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The prediction horizon length is a crucial parameter in model predictive control (MPC) that determines how
far in advance the future wave exciting force must be predicted for real-time control. This paper presents an
optimal solution for the prediction horizon length in MPC for a point absorber wave energy converter (PA-WEC)
operating under irregular wave conditions. To maximize absorption power and energy absorption efficiency,
the dimensions of the floating body of PA-WEC are tuned according to the sea state. The linear superposition
principle is investigated within the MPC formulation to assess its applicability and to determine whether the

absorbed power under irregular waves can be represented as a superposition of the corresponding regular
wave components. The resulting absorbed power is compared with that obtained using a constant damping
control method as a reference. Finally, an empirical solution for identifying the optimal prediction horizon
length in MPC for irregular waves is proposed based on the wave spectrum.

1. Introduction

In recent years, global society has paid attention to renewable
energy sources owing to the depletion of fossil fuel reserves, lead-
ing to notable increases in the prices of natural gas and oil (Zhang
et al., 2021). Additionally, it is necessary to address the requirement
of mitigating greenhouse gas emissions (Khedkar and Bhalla, 2022).
Worldwide energy consumption was approximately 170,000 TWh in
2023 (MSCI, 2023), and is estimated to increase by up to 56% by
2040 (Alkhatib et al., 2020). This growing energy demand has ac-
cumulated interest in ocean renewable energy as a viable source,
offering enormous energy while emitting net-zero carbon. The entire
ocean has the potential to produce around 8000-80,000 TWh of wave
energy annually (Zullah and Lee, 2013). A prominent aspect of ocean
wave energy is its higher energy density and greater predictability
compared with solar and wind energy (Hernandez-Robles et al., 2021),
while also having minimal environmental impact. Numerous concepts
of wave energy converters (WECs) have been developed to harness
ocean wave energy. The point absorber wave energy converter (PA-
WEQ) is the most promising WEC concept proposed to date (Falnes,
2002) and comprises more than 81% of WECs (Reabroy et al., 2019).
The PA-WEC is widely appreciated for its simplicity in design and
operational principles, as well as its compact size and cost-effectiveness
(Gao and Xiao, 2021). For commercial purposes, the concept of a
wave farm can be implemented, which is the deployment of PA-WECs
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in arrays of multiple units (Han et al., 2023). Despite the enormous
potential of PA-WEC, commercial deployment has yet to succeed in
comparison to other renewable energy sources. The primary challenge
of commercializing PA-WECs is the increased levelized cost of energy
(LCoE) (Tan et al., 2022). To reduce LCoE, it is crucial to enhance the
energy absorption efficiency of the PA-WEC. However, the irregular
wave exciting forces of incoming ocean waves complicate the task of
the controller in optimizing PA-WEC’s performance. One of the most
effective methods for facilitating optimum interaction between the PA-
WEC and incident waves is the implementation of a real-time advanced
control strategy. This approach increases energy absorption efficiency
and reduces LCoE (Ling et al., 2020).

Numerous control strategies have been developed over the past few
decades to optimize control force in real-time and improve absorp-
tion efficiency, including reactive control (Evans, 1981; Pizer, 1993;
Naito and Nakamura, 1986), latching control (Babarit and Clément,
2006), declutching control (Eidsmoen, 1998; Babarit et al., 2009), and
complex conjugate control (Fusco and Ringwood, 2013). Additionally,
control strategies for WECs have been integrated with artificial intel-
ligence (AI) techniques, including deep reinforcement learning (DRL)
(Zou et al., 2022), long short-term memory (LSTM) (Yin and Jiang,
2023), thereby enhancing control performance and enabling the devel-
opment of several novel, adaptive control methods (Liang et al., 2024).
Among all the control schemes investigated in WECs, model predictive
control (MPC) is the most well-developed strategy (Todalshaug et al.,
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2011; Li and Belmont, 2014), leading to significant improvements
in power generation (Coe et al.,, 2017), approaching the theoretical
optimum value (Nguyen et al., 2016), and can even be integrated with
an Al model such as LSTM (Zhang et al., 2024). An advantageous aspect
of MPC is its ability to efficiently manage constraints, as demonstrated
in numerous cases involving displacement (Brekken, 2011; Hals et al.,
2010a; Jama et al., 2014), velocities (O’Sullivan and Lightbody, 2017),
and control forces (Hals et al., 2010a; Montoya Andrade et al., 2014),
while maximizing power output. This control method employs future
wave exciting forces to determine a sequence of power take-off (PTO)
control forces over a specified prediction horizon length at each sam-
pling interval, while accounting for constraints (Umeda et al., 2024)
and optimizing the future control forces for the PA-WEC. For real-time
control in PA-WECs, accurately predicting future wave exciting forces is
essential. However, due to the presence of non-causality, it is challeng-
ing to accurately predict these future wave exciting forces in advance.
This high dependence on future wave exciting forces complicates the
implementation of control strategies, especially MPC, in PA-WECs (Ling
et al,, 2020; Nguyen and Tona, 2018). To overcome this difficulty,
most studies associated with MPC in PA-WECs have used precomputed
predictions of wave exciting forces for real-time implementation. The
incident wave elevation and wave exciting force can be predicted using
measurements and past wave information data. The prediction of water
waves has recently been developed using the impulse response function
(lida and Minoura, 2022), and, based on this approach, the wave
exciting forces can be predicted accurately (Yoshimura et al., 2025).
As a result, the primary challenge with MPC in PA-WEC is determining
how far in advance we need to predict the future wave exciting force,
which introduces a crucial parameter: the prediction horizon length.
The prediction horizon length in MPC denotes the time length
(Afram and Janabi-Sharifi, 2014), and in this study, it indicates the
time over which the controller optimizes the PTO control force based
on the future wave exciting force at each sampling interval while
considering constraints. Therefore, both the prediction horizon length
and the sampling interval, collectively referred to as the time horizon,
determine how far in advance the future wave exciting force must be
predicted. The time horizon can be adjusted either by employing (i)
a large sampling interval with a short prediction horizon length, or
(i) a small sampling interval with a long prediction horizon length
(Kaiser et al., 2025). A large sampling interval with a short prediction
horizon length can reduce the computation time required to solve the
optimization process (Sergiienko et al., 2021). However, this procedure
reduces the accuracy of the motion calculation (Yang et al., 2021; Bghn
et al., 2021) and cannot encompass sufficient information about the
future wave exciting force (Wu et al., 2022). As a result, a small sam-
pling interval with a long prediction horizon length is recommended
to determine the time horizon. Nonetheless, if the sampling interval
is excessively small (for instance, less than 100 ms) (Li et al., 2011),
computational costs will increase (Osinenko and Dobriborsci, 2021),
thereby complicating real-time implementation. A moderate value for
the small sampling interval has recently been introduced, achieving
higher energy absorption efficiency (Kaiser et al., 2025). The remaining
concern is the appropriate length of the prediction horizon length.
A significantly long prediction horizon does not consistently yield
high efficiency; rather, it can result in high computational time (Wu
et al., 2022). Additionally, in these circumstances, higher PTO control
forces are required; as a result, the controller’s behavior becomes more
aggressive (Sergiienko et al., 2021). Moreover, the prediction accuracy
of the wave exciting force decreases with increasing prediction horizon
length (Hillis et al., 2020). For this reason, the prediction horizon
length in MPC is sensitive to both real-time optimization performance
(Genest and Ringwood, 2016) and overall system performance (Hillis
et al., 2020). Once the optimal prediction horizon length is identified,
it is straightforward to predict the future wave exciting force within
this time frame, allowing MPC to optimize the PTO control forces to
maximize energy absorption efficiency. Therefore, it is necessary to
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investigate the prediction horizon length in MPC in order to determine
the optimal solution.

