] consider a Vertical Axis Parametric
Pendulum WEC, showing a jump in the output power by an order of
magnitude when the pendulum enters the PR region.

3.3.4. Parametric pitch/roll motion

While Section 3.2 focuses on reducing pitch/roll motions, some
studies aim to leverage these instabilities for greater power capture.
Yerrapragada et al. [79] design a floating vessel with an internal
pendulum that exploits parametric roll for increased energy yield.
The work in [80-82] considers a point absorber, equipped with a
theoretical PTO able to apply forces in heave, surge and pitch. Under
this assumption, the parametric coupling between DoFs is leveraged
to maximize the power output using time-varying linear quadratic
Gaussian control [82], model predictive control [81] and pseudo-
spectral control [80]. Silva et al. [84] report on the UGEN, which is
inspired by the U-shaped tanks for ship roll stabilization, drawing on
their experience with parametric roll in shipping [91-93]. Similarly,
Giorgi [87,88] designs a pitching WEC with a 2:1 ratio between heave
and pitch natural frequencies in order to leverage PR to increase the
WECS bandwidth.

3.3.5. Parametric heave motion

Lelkes et al. [83] suggest leveraging heave-to-heave PR to improve
energy capture in a HPA. Spars with sloped hull surfaces near the water-
line can exhibit this PR due to the variation in waterplane area during
heave oscillations. Haslum et al. [94] noted in 1999 that the heave
response was 20 times larger than frequency domain model predictions
at PR frequencies, with a detailed study in Haslum’s PhD thesis [95].
Jiang et al. [96,97] analyze Arctic spars with sloped hulls designed for
ice-breaking, examining both heave-heave and heave—pitch PR.

3.3.6. Time-varying damping

Giorgi et al. [85] show that oscillating the PTO’s damping co-
efficient at double the frequency of the sinusoidal excitation force
induces PR, greatly widening the response bandwidth. Of interest,
Billah [98] argues that “...parametric excitation is only possible when
an energy-storing parameter like inertia and/or stiffness (and not damp-
ing) changes periodically”. However, the application of time-varying
damping at twice the excitation frequency has also been applied to
vibration energy harvesting, where it is also referred to as exploiting
PR [99,100].

3.3.7. Comparative analysis of PR exploitation strategies

A comparative analysis of approaches to exploit PR in WECs is
synthesized in Table 5.
Passive vs. Active: Alhough systems that leverage parametric pitch/
roll motion are generally passive, active control forces from the PTO
can also be employed to drive the system along desired trajecto-
ries [80-82]. However, active PTO controls such as this, as well as
time-varying damping [85], rely on accurate knowledge of wave excita-
tion forces, posing additional practical challenges. Similarly, although
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Table 5

Comparative analysis of PR exploitation strategies in WECs.
Strategy Implementation Maintenance Technology Control

complexity requirements readiness

Mass modulation High High Low Active
OWC volume High Medium High Active
Pendulum systems Medium Medium Medium Passive®
Parametric pitch/Roll Low Medium High Passive®
Parametric heave Low Low High Passive
Time varying damping Medium Low High Active

2 Denotes potential for active control.

pendulum systems passively leverage parametric excitation, active con-
trol methods have also been proposed, such as providing additional
electromechanical vertical oscillations [61] or using a telescopic mech-
anism to dynamically adjust the pendulum length [69]. On slower
timescales, adjusting pendulum lengths to tune their natural frequency
to changing sea states is suggested [62].

Technology Readiness and Practical Considerations:

High readiness: Systems exploiting hydrodynamic coupling-induced
instabilities in pitch, roll, or heave DoFs require no special technologies
beyond existing WEC design methodologies. Time-varying damping and
OWC volume variation rely on relatively mature subsystems (e.g., con-
trollable PTOs or air chambers) with straightforward control loops.
These approaches can likely be implemented with minimal additional
development.

Medium readiness: Pendulum-based systems have been validated
in numerous lab-scale mechanical shaker type experiments, but their
integration at full scale — especially on a floating body in irregular
seas — remains a challenge.

Low readiness: Mass-modulation, while theoretically promising, re-
mains largely confined to small-scale or numerical demonstrations. This
approach requires complex fluid-handling systems that may encounter
reliability and efficiency challenges in real-sea environments.

Regular vs. Irregular Waves: Most approaches demonstrate strong
potential in regular wave conditions, where the timing of parametric
excitation is easier to maintain. However, extending these strategies
to irregular or multi-directional wave conditions introduces additional
complexities. Active methods benefit from advanced controllers that
can adapt in real-time, thus sustaining parametric gains over more
complex spectra. Since PR is particularly sensitive to the excitation
frequency, Giorgi [88] examines the instantaneous frequency of irregular
waves and find that PR is dependent on the time-variability of the
instantaneous frequency. The onset of PR requires the instantaneous
frequency to be a twice the natural frequency of the relevant DoF for
a sustained amount of time, and when it deviates from this frequency
then the PR response rapidly diminishes.