Several strategies have been recommended for determining the
prediction horizon length to ensure optimal MPC performance; one
approach is based on experimentation (Bertsekas, 1995). Additionally,
other proposals include selecting the prediction horizon length by
aligning it with the incident wave period (Genest and Ringwood, 2016)
or the natural period of the system (Hals et al., 2010b). The optimal
solution of prediction horizon length in MPC for PA-WEC has recently
been established under the regular wave case (Kaiser et al., 2025). If a
linear state-space model is employed to describe any PA-WEC, this MPC
formulation can be applied. In addition, by comprising the sequence
of future wave exciting forces, this empirical optimal solution for the
prediction horizon length effectively indicates how far in advance the
future wave exciting force must be predicted, thereby maximizing ab-
sorbed power and energy absorption efficiency by a PA-WEC. Although
the optimal solution for the prediction horizon length in regular waves
is important, in practical operations, PA-WEC must operate mostly
in irregular sea elevations resulting from the superposition of regular
waves. However, the corresponding optimal prediction horizon length
under irregular waves has not yet been determined. In such a case, the
proposed optimal solution for the prediction horizon length in MPC
for the regular wave case (Kaiser et al., 2025) may not be directly
applicable for the irregular wave applications. Therefore, it is essential
to determine the optimal prediction horizon length for irregular wave
sea state conditions.

Motivated by the considerations outlined above, this study proposes
an optimal solution for the prediction horizon length in MPC for PA-
WEC under irregular wave conditions, which constitutes the primary
novelty of this study. This analysis will enable the assessment of how
far in advance the future wave exciting force needs to be predicted
for real-time control in order to maximize energy absorption efficiency
under sea state conditions. Based on the sea state information, the wave
spectrum of irregular waves is obtained, and its accuracy is validated
through frequency and time domain analyses. The dimensions of the
floating body of the PA-WEC are adjusted in accordance with the sea
state to achieve the maximum resonance condition. To validate the
absorbed power under irregular waves, the linear superposition prin-
ciple has been employed, whereby the absorbed power under irregular
waves is equal to the sum of the absorbed power associated with the
regular wave components that constitute the irregular wave (Murai and
likura, 2020). Although this principle has previously been applied for
the damping control method (Murai and likura, 2020), its applicability
to MPC has not yet been evaluated. Therefore, as another novelty in
this study, the linear superposition principle is investigated in MPC to
assess its applicability for validating absorbed power. Furthermore, the
absorbed power and energy absorption efficiency of MPC are compared
with those obtained using a constant damping control force as a refer-
ence. Finally, the optimal solution for the prediction horizon length in
MPC is proposed for the irregular wave case.

2. Theory
2.1. Equation of motion

The schematic representation of a two-dimensional PA-WEC, along
with the forces acting on it, is illustrated in Fig. 1 using horizontal
and vertical planes. The floating body is considered symmetric, and
its shape is described by the Lewis form (Kashiwagi et al., 2006)
with a sectional area ratio ¢ = 0.9. The origin O is located on the
undisturbed still water free-surface, from which the waves propagate
unidirectionally in the positive x direction. The fluid is assumed to
be incompressible, inviscid, and irrotational, with a linear model used
for simplicity and low computational cost in wave-body interaction
simulations (Holthuijsen, 2007). Since axisymmetric PA-WEC primarily
captures energy through heave motion (Khedkar and Bhalla, 2022), this
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Fig. 1. Schematic representation of a two-dimensional PA-WEC with one DOF heave motion, along with the forces acting on it. Waves propagate unidirectionally
in the positive x direction. The solid and dashed outlines of the floating body denote its position at rest, and its vertical displacement ¢ relative to the equilibrium
position, respectively. The control force is exerted on the floating body by the PTO system.

study considers the PA-WEC to oscillate with one degree of freedom
(DOF) in heave direction with its vertical displacement ¢ measured with
respect to the hydrostatic equilibrium position. The motion amplitude
of the body is minimal compared to the wave height; therefore, using
linear potential theory (Newman, 1977), the total force exerted on
the body can be represented by the sum of the radiation force f,,
hydrostatic restoring force f,, and wave exciting force f.,. The control
force fpro is exerted by the PA-WEC controller integrated with a PTO
system, which retards the wave-induced body motion to extract energy.
In this problem formulation, the PTO mechanism is assumed to be
ideal. Based on Newton’s second law of motion, the linearized motion
equation in the time domain for the PA-WEC can be expressed as

mét) = [ + fr() + fex(®) + frro(®), (€Y

where t denotes time, and m and & represent the mass and acceleration
of the body, respectively. The hydrostatic restoring force f; resulting
from buoyancy is determined by

Ss() = =C8(), (2)

Here, hydrostatic stiffness is defined as C; = pgAy,, in which p, g, and
Ay, represent fluid density, gravitational acceleration, and waterline
area of the body, respectively.

The radiation force f, is modeled as the sum of a convolution in-
tegral of the radiation impulse response function 4.4 with the floating
body’s velocity é and an added mass component that is proportional to
the acceleration of the floating body &. The radiation force f, is defined
as

t
fe() = —A()é1) —/ E(Dhaq(t = 7)d7, 3

In this case, A(c0) is the added mass term when frequency w tends to
infinity. The radiation impulse response function &4 can be calculated
by integrating the hydrodynamic coefficients, A(w) and B(w), which
represent the added mass and the damping coefficient, respectively,
within the frequency domain, as mentioned in Falnes (2002)

S

hpaq(®) = —% /000 w{A(w) — A(c0)} sin(wt)dw = % [) B(w) cos(wt)dw,

4

Based on the deep-water assumption, an in-house 2D boundary ele-
ment method (BEM) code is employed to compute the hydrodynamic

coefficients for the radiation force and the wave exciting force in the
frequency domain, as detailed in Kaiser et al. (2025).