Reliability: While PR-based strategies amplify oscillations and enhance
energy capture, they also raise concerns regarding fatigue, structural
loading, and maintenance. Large cyclic stresses on moorings, PTO link-
ages, or structural components could compromise long-term reliability.
Similarly, systems with high mechanical complexity, may introduce
additional failure points. Future work should focus on assessing the
trade-offs between improved energy capture and increased wear on
WEC components.

3.4. Modeling parametric resonance

WEC dynamics can be represented by the 2nd order ODE, Eq. (13).
In conventional WEC models [101,102], each term in Eq. (13) is a lin-
ear, time-invariant function (allowing frequency domain analysis). This
section reviews methods to incorporate time-variation into these terms
to model PR for WECs. Modeling the influence of mooring systems on
PR is also discussed. Table 6 compile studies that use mathematical
models to explore PR.
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3.4.1. Time-varying restoring force

Introducing time-variation to the restoring term in Eq. (13), resem-
bles the damped and forced Mathieu equation. [79] employ a model
from shipping [117], that captures the pitch/roll coupling through
a roll restoring torque term that is dependent on the pitch position.
Similarly, [47,48] use a shipping method [118] to formulate a Mathieu
equation for predicting PR in the OWC Spar Buoy. Considering a simple
cylinder, [80-82] employ geometric analysis to calculate buoyancy and
gravity centers from heave and pitch movements, to derive a variable
pitch restoring torque term via Taylor expansion. [39,119,120] devise a
time domain model with a pitch restoring torque coefficient contingent
on the immediate buoyancy center position. [51] employ a model with
a time-varying pitch restoring coefficient, tailored for a cylindrical spar
buoy [121]. [112] use system identification methods [122] to model
the restoring force/torque based on heave and pitch displacement.

3.4.2. Time-varying inertia

[73-78] model the mass modulation scheme in Section 3.3.2 with a
piece-wise linear model. [73-76] use a simple 1 DoF mass—spring-damper
system and add/subtract a mass each quarter wave cycle. However, [74]
highlights deficiencies in this simplistic model. [77] identifies that
adding/subtracting mass is equivalent to an impulsive force, resulting
in momentum loss; thus, extend the model with an impulse term. [78]
further extends to two DoFs and more realistic hydrodynamics.

Displacements measured in the inertial frame, but forces and ve-
locities measured in the body-fixed frame (a time-varying axis), is
accounted via a kinematic mapping to the inertia matrix in [123],
resulting in Coriolis and centripetal forces. Similarly, [120] model
inertia forces up to 2nd-order in the body motions, resulting in cen-
tripetal forces and mass matrix elements varying with the body dis-
placement. Of note, both studies observe large yaw instabilities when
PR in pitch/roll occurs.

3.4.3. Time-varying excitation force

[114] add parametric excitation into a spectral domain model for an
Oscillating Surge Wave Converter (OSWC), building on [124], where
the excitation force parameters are modulated by the OSWC’s flap
angle. [83] pre-calculate excitation force coefficients for various body
displacements and use polynomial fits to model the force as a function
of displacement. Simulation results for a HPA are shown to align closely
with those from a Nonlinear Froude-Krylov (NLFK) force model but
are computationally four orders of magnitude faster. This method is
extended to 2 DoF in [125].

3.4.4. Nonlinear Froude—Krylov force

The NLFK force is calculated, at each timestep, by integrating the
pressure from the undisturbed wave over the instantaneous wetted
surface. [103] demonstrate the NLFK model can predict parametric
roll and yaw in the SEAREV not captured by linear models, but mo-
tions are exaggerated due to no viscosity. [104,105] demonstrate its
accuracy in predicting PR onset and oscillation magnitudes for the
Wavebob. [35,46,49] also employed the NLFK approach for a Wavebob-
like two-body HPA. For axisymmetric WECs, [126] propose an efficient
analytical integration method, cutting runtime by nearly fourfold, and
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Table 6
Review of publications modeling PR in WECs.