The equation of motion of the PA-WEC outlined in Eq. (1) must be
represented as a state-space model to facilitate the implementation of
the MPC method discussed in the following section. Eq. (4) provides
only the sampled data of the radiation impulse response function 4,,q,
rather than an analytical expression. Therefore, Prony’s method is
applied to the sampled data of the radiation impulse response func-
tion h.q obtained by 2D-BEM to approximate the function A4 as a
sum of exponential functions (Duclos et al., 2000). Consequently, the
convolution integral term in Eq. (3) can be expressed as

n t n
=y [ /0 s(f)a,.eﬂf“‘“dr] =) L), (5)
i=1 i=1

where {o;, §;}_, are the complex coefficients of Prony’s method. In this
study, an approximation order of n = 10 is employed, which is adequate
for convergence, as illustrated in Fig. A.10. The final expression of the
motion equation in the time domain is referred to as Cummins’ equation
(Cummins, 1962), which is expressed as follows:
n
: 1
& = i [-Csé(l‘)— ZI,R(I)+fex(t)+fPTO(t):| . (6)
i=1
Here, the total mass of the system is denoted by M = m + A(),

and II.R(I) represents the real part of the solution I;(r) of the ordinary
differential equation.

2.2. Control strategy

Two control strategies are employed in this study for comparison:
constant damping control and MPC. The following subsections present
an overview of these two control methods.

2.2.1. Constant damping control method

Prior to applying the MPC method, the PA-WEC is analyzed using
a linear damping control method, which serves as a reference for
comparing the MPC-computed responses. Here, a damping force f, is
referred to as the control force, exerted by an external damper. By
substituting the damping control force f, instead of the control force
fpro by the PTO unit, the time domain motion equation Eq. (6) can be
modified

D = - |-Gt = D TR0 + [ + 1,00 %)

i=1
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For irregular wave analysis, the damping force is defined as
1y =—vE@, (8

where v = B(w;) is the constant damping coefficient corresponding to a
representative wave frequency w; as stated in Korde and Ertekin (2015).
Accordingly, this approach will be designated as the constant damping
control method throughout this study. The time domain motion equa-
tion Eq. (7) of the PA-WEC is transformed to the frequency domain,
resulting in

Fex ()

) = T A@)] + o B@) T v] & Gl ©)

Here, F,, and £ are the complex amplitudes of the wave exciting force
and the displacement of the floating body in the frequency domain,
respectively.

2.2.2. Model predictive control
i. State-space representation

First, the convolution integral term in Eq. (3) is replaced by the
radiation state-space model as

Xrad() = AradXraq() + Bradé(t)s

: (10)
/ E(Dpaq(t — 7)dT & CraqXpag(?),

where x4 € R™! is the state vector and A,,q, B4, and C,,q are the
state-space matrices of the radiation component, defined as follows:

—q; —4q2 —qp-1 -4
1 0 - 0 0
Aga=| 0 1 -« 0 0 |erm™,
0 0 - 1 0
Bua=[1 0 0 - 0 er™,
Cod=Ip1 P2 = Puy P ER™

Here, {p;,q;}]_, are polynomial coefficients with g, = 1 of the radiation
transfer function H,,4(s), which is the Laplace transform of the radia-
tion impulse response function 4,,4. Using the motion equation Eq. (6)
and the radiation state-space model Eq. (10), the state-space continuous
time model for the whole PA-WEC can be written as

X () = Acx (1) + B (fex (D) + fpro, (1),
Y. () =C.x.(1),
where the quantities of continuous-time are denoted by subscript ¢, and

the corresponding vectors and matrices of the whole PA-WEC are given
by

(1)

¢ :
X, = f c R("+2)Xl, Ve = |::| c RZXI’
_xrad ¢
[0 1 0
At‘ — —7Q 0 _H]Crad e R(n+2)><(n+2)’
L 0 Brad Arad
[0
B, = % € RO+IX1
| 0
C, = [1 0 0] € RX(+D)
0o 1 0

The notation 0 represents a zero matrix of specified dimensions.

ii. Discretization
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This study employs the first-order hold method described in Cretel
et al. (2011) to discretize the continuous-time model Eq. (11). If the
current state x5(k) advances to the next state x5(k + 1) with a sampling
interval T, > 0 and a discrete time index is k, where Vk € N, the
discretized form of continuous-time model Eq. (11) can be written as

x5k +1) = @(Txs(k) + I'(fex 5(k) + fpros(k)

+ Y(Afex(k+ 1)+ Afprolk + 1)), 12)

ys(k) = C.x5(k),

In this study, the discretized quantities are indicated by the subscript 6.
Accordingly, Af., and 4 fpr represent the increments of the discretized
wave exciting forces and control forces, respectively. The relations used
in Eq. (12) are outlined below
(p(t) — exp(Act) c R(n+2)><(n+2),
= A;l(¢(TA) _ I)Bc c R(n+2)><l’

1

Y= FA;I (I -T,B,) € R,
s

— kT,
fex,c(t) = fexﬁ(k) + <t : ) Afex(k + 1), (13)

s

— kT,
Srro,(®) = fprosth) + <t : > Afprotk + 1),
Afex(k +1) = fex sk + 1) = fex 5(K),
Afprotk + 1) = fpro sk +1) = fpro s(k).

The corresponding vectors and matrices used in the discretized
continuous-time model Eq. (12) are defined as follows:

[x,(kT,)

x5=| fos |ERU ys= [y;(kTs)] e R, (14)
| frros P10,
[Ty I T

As=| 0 1 0 € RUHX(rt4),

| ©
k4

Bs=|1 eR(n+4)><l
L0
(¥

Fs=|o0 eR(n+4)><l
|1
[1 0 0 0 0 0

Cs=10 1 0 0 0 0]|eR>0+,
0 0 0 01 0

iii. MPC formulation

The discretized model Eq. (12) propagates from k + 1 up to the
prediction horizon length N, resulting in the output prediction vector
Y is given by

Y = [ystk+1i| k)],.':l ERM =T x5(k) + T oAf ox (k) + T yAfpro(k),
15)

where the increment prediction vectors of the wave exciting forces Af o,
and control forces Afprq are respectively defined as

[Afexk+i 0], € RV, (16)

[Afprotk+i | L], € RN, an

Af oy (k) =
Afprok) =
The matrices used in Eq. (15) are defined as follows

Cs4s
CsA3
T = . c R3NX("+4)