Ref. WEC Waves Model Instability Analysis

[103] SeaREV Regular NLFK Roll Assess models for PR

[27] SurfPower Regular Pendulum equation Sway Predict PR frequencies

[73-78] Two-body HPA Regular Time-varying inertia Heave Assess control method to exploit PR

[79] Horizontal pendulum in vessel Regular Time varying restoring Roll Assess control method to exploit PR

[35,49] 2-body HPA Regular NLFK Pitch + Roll Assess control method to suppress PR

[104] WaveBob Regular NLFK Pitch + Roll Develop model for PR

[105] WaveBob Regular NLFK Pitch + Roll Compute limits of stability

[46] 2-body HPA Regular NLFK + Lumped mass Pitch + Roll Assess control to suppress PR
mooring

[47,48] OWC Spar Buoy Regular Time varying restoring Pitch + Roll Identify regions of instability

[36,106] CETO 6 Regular + Spectrum 2nd Order Taylor Series Sway + Roll Anaylse transverse motion instability
for mooring

[107] 3 tethered CETO Regular + Spectrum 2nd + 3rd Order Taylor Yaw Onset and limiting amplitude of yaw
Series for mooring instability

[108] CorPower Regular NLFK Pitch + Roll Assess efficient PR models

[109] WaveBob Regular NLFK Pitch + Roll Assess efficient PR models

[109,110] OWC Spar buoy Regular + Spectrum NLFK Pitch + Roll Assess efficient PR models

[80-82] 3 DoF Cylinder Regular + Spectrum Time varying restoring Pitch Energy maximizing control algorithms

[39] 2-body HPA Regular Time varying restoring Pitch + Roll Extend model to capture PR

[111] HPA Cylinder Regular RANS + Euler Pitch + Roll Simulating PR with CFD

[112] HPA Cylinder Regular Time varying restoring Pitch Using system identification to model PR

[113] OWC Spar buoy Regular NLFK + Quasi-static Pitch + Roll Effect of mooring parameters on PR
mooring

[114] OSWC flap Spectrum Modulated excitation force Flap rotation Include PR in spectral domain model

[51] HPA Cylinder Regular + Spectrum Time varying restoring Pitch Assess system for the real-time detection

of PR
[115,116] HPA Cylinder Regular NLFK Pitch + Roll Examine energy transfer during PR
[83] HPA Cylinder Regular Time varying excitation Heave Examine heave-to-heave PR

and restoring

also incorporate a viscous damping term, based on the Morison equa-
tion [127]. [126]’s model effectively captures PR in various spar-type
WEGs, including the CorPower [108], Wavebob [109], and OWC Spar
Buoy [110,113,128,129].

3.4.5. Computational fluid dynamics

Over 200 WEC-related CFD studies, from 2004-2017, are reviewed
in [13], none of which report PR, which is possibly due to the his-
torically feasible CFD simulation run times not surpassing the number
of wave periods necessary for the onset of PR. However, later in
2018, [38] noted the occurrence of PR in their CFD studies on a
moored HPA, prompting further research on parametric excitation in
6 DoF WECs [111], albeit with a significant computational cost of
1600 CPU hours per wave period. [119,120] used CFD, alongside NLFK
simulations, to validate their efficient PR-focused models, which are
about an order of magnitude faster than the NLFK model and almost
five orders of magnitude faster than the CFD simulations.

3.4.6. Mooring system

Moorings can influence PR in floating WECs. Various mooring mod-
els exist, with increasing levels of complexity required for different
applications [130]. For taut-moored WECs, which can act like inverted
pendulums, [27] utilize a buoyancy pendulum equation to predict sea
states likely to induce PR. In [36,106] the mooring tether length varies
with the PTO stroke. [36] derive an equation accounting for tether
length variation and cast it into the form of the Mathieu equation
by assuming sinusoidal heave, then determine stability curves using a
shipping method [131]. [106] extends this analysis to include linear
hydrodynamics and wave excitation. [107] then applies this model
to analyze PR in yaw DoF for a WEC with three mooring tethers
and PTOs. For non-taut moorings, [46] examines the potential of
the mooring system to counteract PR using a lumped mass mooring
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model [132]. [113,133] study how mooring line parameters might
induce PR in the Spar-buoy OWC, integrating an NLFK model with a
quasi-static mooring model.

3.4.7. Comparative analysis of PR modeling approaches

Table 7 synthesizes the key aspects of the different modeling ap-
proaches:
Model Fidelity vs. Run Time: Computational efficiency varies signif-
icantly across approaches. Time-varying coefficient models (restoring,
inertia and excitation) are fastest, with runtimes of order seconds. NLFK
models require minutes to hours, while CFD simulations demand days
to weeks. This computational hierarchy inversely correlates with the
model fidelity.
Analytical vs. Numerical: A key advantage of time-varying coefficient
models is their analytical structure, which contrasts with the numerical
approaches of NLFK and CFD. Analytical formulations provide deeper
physical insight by explicitly relating system behavior to parameter
values. Additionally, these models can leverage powerful analysis meth-
ods from the field of Nonlinear Dynamics (discussed in Section 5.3),
enabling a more systematic understanding of PR mechanisms.
Model Suitability and Performance Trade-offs: Each approach offers
unique advantages:

Time-varying co-efficient models excel at early-stage design and
controller development.