X

CsAY
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CsB; 0 0
CsAsBs CsBs 0
T,=| CsAiB; CsAsBs CsBs € R3NXN,
CsAY'Bs CsAY7Bs CsAY B CsB;
[ CsF; 0 0 0 ]
Cs5AsFs CsF; 0 0
Tp: C5A(25F5 CsAsF CsFs 0 € RINXN
CsAY"'Fs CsANFs5 CsANTF; CsFy

It is important to note that the increment prediction vector of the wave
exciting force Af ¢, (k) in Eq. (16) is the input of the output prediction
vector Y in Eq. (15). Therefore, determination of the optimal value of
prediction horizon length N is essential, up to which the future wave
exciting force must be predicted. Several methods have been proposed
for predicting the wave exciting force f.;, including the extended
Kalman filter (Nguyen and Tona, 2018; Li and Patton, 2023), and the
impulse response function (Yoshimura et al., 2025). These prediction
methods must be sufficiently fast and accurate to be compatible with
the MPC controller design, thereby improving the feasibility of the
optimization process. Otherwise, mismatches in the prediction model
may reduce the MPC system’s power-absorption performance, posing
another challenge for MPC system development. Since our primary
target is to determine the prediction horizon length N, the future wave
exciting force f,, ; is assumed to be provided throughout the specified
prediction horizon length N. Consequently, the increment prediction
vector of the wave exciting force Af, is also considered to be known
at any given time k. Although this simplifying assumption represents
a limitation of the present study, the obtained optimal value of N
provides useful insight into how far ahead the future wave exciting
force should be incorporated into the MPC framework in Eq. (15).

iv. Objective function

The energy quantity absorbed by the PA-WEC, which is to be
maximized across the time horizon T;, = NT;, is given by

I+Th X
Ejm, = - / foro(@E@)dr. 18)
t

After applying the trapezoidal rule to numerically integrate Eq. (18),
the objective function J can be approximated and derived by using the
expression of the output prediction vector Y Eq. (15), as

1
J(k) = EZT(k)QZ(k), 19
The matrix Q is given by
U
. 0 0 0
0= ’ . e R33N where U=|0 0 1{.
01 0

1
E U
By substituting Eq. (15) into Eq. (19), focusing only on the influence of

the control force increment prediction vector 4 fprg in the optimization
process, the objective function J; to be minimized can be expressed as

1
Jy = EAfPTOTTpTQTpAfPTO + AfPToTT,,TQ(Txxa + T AS ex): (20

Eq. (20) indicates that the new objective function J; is a convex
quadratic programming (CQP) problem, where the Hessian matrix is
represented by T ;QT p» Which is characterized as a positive semi-
definite matrix. The objective function J, needs to be augmented with
a penalty term to mitigate control aggressiveness, as suggested in Cretel
et al. (2011). Accordingly, the objective function is modified as

Jy =i + 4y Afp1o" Af pr0s @n
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Here, A, is introduced as a penalty term, which must be positive to
maintain the convexity of the objective function, while its magnitude
should remain sufficiently small to ensure that the objective functions
J, and J, do not deviate significantly from each other. Consequently,
this study defines the penalty term 4, as the absolute value of the
minimal eigenvalue of the Hessian matrix 7 lT,QTp as recommended
in Sergiienko et al. (2021). The objective function J, needs to be
further modified by incorporating an additional penalty term to reduce
reactive power, which can lead to large instantaneous positive and
negative powers in the PTO unit. This reversed power flow increases
resistive and conversion losses. Therefore, to reduce these losses while
maintaining the convexity of the objective function J,, yielding the
following modified expression:

J3 = Jy + Ay, fr10" fP10- (22)

where 4, is the penalty term and the subsequent formulas are used to
construct the objective function J3, given by

Trr0k) = LAfpr0() + foro,,(01,,
1 0 - 0 1

L=¥ 1 (_)E]RN"N, I,=

c RV
1 1 - 1 1

By combining the objective function expressions in Egs. (20),(21) and

(22), the final form of the objective function J ; can be written as

1
Jp(k) = EAfPTOTOAfPTO +x" Afpros (23)

The following relations are used in the above expression of the objective
function J,

0 =T,07 ,+24, 1+24, "L,
X =T,00 x50 + T Af ex(K) + 225, LT, fpr0,5(K).

To minimize the objective function given in Eq. (23), a CQP solver is
used. After completing the optimization, the PA-WEC controller uses
only the first component of the optimized PTO control force increment
Afpro at every time k, disregarding the following ones. Subsequently,
the 4th-order Runge-Kutta method is employed to solve the motion
equation of the floating body presented in Eq. (6) to determine the
output state ys. At time (k+ 1), the process will be repeated in a similar
manner, using the previous optimal value as an initial guess. Fig. 2
illustrates the MPC framework for PA-WEC.

v. Optimal prediction horizon length on regular waves

The optimal prediction horizon length in MPC for the PA-WEC
under regular wave conditions was investigated in the previous study
(Kaiser et al., 2025). Accordingly, the present study adopts the empiri-
cal optimal solution of prediction horizon length N, derived in Kaiser
et al. (2025), given by
NopeTy =27 (1+ %) . (24)
Here, T! = T;\/g/b and o’ = w\/m denote the nondimensional sam-
pling interval and circular frequency, respectively, where b represents
the half-breadth of the floating body.

The optimal solution Eq. (24) indicates that the optimal prediction
horizon length is inversely proportional to the wave frequency, Ny
1/w, which implies that long waves require a long prediction horizon
length, whereas a short prediction horizon length is sufficient for short
waves. Additionally, it has been demonstrated in Kaiser et al. (2025)
that MPC using the optimal prediction horizon length N, maximizes
absorbed power and energy absorption efficiency, approaching the the-
oretical optimum, compared to the damping control method across all
wave frequencies, especially at low frequencies. Since the computation
time in MPC is significantly affected by the prediction horizon length
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Fig. 2. Block diagram of the MPC framework for PA-WEC. The wave exciting force f,, ;(k) is provided to both the process plant and the predictor, where the
predictor estimates the increments of wave exciting force Af (k). The CQP solver within the controller minimizes the objective function J,(k) to compute the
optimal PTO force increment Afpp. Only the first component of Afpyq is applied to the process plant, which solves the motion equation to determine the output
state y;(k + 1). At time (k + 1), the process will be repeated in a similar manner, using the previous optimal value as an initial guess.

N, the real-time factor (RTF), the ratio of the computation time to the
sampling interval, is employed to assess the applicability of the optimal
prediction horizon N, and determine its feasible range for real-time
control. As shown in Kaiser et al. (2025), the proposed optimal pre-
diction horizon length N, is applicable for real-time implementation
over a wide range of frequencies, including low frequencies.