NLFK models provide an optimal balance between accuracy and
speed for most applications.

CFD serves primarily as a validation tool and for understanding
complex flow phenomena.

Mooring models are essential for specific WEC types, but may be
unnecessary for others.
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Table 7

Comparative analysis of PR modeling approaches for WECs.
Model type Computational Accuracy Physical Implementation

cost insight complexity

Time-varying restoring Low Moderate High Low
Time-varying inertia Low Moderate High Medium
Time-varying excitation Low Moderate High Medium
NLFK forces Medium High Medium High
CFD Very high Very high Low Very high
Mooring models Low-medium Moderate-high Medium Medium-high
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Fig. 9. Types of offshore wind turbines (black) and the main reported driver of PR (red).

4. Offshore wind

During the last decade, OWTs have shifted from bottom-fixed types
in nearshore locations to floating OWTs (FOWTs) in deeper waters
[134,135], as illustrated in Fig. 9. However, operating on a floating
structure makes OWTs more vulnerable to PR. In this section, contrasts
are drawn between FOWTs and fixed-bottom OWTs, as well as between
FOWTs and WECs. Lessons learned from the analogous dynamic insta-
bility of negative damping in FOWTs are also discussed, along with
emerging research trends and critical knowledge gaps.

4.1. Bottom fixed vs. floating

Only three studies are found relating to PR in bottom fixed OWTs,
summarized in Table 8. PR in bottom-fixed OWTs typically manifests as
tower vibrations, dependent on factors such as tower eigenmodes [136]
and the soil-structure interaction at the foundation [137]. In contrast,
since FOWTs are susceptible to the same PR mechanisms typical of
floating structures, a much larger number of studies relate to PR
in FOWTs, as summarized in Table 9. The occurrence of PR in a
FOWT would result in large-amplitude, unstable motions of the floating
structure during certain sea conditions. In addition to affecting normal
power production, these unstable motions jeopardize the safety of the
FOWT and increase the maximum loading on system components, such
as the turbine blades and moorings. Indeed, PR is observed in the
turbine blades themselves due to the oscillations of the floating support
structure [138].

4.2. FOWT platforms

The three main types of FOWT platforms are depicted in Fig. 9 and
compared in Table 10.

12

4.3. Comparison with WECs

Comparing the amount of literature for WECs and OWTs, highlights
a larger prevalence of PR within the context of wave energy. WECs
typically aim to maximize wave induced motions, in order to max-
imize power capture. Whereas, OWTs are designed with the goal of
minimizing platform motions, to provide a steady base for the wind
turbines. The larger amplitude oscillations of WECs make them more
succeptible to PR. However, PR in FOWTs is more difficult to analyze
due to the additional forcing from the wind. Considering wind loads on
an offshore spar platform is shown to increase the motion amplitudes
and influence the occurrence of PR [159].

4.4. Negative damping in FOWT

Negative damping is a dynamic instability unique to FOWTs. If a
FOWT employs control methods standard for fixed base wind turbines,
the natural periodic motion of the floating platform can be excited from
the coupling between the aerodynamic thrust of the turbine and the
platform’s pitch motion. Lessons from this instability are pertinent for
the area of PR. [160] demonstrate that due to the large amplitude mo-
tions, a higher fidelity hydrodynamic model (NLFK) is necessary when
investigating negative damping and designing FOWT controllers. [161]
reveal the presence of bifurcation (discussed in Section 5.3) . Several
studies design controllers to avoid negative damping, resulting in trade-
offs between the stabilizing the platform motion and parameters such as
the blade pitch activity [162], torque demand smoothness [163], power
production quality [164] and transient loads suffered by mechanical
components [165].
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Ref. Instability Focus of paper
[139] Hydrodynamic field Occurrence of PR when wave frequency nearly doubles the vortex
shedding frequency from masts in steady currents. Leads to heightened
velocity fluctuations around the mast, influencing mast design and
seabed erosion.
[137] Tower vibration Soil-structure interaction influence on PR. Sand compactness influences
OWT’s natural frequencies and PR identified in loosely packed sands.
[136] Tower vibration Mitigate PR with nonlinear proportional derivative controller.
Table 9
Review of publications investigating the existence of PR in FOWTs.
Ref. Type Input Instability Focus of paper
[140] Spar with mooring Regular waves Pitch Derivation and validation of stability diagram from
Mathieu-type equation
[141,142] Taut moored spar Regular waves Pitch Experiments and theoretical analyses
[143] Semi-sub with mooring Regular waves Surge Demonstrating the effect of the structure motion relative
to the wave propagation has on the phase of the wave
loading
[144,145] Spar Regular waves Pitch Investigation of combination resonances from heave and
pitch coupling
[146] Combined wind and WEC Regular waves Pitch Analysis of survival mode. PR was observed in
device, spar with mooring experiments and subsequent models developed to handle
this
[138] Turbine blades Regular waves Turbine Blades PR in the turbine blades due to the vertical wave
and wind excitation
[147] Spar with mooring and Irregular waves, Pitch PR due the interaction of wind, wave and VIV loading.
turbine wind and
current
[148-151] Suction stabilized semi-sub Regular waves Pitch/Roll Analyzing the performance of the Suction Stabilization
Method to mitigate PR
[152] Generic FOWT Regular waves Tower vibration Modeling the FOWT as a cantilever beam with a tip mass
and base excitation
[153] Spar Regular waves Pitch Efficient method to determine PR region
[154] TLP and Spar with Regular waves Pitch Nonlinear analysis of system dynamics
mooring and wind
Table 10
Comparative analysis of PR in different FOWT platforms.
Type PR risk DoFs Key characteristics Mitigation strategies
Spar Highest Mainly pitch, some roll, Small water-plane area and deep draft design Heave motion reduction, damping fins/heave
yaw possible amplifies heave-pitch coupling, requiring careful plates, Natural frequency management
natural frequency tuning
Semi-sub Medium Roll, pitch, some surge Multi-column geometry and bracings introduce Suction Stabilization Method [148-151], Mooring
complex wave-structure interactions [155]. Wide system design [156], increased damping [155].
water-plane area provides inherent stability but also
introduces wave-phase differences that trigger PR, like
in shipping [118].
TLP Lowest Sway, surge, some Taut moorings reduce vertical motion, decreasing, Active tension control

pitch, roll and yaw

though not eliminating [154], PR in pitch and roll.

However, taut-moorings introduce susceptibility to PR

in lateral DoFs [157,158]

5. Lessons from other areas

MRE fields like wave energy and offshore wind are relatively new,
therefore valuable insights can be drawn from established disciplines.

5.1. Energy harvesting

Vibration energy harvesting traditionally employs a mass—spring—
damper tuned to the dominant vibration frequency. Nonlinear mech-
anisms to broaden frequency bandwidth, increase power output, and
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improve response to irregular vibrations are explored [166]. PR is rec-
ognized for enhancing power density and expanding frequency range,
acting as a mechanical amplifier [167,168]. Jia and Seshia [169] note
that driving acceleration must surpass a damping-dependent threshold
amplitude to activate this process, prompting research into methods to
reduce this threshold [170,171].

To power underwater oceanographic devices, [172,173] adapt a
horizontal pendulum concept with a 2:1 pitch-to-roll natural frequency
ratio [79] to harness energy from currents using vortex-induced vi-
brations and PR. [174] investigate enhancing a piezoelectric energy
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Table 11
Summary of relevant studies in other offshore fields.
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Spars

Analyzing PR using the hong spar [121] Benchmark

[51,123,176-185]

Modeling and analysis test case
Effect of moorings [186-188]
Nonlinear dynamics analysis [189]
The role of wave pressure field in inducing PR [183,190-192]
Suppression of PR Fins/strakes [50,193]
Hull design [194-196]
Dynamic vibration absorber [185]

Shipping

1-DOF models use the Mathieu equation to analyze
roll motion’s stability, drawing from Floquet theory

Simplified models

[118,197,198]

1.5-DOF models link roll motion to vertical [199-203]
movements (heave/pitch) through hydrostatic

calculations of the righting lever

3-DOF models, where heave, pitch, and roll are [204-208]

interconnected, with wave forces directly affecting the

motion equations

Complex numerical models

These models, which incorporate full ship dynamics

[91,198,209]

across 5 or 6 DOFs, evaluate hull designs for their

vulnerability to parametric roll

Probabilistic models

Predicting the likelihood and severity of large roll

[202,203,210-212]

motions using statistical analysis and simulation

State/parameter estimation [213-215]
Estimation, prediction and Signal processing [216-219]
monitoring for early detection Statistical change detection [220-223]
Machine learning [224-228]
Detuning of the frequency coupling by means of speed [229-233]

Control methods
and course change

Damping of roll oscillations by means of passive or
active roll-stabilization devices

[198,217-219,227,228,234-240]

Ship-based cranes

Modeling and analysis Time-varying restoring term, Mathieu Equation and [241,242]
stability maps

Control methods Adjusting the cable length and crane motion using [243-245]
control algorithms

Mooring systems

Tethered buoys PR in taut moored buoys, resembling inverted [246-248]
pendulum
PR in mooring lines [249-252]

PR in the lines, cables, risers, PR in TLP tethers [253,254]

etc. PR in risers and pipelines in offshore oil and gas [255-263]
Umbilicals to sea floor equipment for control signals, [264]

data, power etc.

harvester using a hypothetical spring with time-varying stiffness to
trigger PR, increasing power output up to 70%.