Based on these findings for the regular wave case in Kaiser et al.
(2025), this study extends the investigation of the optimal predic-
tion horizon length in MPC to irregular waves, maximizing energy
absorption efficiency for sea state conditions. It should be noted that
the sampling interval T, also affects the performance of MPC. As
discussed in Li et al. (2011), Kaiser et al. (2025), a sampling interval of
T, = 0.1s is reasonable considering the computational cost and real-
time implementation. Therefore, throughout this paper, a consistent
sampling interval of T, = 0.1s is employed for all computations in
the MPC formulation. Additionally, the penalty term A, = 2s is set in
all MPC simulations, which can eliminate the negative portion of the
power cycle, consistent with the approach used in Kaiser et al. (2025).

2.3. Power and efficiency calculation

The primary objective of this study is to maximize the absorption
power and energy absorption efficiency of a PA-WEC under irregular
wave conditions. Since the linear superposition of regular waves results
in irregular waves (Tobar Fuentes and Ledezma, 2024), and the lin-
ear superposition principle has been successfully applied for damping
control (Murai and likura, 2020), whereby the absorbed power under
irregular waves equals the sum of the absorbed powers associated
with the regular wave components that constitute the irregular wave,
the analysis of regular wave components is important. Therefore, this
subsection first presents the absorption power and energy absorption
efficiency for both the constant damping control method and MPC for
a single wave component. Subsequently, following the superposition
principle of absorbed power proposed in Murai and Iikura (2020), the
applicability of the linear superposition principle is initially investi-
gated for both constant damping control and MPC using two regular
wave components. If the linear superposition principle holds for MPC
in the two-wave components case, the analysis is then extended to
irregular wave conditions for both control methods by investigating
absorbed power and energy absorption efficiency.

2.3.1. Single regular wave

For a single regular wave with a frequency w, the incident wave
power Py, is given by
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Py = Spste = 2 25)
where ¢, represents the group velocity, while the amplitude of the
incident wave is referred to as ¢. It is important to note that the
group velocity c, is considered under the assumption of deep-water
conditions.

The average absorbed power by the constant damping control force
f, for a single regular wave with frequency w is derived as follows

T
1 : 1 -
Preg(@) = /0 Vi = Luori 2P 26)

where T denotes the wave period. Using the relation in Eq. (9), the
Eq. (26) can be rewritten as

2
) (CF}, (w)pgh)

R (m+ A@) + C.P + 0 (B@) +v)? 27)

Pfreq(a)) = %v
Here, Fe’x = F./(pg¢b) represents the non-dimensional amplitude of
the wave exciting force, which is obtained using the 2D-BEM. The
energy absorption efficiency by the constant damping control #geq,
under regular wave conditions, can be formulated by dividing Eq. (27)
by Eq. (25), as follows:

P freq
Mfreq = Tp (28)

Subsequently, the average absorbed power by the PTO unit under MPC
for a single regular wave with a frequency , denoted by Pypc, is
expressed as

T T
Pypc(@) = % /0 Pmech(r)dt=—% /O Fero(E@)dt, (29)

where P, represents the mechanical input power to the PA-WEC.
Dividing Eq. (29) by Eq. (25), the energy absorption efficiency nypc
by the PTO unit for a single regular wave is given by

Py
b = 5 (30)
w

2.3.2. Two regular waves

Two regular wave components with distinct frequencies w, and
w), are considered. According to the linear superposition theorem, the
free surface elevation of an irregular incident wave formed by two
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corresponding regular wave components with the same incident wave
amplitude ¢ is constructed by

XM =¢ {cos(wat) + cos(w,t + 5)} s (31)

where ¢ is a random phase difference between the two components.
The associated wave exciting force in the time domain is given by:

fex, (1) = pght [FL(w,) cos(@,t + d,) + Fl(wy) cos(wyt + ¢y +€)] . (32)

Here, F/ (w,) and F/(w,) denote the non-dimensional amplitudes,
and ¢, and ¢, represent the phases of the wave exciting forces at
frequencies w, and w,, respectively, and all of these values are obtained
using the 2D-BEM.

The average absorbed powers at the frequencies w, and ®, under
constant damping control are denoted by Pyreq, reg(®,) and Prreq, reg(@)s
respectively, and are evaluated using Eq. (27). Following the computa-
tion of the displacement ¢, the average absorbed power Py, for the
superposition of two regular wave components under constant damping
control force is evaluated using the expression provided in Eq. (26).

Under the assumptions of linear theory, the average absorbed power
obtained using the damping control method for an irregular wave is
equivalent to the summation of the average absorbed power associated
with the corresponding regular wave components, as shown in Murai
and likura (2020). This is referred to as the linear superposition prin-
ciple and can be applied to the constant damping control method for
two regular wave components, which yields the following relation

Prreq, reg(@a) + Prreq, reg(@s) = Pfreqz' (33)

Eq. (33) has two important implications. First, it enables validation
of the computational accuracy of the absorbed power. Second, by
summing the absorbed power associated with the regular-wave com-
ponents, the absorbed power under irregular wave conditions can be
readily determined. Based on these significances, this study investigates
whether a similar linear superposition principle for absorbed power can
be established for MPC, which can be expressed as

Pypc(@,) + Pypc(@,) = Pyp, - 34

where Pyjpc(w,) and Pypc(w,) are the absorbed power computed using
MPC at the individual frequencies », and w,, respectively, and Pypc,
denotes the absorbed power computed using MPC for the irregular
wave formed by two regular wave components, as defined in Eq. (31).
Following the validation of the linear superposition principle for ab-
sorbed power in MPC using two regular-wave components, a similar
analysis is conducted for MPC under irregular wave conditions.

2.3.3. Irregular waves

The time series of a random incident wave can be generated, in
a similar way, the superposition of two regular wave components
described in Eq. (31), as follows:

I
Xir () = ) 20, (@) 4w, cos(w;t +€,), (35)
i=1

Here, @, is the wave spectrum. The corresponding time series of the
wave exciting force is obtained as

1
ex, e = pgb Y FL(@)V2®, (o) Aw; cos(@;t + ¢, + &), (36)

i=1
Using the absorbed power relation given in Eq. (27), the average
absorbed power for irregular waves at frequency w;, considering a
constant damping control force, can be expressed as

L 2

2
(VO Ao, FL (@) pgb |
Pfreq, irr(@;) = vaf . . -
[0 {m+ A(w)} + C,|” + w?{ B(w) + v}2

= {2 ¢xx (wi) Aa)[} Pfreq, reg(wi)v 37
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The average absorbed power Pyq i for irregular waves, based on the
wave spectrum, considering a constant damping control force, can be
determined as mentioned in Eq. (26).

To validate the control formulation based on the superposition
principle as described in Eq. (33) for two regular wave components,
the average absorbed power Pyq i, under irregular waves should also
be equal to the sum of the absorbed powers from each regular wave
component that constitutes the wave spectrum shown in Eq. (37). This
relationship is expressed as

I I
Pfreq, irr = Z Pfreq, irr(@;) = Z{Z(Dxx(wi)Awi }Pfreq, reg(wi)' (38)
i=1 i=1
The incident wave power for irregular waves can be determined using
either the spectrum or empirical wave parameters (Sierra et al., 2014),
given below
— pg2 ./oo djxx(a))dw _ sz
0

2
Py = - = &5 HJ(086T)), (39)

where H, and T, represent the significant wave height and the peak
period of the irregular waves, respectively. The energy absorption
efficiency #feq, i for irregular waves under constant damping control
force is expressed as

P freq, irr

Nfreq, irr = Py i . (40)
, irr

The average absorbed power under irregular wave conditions using
MPC, Pypc, irr» iS given by

T
P, i == [ frnotéwat (1)

Subsequently, using the expression of average absorbed power under
MPC control for a regular wave given in Eq. (29) and the superposition
principle for constant damping control in Eq. (38), the applicability of
linear superposition to the absorbed power under MPC can be expressed
as
T
Pype, irr = Pypc, reg, sum = 2{245“(@[)4@; } Pupc(@;), (42)
i=1
Here, Pypc, reg, sum denotes the summation of the absorbed power
obtained by applying the optimal solution given in Eq. (24) of MPC
to each regular-wave component that comprises the irregular wave
spectrum. The energy absorption efficiency nypc, iy Of the MPC for
irregular wave spectral conditions is defined by dividing Eq. (41) by
Eq. (39), as

Pyipc, irr

fIMPC, irr = B (43)

P, W, irr

The aggregated energy absorption efficiency #nypc, reg, sum» cOmputed
using the optimal solution of Eq. (24) for MPC by summing the efficien-
cies of individual regular wave components that constitute the irregular
wave spectrum. The linear superposition principle for irregular waves
will be analyzed to assess the applicability of the following relation for
MPC:

"MPC, irr = "IMPC, reg, sum- (44)

3. Design
3.1. Generation of spectrum

For irregular wave analysis, the Albany wave energy develop-
ment site in Western Australia is considered, located at 117.7547°
E, 35.1081° S, with a water depth of 30 m and a mean annual
wave power resource of 33.9 kW/m (Australian Renewable Energy
Mapping Infrastructure, 2017). The site characteristics, the wave cli-
mate, and their representative sea states have been described in detail
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Fig. 3. Incident wave power spectrum is generated using the Pierson-Moskowitz spectrum, where the peak wave frequency », = 0.51 s7' (black dashed line) and

the mean wave frequency w,, = 0.66 s™! (red dashed line).

in Sergiienko et al. (2021). All waves in sea states are assumed to
be unidirectional, propagating in the positive x direction, ensuring
consistency with the problem formulation as described in Fig. 1. The
dimensions of the floating body are adjusted once for a given sea state
to achieve maximum resonance under that condition. Therefore, the
sea state with the highest probability of occurrence is selected for the
analysis of energy absorption efficiency. Considering multiple sea states
would require repeated adjustments to the floating body dimensions,
significantly increasing the complexity of the analysis. The sea state
with a peak wave period of T, = 12.3 s and a significant wave height
of H, = 1.9 m is selected, as it exhibits the highest probability of
occurrence (18.63%) among the sea states reported in Sergiienko et al.
(2021). In the following subsection, the dimensions of the floating body
are adjusted for this representative sea state. The mean wave period 7,
can be determined from the peak wave period 7, using the following
relation:

T, = 1.296T,,. (45)

The Pierson-Moskowitz spectrum is employed to model irregular waves
based on the significant wave height H, and the mean wave period T,,.
The corresponding incident wave spectrum in the frequency domain is
given by

AS BS
(Dxx(w) = —5 exp (" (46)
r w
where A, and B, are defined as
H
A =17128—, B =912 “7)
T, T,

The wave spectrum @, is illustrated in Fig. 3 and characterized by
a peak wave frequency of w, = 0.51 s~! and a mean wave frequency of
®,, =0.66 s71.

3.2. Adjustment of floating body dimensions

The dimensions of the floating body should be selected to obtain
maximum resonance, ensuring maximum energy absorption efficiency
for the specified wave spectrum illustrated in Fig. 3. As an initial
approach, the dimensions of the floating body are adopted as a half-
breadth of b = 12.5 m, corresponding to a half-breadth-to-draft ratio of
H, = 2.5 following (Sergiienko et al., 2021), from which the sea state
data are also obtained. This ensures the consistency of the problem
formulation, providing a reliable reference under representative sea
conditions. For maximum energy absorption efficiency, the dimension
of the floating body needs to be adjusted such that the resonance
frequency o, coincides with the peak wave frequency w,, which cor-
responds to the highest energy component of the wave spectrum.
Additionally, tuning by peak frequency performs comparably across a

range of frequencies (Hals et al., 2011), making it a more practical
choice for heaving PA-WEC (Korde and Ertekin, 2015). The condition
for resonance frequency is expressed as

Cy—*(m+A)=0. 48)

The dimensions of the floating body are adjusted exclusively by varying
the half-breadth » while maintaining the half-breadth-to-draft ratio H,
constant. The investigation results reveal that when the half-breadth
of the floating body is b = 36m, the resonance frequency w, is al-
most perfectly aligned with the peak frequency w,, yielding a ratio
of w,/w, = 0.999. For the floating body with a half-breadth b = 36 m,
the amplitude ratio .4 between heave motion and wave exciting force
for no control force and the energy absorption efficiency # for optimal
damping control as a reference are determined in the frequency domain
using the 2D-BEM, as described in Kaiser et al. (2025). Fig. 4 illustrates
that for a half-breadth of » = 36m, the amplitude ratio A and the
energy absorption efficiency 5 reach maximum value at the peak wave
frequency, indicating o, ~ @, = 0.51s7!. Therefore, the floating body
with a half-breadth » = 36 m is identified as a potential candidate for
the corresponding wave spectrum in Fig. 3 to achieve maximum energy
absorption efficiency, and this floating body is used in the following
subsections for analyzing the control methods.

4. Results
4.1. Validation of spectrum

The wave spectrum in Fig. 3 must be validated to ensure its accuracy
before applying the irregular incident waves to the floating body for
the control formulation. The Fourier transform is used to validate by
reconstructing the spectrum of the incident wave time series in Eq. (35)
into the frequency domain. The reconstructed spectrum is subsequently
compared with the analytically defined spectrum in Eq. (46). The raw
spectrum of the incident wave is obtained as
o = X0 4. (49)

272

XX

where X (w) denotes the discrete Fourier transform (DFT) of the free-
surface elevation time series x;..(r) in Eq. (35). This study employs the
moving average (MA) method to smooth the raw spectrum @, with
p = 3 points and iteratively applies it ¢ times. The conditions for the
MA method are shown in Appendix B.