5.2. Offshore engineering

The study of PR in other offshore fields is summarized in Table 11
and grouped according to:

Spars - Spar buoys are used for a wide range of offshore appli-
cations and feature heavily in the types of WECs and FOWTs that
experience PR. Research into PR in spars dates back to Derns’ [175]
1972 comprehensive study.

Shipping — The study of PR in floating bodies, naval architecture
and offshore engineering originates from the shipping industry. PR on
ships has been systematically researched since 1950s.

Ship-based Cranes — Wave-induced motions of ship-based cranes
can cause significant load swinging, akin to a parametric pendulum.

Mooring Systems — Mooring systems can contribute to the occur-
rence of PR in floating bodies. In addition, the mooring lines and cables
themselves can be subject to PR.
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5.3. Nonlinear dynamics

Parametric excitation has been a mainstream research area in the
field of Nonlinear Dynamics, with a wealth of analysis tools and tech-
niques being developed. Here we briefly discuss and review the rel-
evant methods that have been applied to WECs, OWTs and offshore
applications.

Coexisting attractors — Considering the Hong Spar [121], Habib
et al. [184] show the existence of an extensive bistable region, where
stable PR coexists with a regular resonance response. This result has
the implication that the identification of the PR region is dependent
on the initial conditions. This effect is also noted in some WEC papers
where Guo and Ringwood [115] find the occurrence of PR is sensitive
to the initial conditions and Giorgi [87] shows a significant difference
in the PR region when sweeping with increasing frequencies compared
to decreasing frequency.

Bifurcation Analysis — Parametric forcing of a system near a Hopf
bifurcation is known to yield a complex bifurcation scenarios including
quasi-periodic behavior [265,266]. The review on stability of floating
bodies in [267], dedicates a section to the bifurcation perspective.



J. Davidson et al.

Bifurcation diagrams are employed to evaluate the nonlinear dynamical
behavior for an OWC [53], parametric pendulum-type WECs [54,55,
59-61,268,269] and the Hong spar [179]. Considering the dynamic
characteristics of a rectangular, liquid-filled vessel described by a non-
linear Mathieu-type equation, [270] employ bifurcation diagrams to
demonstrate the co-existence of several equilibrium configurations.

Nonlinear normal modes — The application of nonlinear normal
modes to analyze the nonlinear and coupled dynamics of an offshore
platform is shown in [271]. Nonlinear normal modes are used by Gavas-
soni et al. to study the parametric instability of the Hong Spar [178]
and an offshore tower [272]. Lopes [251] employ nonlinear normal
modes for investigation of PR in immersed cables and umbilicals, noting
WECs and FOWTs as applications.

Floquet Theory - Floquet theory provides analytical tools for
studying stability properties of periodic solutions. It is applied for PR
analysis for the case of WECs [52,53], spars [153,154,178], semisub-
merisble platforms [151,156], risers and cables [273] and ship based
cranes [245].

Method of Multiple Scales — Expresses the system’s equations of
motion in terms of “slow” and “fast” variables, enabling the dynamics
to be analyzed over different time scales to uncover resonance phe-
nomena. This method is applied to examine PR in WECs [56,107],
FOWTs [154], Spars [176,180-182] and ship based cranes [243].

Dynamic stability — Wang and Falzarno [274,275] employ vari-
ous nonlinear dynamics techniques to evaluate the stability of WECs
efficiently, highlighting that while classification societies regulate the
static stability of large floating structures, their dynamic stability often
receives less attention. In addressing irregular wave scenarios, they
quantify dynamic stability and the risk of capsizing using stochastic
averaging [274] and Melnikov function and Markov process mod-
els [275].

Multi-body systems — Ding et al. [276] investigate the existence of
PR between the heave and roll DoFs for multi-module floating struc-
tures, which could have relevance for multi-body attenuator WECs,
such as hinged rafts. Considering the effects of the wave conditions,
connector stiffness and number of modules, Ding et al. find that adjust-
ing the connector stiffness could eliminate the PR.

6. Discussion

The discussion first considers four major questions:

» How to identify PR.

» How to reduce PR.

» How to model PR.

» How to assess the impact of PR.

6.1. Identifying parametric resonance

Compared to the case of structural resonance, identifying PR is
complicated by an amplitude dependence as well as a frequency de-
pendence, depicted in Fig. 10(a)-(b). While structural resonance can
be described by the resonant frequency and the bandwidth, the am-
plitude dependence of PR requires a region to be identified in the
frequency-amplitude space, illustrated in Fig. 10(c)-(d).