Fig. 5 shows a comparison between the input spectrum @, and the
smoothed spectrum @, of the incident waves for two cases of zero-
upcrossing wave components: NW = 100 and NW = 400. It is worth
noting that no window function is applied in this spectrum analysis,
and all waves are generated using the same random number. In both
cases, the smoothed spectrum shows good agreement with the input
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Fig. 4. Frequency response characteristics of the floating body, where the half-breadth is adjusted to » = 36 m, tuning the resonance frequency w, to coincide with
the peak wave frequency w,. The amplitude ratio A represents the ratio between heave motion and wave exciting force, while 5 denotes the energy absorption

efficiency; both reach their maximum values at the peak wave frequency w,.
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Fig. 5. Comparison of spectrum analysis between the analytically defined input spectrum and the smoothed spectrum of the incident waves for zero-upcrossing
wave components: NW = 100 and NW = 400. Smoothing is performed by applying a moving average with p = 3 points, repeated ¢ times. The values shown in

parentheses of the legend represent the corresponding smoothing parameters (g, p).

spectrum. In particular, the smoothed spectrum obtained for NW = 400
shows better consistency with the input spectrum, thereby confirming
the accuracy of the wave spectrum. However, the case with NW = 100
shows a slight discrepancy, particularly near the peak; nevertheless, the
overall agreement remains satisfactory, validating the accuracy of the
wave spectrum. Since the number of zero-upcrossing wave components
NW = 100 is sufficient to represent the wave spectrum while reducing
computational cost, NW = 100 is used for analyzing both control
methods in the following Section 4.3 for irregular wave cases.

Validating the dynamic responses of floating bodies under no con-
trol force is crucial before implementing any control strategies. The
response amplitude operators (RAOs) for the wave exciting force and
the floating body’s displacement are validated using the frequency
and time domains and compared with results from 2D-BEM. Since
the validation procedures for RAOs are comparable to those used for
spectrum validation, the detailed procedures and results are shown in
Appendix C.

4.2. Superposition of two regular waves

The linear superposition principle of absorption power has been
demonstrated to be relevant to the damping control method (Murai and
likura, 2020), and this study also evaluates its applicability to MPC.
This subsection presents the results for the absorption power of both
the constant damping control method and MPC for two regular wave

components as a preliminary approach. Two regular wave components
of equal amplitude ¢ = 1 m, with frequencies w, = 0.3 s™! and w, = 0.6
s~! are considered as an illustrative example in the vicinity of the peak
wave frequency w, = 0.51 s~!.

4.2.1. Damping control

Table 1 provides a comparison of the absorbed power components
using a constant damping control method where the damping coef-
ficient v = B(w,) corresponds to the peak wave frequency w,. The
first two rows show the average absorbed power corresponding to
individual regular wave components with frequencies w, = 0.3s~! and
w, = 0.657!, denoted as Pireq, reg(@q) and Pyreq, reg(@)), respectively. The
third row shows the sum of these two values Pyeq, reg(®4)+ Prreq, reg(®s)s
the average absorbed power expected from the linear superposition
of the individual wave components. The fourth row presents the ab-
sorbed power Pgq, directly calculated from the superposed wave
input. Finally, the last row reveals the relative difference between the
summed and superposed absorption powers, which is only 0.022%,
indicating a high level of consistency and validating the principle of
linear superposition as stated in Eq. (33) for the absorbed power under
the given conditions. The absorbed power Py, is compared with the
corresponding results obtained using MPC in the following subsection.

4.2.2. MPC
Fig. 6 shows the average absorbed power obtained using MPC for
different prediction horizon lengths N for the individual regular-wave
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Fig. 6. Comparison of the average absorbed power for different prediction horizon lengths N under the MPC formulation. Results are presented for individual
regular wave components at frequencies w, = 0.3s™! and w, = 0.6s7!, as well as for their summation and superposition conditions. The corresponding values of
the optimal prediction horizons are plotted as vertical lines: N, (w,) = 162 (long dashed blue) and N, (w,) = 141 (solid red). The dashed black line represents

the absorbed power P, obtained using the constant damping control force.

Table 1

Comparison of absorbed power components under con-
stant damping control force with v = B(w,) subjected to
two regular wave components.

Component Absorbed power (W)
Prreq, reg(@a) 18565.93

Prreq, reg(@p) 16784.22

Pfreq, reg(wa) + Pfreq, reg(wb) 35350.15

Pireq, 35358.21

Relative difference 0.022%

components at frequencies w, = 0.3s™! and w, = 0.6s~!, denoted as
Pypc(®,) and Pypc(w,), respectively. Additionally, their linear summa-
tion, Pypc(w,) + Pypc(@,) and the absorbed power obtained under the
superposition of the two wave components, indicated by Pypc, are also
plotted in Fig. 6.

The absorbed power of MPC for all cases in Fig. 6 increases with
the extension of the prediction horizon length N. This trend gradu-
ally approaches a steady value, indicating convergence of the MPC
performance. Since frequencies w, < @, and shorter waves require a
lower prediction horizon length N to reach steady values, the absorp-
tion power Pypc(w,) becomes stable at a relatively shorter prediction
horizon length N compared to the absorption power Pypc(®,).

Notably, the superposition absorbed power Pypc, closely aligned
with the linear summation Pypc(w,) + Pypc(w,) for all prediction hori-
zon lengths N. This agreement indicates that the linear superposition
principle is applicable to MPC under linear theory for an irregular wave
composed of two regular wave components, and the relation expressed
in Eq. (34) is valid for MPC. The present MPC analysis is extended to
the irregular wave spectrum in the following subsection.

The dashed black line in Fig. 6 indicates the absorbed power Py,
obtained by the constant damping control method corresponding to
the constant damping coefficient at peak wave frequency w, as shown
in Table 1. Beyond a prediction horizon length N > 100, MPC yields
higher absorption power, Pypc, > Ppeq, and consistently outperforms
the constant damping control method for the superposition of two
regular-wave components.