There are two main approaches to identifying PR:

+ Data-based: These rely on analyzing measured time-series data of
relevant DoFs. A common approach is to perform spectral analysis
using FFT. Under regular wave conditions, PR is indicated by a
noticeable shift in the peak response frequency to around half
of the excitation frequency. However, in irregular seas, where
input spectra are broad, this method becomes less definitive.
Other methods for real-time monitoring of PR in Shipping, listed
in Table 11, have been shown to work well in irregular waves,
such as the method employed in [51] that monitors the system’s
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instantaneous stability via the eigenvalues of an adaptive dynamic
model employing online system identification.

Analytical: These involve developing reduced-order or analytical
models of the system, incorporating time-varying coefficients that
capture the periodic variation in key parameters. Tools like Flo-
quet theory and perturbation methods are then used to delineate
the boundaries of the PR region.

An additional challenge in identifying PR is the sensitivity to initial
conditions. The existence of coexisting attractors, as discussed in Sec-
tion 5.3, means that the observed PR region can depend significantly
on the system’s initial state. To mitigate this issue, frequency-sweeping
techniques — both upward and downward — are employed to robustly
map out the PR region [184]. Moreover, it is essential to ensure that
a small but representative amount of energy is initially present in all
DoFs, as dynamic coupling may not arise between DoFs if one of them
is in the zero state [49,123].

Knowledge Gaps

+ Identification Under Irregular Wave Conditions: The build-up of
PR typically requires several cycles of excitation at the appro-
priate frequency and amplitude range. The marine environment
is inherently irregular, however most studies employ regular
waves to investigate PR, particularly analytical methods which
implicitly assume regular wave conditions. The occurrence of PR
in multi-frequency irregular wave conditions are less frequently
explored and a standard method for identifying PR in irregular
waves is currently lacking.

Routine for Assessing PR Susceptibility in Design: Beyond de-
tection, there is a need for a comprehensive, standardized test
routine or protocol that can predict the likelihood of PR occurring
in a given design (whether WEC, FOWT, or hybrid systems).
Impact of Initial Conditions: The dependence of PR on the sys-
tem’s initial state: Systematic studies are needed to quantify
how initial energy distributions affect the onset and evolution of
PR. Establishing guidelines for setting up experiments or simu-
lations (e.g., minimum initial perturbations across DoFs) would
help standardize testing and improve the reproducibility of PR
identification.

6.2. Reducing parametric resonance

The most common cause of PR in MRE systems is the periodic
variation of the center of buoyancy, which pumps energy into the
pitch and roll DoFs. Wave induced motions result in evolving wetted
surfaces, which vary the center of buoyancy position. Therefore, an
effective strategy to mitigate PR is to reduce the overall wave-induced
motion of the body. This strategy works well for FOWTs, where PR
suppression techniques developed for generic spars, semi-submersibles
and TLPs, that aim to minimize platform motions, can be directly
applied. However for WECs, this strategy does not align with the
operating principle of large wave-induced motions for energy capture.
Therefore, rather than simply suppressing motion, the goal for WECs
is to decouple or shift the pitch and roll resonant frequencies away
from the frequency range that contributes to power production. This
can be achieved either through careful design or through adaptive
control strategies that dynamically dampen or decouple energy transfer
between DoFs when critical frequencies are approached.

Suppression techniques used in shipping, such as adjusting a vessel’s
travel speed, are not applicable to stationary MRE devices. However,
approaches developed for early detection and prediction of PR in ship-
ping (listed in Table 11) may still be valuable, serving as early-warning
indicators for triggering adaptive control measures.

Knowledge Gaps -
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3 (b) Nonlinear system with PR
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Fig. 10. (a) The result of structural resonance for a linear system in regular waves is a peak in the response amplitude at the natural frequency, with no dependence on the
input wave amplitude. (b) For a nonlinear system with PR, the occurrence of large responses around twice the natural frequency are dependent on the input wave amplitude. (c)
Description of structural resonance by the resonant frequency and bandwidth. (d) Binary identification of the PR/stability region over the input wave frequency and amplitude
space. (e) The parametric amplification domain, proposed by [191], that includes the magnitude of the response for points within the PR region.

» Quantification Under Realistic Conditions: Many suppression
techniques have been demonstrated under idealized, regular-
wave conditions. Future research should focus on quantifying the
cost-benefit and effectiveness of these methods under realistic,
irregular sea states, including the potential trade-offs between
motion suppression and energy capture.

Adaptive Control Strategies: There is a need for robust, adaptive
control systems that can dynamically mitigate PR without com-
promising the primary energy capture in WECs or the operational
stability of FOWTs. Further work is required to integrate real-time
monitoring with control algorithms that can effectively decouple
or dampen critical modes of motion.

Multi-Objective Design Frameworks: For WECs, the inherent con-
flict between maximizing wave-induced motion for power pro-
duction and minimizing PR-induced instabilities calls for multi-
objective design frameworks. These frameworks should balance
energy capture, structural integrity, and long-term reliability.

6.3. Modeling parametric resonance

A range of modeling approaches have been developed, each offering
distinct advantages and trade-offs in computational cost, accuracy, and
applicability. This diversity in methods, as mapped in Fig. 11, show-
cases their complementary roles: from initial design exploration with
analytical models to detailed validation with CFD, and comprehensive
system analysis with hybrids.

Knowledge Gaps —

+ Full 6-DoF Validation: Unintended couplings between DoFs can
emerge, particularly due to mooring systems, thus validating
stability across all 6-DoFs is important to avoid oversight of
instabilities like yaw or surge.

Probabilistic Modeling: The absence of probabilistic models in
MRE literature, despite their use in offshore fields (e.g., [203,
210,255]), limits uncertainty quantification for PR likelihood and
severity due to environmental and structural variability.
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» Benchmark Verification and Validation: Standardized benchmark
cases are lacking to quantitatively compare modeling approaches,
hindering clear guidelines for method selection.

Hybrid Methods: Improving the accuracy of lower fidelity models
by identifying terms and parameters from the outputs of higher
fidelity models (e.g. add a viscous damping term to NLFK models
and tune the parameters based on data from CFD experiments).
Such Hybrid Methods show promise, but their standardization
and widespread adoption require further development.
Long-Term Impacts: Current models focus on PR onset and ampli-
tude, neglecting its prolonged effects on fatigue life and system
reliability. Time-domain simulations integrating fatigue analysis
are needed to assess operational durability.

6.4. Assessing parametric resonance

Assessing the impact of PR in MRE systems has typically focused
on quantifying the effect on the power output, yet its broader impli-
cations span structural fatigue, device safety, and economic impacts
across the MRE lifecycle — from design to maintenance. For example,
Patel et al. [277] developed a cost estimation model for downtime in
offloading operations due to parametric roll, highlighting its economic
impact — a lesson directly applicable to MRE installation and mainte-
nance logistics. Fig. 12 structures the assessment of PR throughout the
different stages of the MRE device life-cycle.

Knowledge Gaps -

+ Reliability Assessment — PR may accelerate material fatigue and
lead to premature failure of components. A comprehensive relia-
bility assessment framework, incorporating fatigue analysis and
probabilistic modeling, is necessary to evaluate the long-term
impacts of PR on MRE systems. For example, [248] present a
methodology for assessing instability in mooring systems, provid-
ing a useful reference for PR in MRE systems.

Uncertainty Analysis — Incorporating uncertainty analysis into the
study of PR is crucial for robust and resilient MRE system design,
however such studies are lacking in the reviewed literature for
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Fig. 12. Assessing PR across MRE TRL stages.

MRE systems. Factors such as varying environmental conditions,
material properties, and structural responses can significantly
influence the occurrence and impact of PR. For example, [255]
adopt a probabilistic approach to evaluate the instability of a
top tension riser under irregular sea conditions, accounting for
uncertainties in load, structural geometry, and material proper-
ties. Applying similar methodologies to WECs and FOWTs can
provide a deeper understanding of PR dynamics and improve
system reliability.

7. Conclusions

PR is a dynamic instability that can affect MRE devices. In the case
of WECs, the occurrence of PR may significantly reduce the energy

harvesting and increase structural, mooring and fatigue problems. Anal-
ogously, the appearance of PR in FOWTs may have severe negative
impacts on the power output and structural health. These negative ef-
fects highlight the importance of understanding the nonlinear dynamics
of these MRE systems in order to mitigate the occurrence of PR.
Promising solutions to dampen PR have emerged, ranging from
passive design optimizations to active control strategies that adjust
system dynamics. Yet, their effectiveness must be balanced against
operational demands, particularly for WECs where energy capture is
paramount. Several research avenues require further exploration:

(i) Developing advanced control techniques to mitigate PR under
diverse sea conditions, incorporating real-time monitoring for
adaptive responses.
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(ii) Exploiting PR to enhance WEC energy conversion, turning its
instability into an asset for improved performance.

(iii) Integrating FOWT platforms with WECs to attenuate PR, lever-
aging coupled dynamics for stability, in addition to increased
energy harvesting.

(iv) Assessing PR’s long-term effects on reliability and fatigue life,
using probabilistic and uncertainty analyses to bolster system
resilience.

The review emphasizes the need for a multifaceted approach to
address PR in MRE systems, integrating advanced modeling techniques,
reliability assessments, and control strategies. By learning from related
fields and incorporating comprehensive risk assessments, the develop-
ment of MRE technologies can advance towards more reliable, efficient,
and resilient solutions.
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