Based on the optimal solution of prediction horizon length N, for
regular wave conditions in Eq. (24), the optimal prediction horizon
lengths corresponding to the frequencies w, and w,, respectively, are

10

defined by:

N, T =27 (14 -2 (50)
opt@,) Ty =27 | 1+ 0/ )

N, T =2z(1 2 51
opt(@p) T{ =27 | 1+ Fa); . (51)

where /, and ) are the non-dimensional frequencies. The correspond-

ing values of optimal prediction horizon length are illustrated in Fig. 6
as vertical lines: Ny, (w,) = 162 (long dashed blue) and Nyp(w;) =
141 (solid red), respectively. It can be observed that, for all cases,
the average absorbed power computed using MPC converges before
reaching the corresponding optimal prediction horizon lengths. In par-
ticular, the absorption power Pypc, attains its maximum value and
remains consistent for N > 120 a range that is close to Np (). This
observation suggests that Nyp(w;) can be considered as the optimal
prediction horizon length for the superposition of two regular-wave
components.

This finding confirms that when an irregular wave is formed with
two different regular wave frequency components, the optimal pre-
diction horizon length of MPC will be determined by substituting the
higher frequency value into the optimal solution of prediction horizon
length for the regular wave case in Eq. (24), which is sufficient for the
maximum absorption power of MPC.

4.3. Irregular waves

The preceding Section 4.2 investigated the absorbed power for
constant damping control and MPC, and demonstrated that the linear
superposition principle is applicable for both control methods to an
irregular wave composed of two regular wave components. Based on
these results, this subsection further extends the analysis to irregular
waves described by a wave spectrum, as introduced in Section 3.1.
The absorbed power and corresponding energy absorption efficiency
are evaluated under irregular wave conditions, and the applicability of
the linear superposition principle to both control methods, especially
MPC, is further examined. For both control methods, the time series
of the wave exciting force fe i, is generated using the expression
Eq. (36), representing irregular waves as a linear superposition of mul-
tiple regular wave components with varying frequencies and random
phases.
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Average absorbed power and energy absorption efficiency are computed using a constant damping coefficient
for the case of B(w,) and B(w,,) for irregular waves, compared with those obtained from the summation of
regular wave components, and relative differences are computed accordingly.

Case

Relative difference

Wave type Pireq, irr (W) Nireq, irr
Summation of Regular Waves 6756.41 0.361 o
v= 5@, Irregular Waves 6696.95 0.358 0.89%
Summation of Regular Waves 6140.72 0.328
=B .91%
v (@) Irregular Waves 6084.56 0.325 0.91%

4.3.1. Damping control

The performance of PA-WEC is influenced by wave frequency, with
two specific frequencies in the wave spectrum being particularly signifi-
cant. One is the peak wave frequency w,, which corresponds to the most
energetic component of the wave spectrum. The other is the mean wave
frequency w,,, which governs the response amplification factor and thus
determines the efficiency (Muraleedharan et al., 2023). Therefore, this
study employs two cases for constant damping coefficient v = B(w,) and
v = B(w,,) to investigate the absorption performance of the constant
damping control method under irregular wave conditions.

Table 2 presents the average absorbed power Ppq iy and energy
absorption efficiency #geq, iy Obtained using the constant damping con-
trol method. For the case of v = B(w,), the absorbed power of irregular
waves is Pyeq iy = 6696.95 W, with an efficiency of #geq jr = 0.358,
which closely aligns with the summation of regular wave components
Pireq, ir = 6756.41 W and #greq, irr = 0.361, respectively, resulting in a
minimal relative difference of 0.89%. Despite this slight discrepancy,
the overall results indicate that the superposition principle remains
valid in estimating absorbed power under irregular wave conditions at
v= B(a)p).

In the following case, where v = B(w,), the absorbed power
Preq, ir = 6084.56 W and efficiency #geq jrr = 0.325 also exhibit
strong agreement with the summation of regular wave components
respective results Pyeq iy = 6140.72 W and #greq, iy = 0.328, showing
a relative difference of only 0.91%. These results again confirm the
applicability of the linear superposition principle and demonstrate the
computational accuracy. Since the objective is to maximize energy
absorption efficiency, and the constant damping control method yields
higher efficiency for the case of v = B(w,), the corresponding absorbed
power and efficiency, Pyeq iy = 6696.95 W and #greq iy = 0.358, re-
spectively, are used for subsequent comparisons with the MPC strategy
under irregular wave conditions.

4.3.2. MPC

The absorbed power Pypc iy and energy absorption efficiency
e, irr ODtained by the MPC formulation for irregular waves are
shown in Figs. 7(a) and 7(b), respectively, evaluated over a range
of prediction horizon lengths N. In both figures, the blue circular
markers indicate the corresponding MPC-based absorbed power and
energy absorption efficiency. It can be observed that the power Pyp¢, i
and efficiency nypc, iy increase with the extension of the prediction
horizon length N, reach a maximum value, and gradually approach
a steady value, particularly for N > 130, indicating convergence of
the MPC performance. Minor fluctuations in the power Pypc, iy and
efficiency nypc, iy are observed during convergence, which may arise
from the uncertainty associated with irregular waves; however, these
fluctuations are sufficiently small to be considered negligible.

The horizontal black dashed line in Figs. 7(a) and 7(b) indicates
the power P.q i = 669695 W and efficiency #feq jrr = 0.358,
respectively, obtained using constant damping control with a damping
coefficient v = B(w,), given in Table 2 for irregular waves. As shown
in Figs. 7(a) and 7(b), the power and efficiency obtained by the MPC
formulation consistently exceed that of the constant damping control,
i.e, Pupc, irr > Prreq, irr> @0d fvpe, irr > Mfreq, irr» ONCE the prediction
horizon length reaches N > 90, as indicated by the vertical blue dashed
line in Fig. 7(b).

The red dash-dotted line in Figs. 7(a) and 7(b) denotes the aggre-
gated absorbed power Pypq, reg, sum = 8769.86 W and energy absorption
efficiency fyipg, reg, sum = 0.467 for MPC. These values are computed by
applying the optimal solution of Eq. (24) to each constituent regular-
wave component and summing their individual contributions to obtain
the irregular wave spectrum. Both figures show that when the predic-
tion horizon length N > 130, the power Pypc, i, and efficiency nypc, irr
become steady; they closely align with Pypc, reg, sum @nd fvpg, reg, sum>
respectively. This agreement indicates that the linear superposition
principle is applicable to MPC under irregular wave conditions, and val-
idates the relationships established for the absorbed power in Eq. (42)
and the energy absorption efficiency in Eq. (44). It should be noted that
the linear superposition principle in MPC may no longer hold under the
following conditions:

— nonlinear hydrodynamic effects are introduced into the motion
equation in Eq. (6)

— hard constraints become active, causing the explicit MPC control
law to become piecewise affine in the system state (Bemporad
et al., 2002)

— penalty terms introduce nonlinear dependence on the system
states or control variables, resulting in a state-dependent Hessian
matrix and transforming the QP into a nonlinear optimization
problem (Guerrero-Fernandez et al., 2023)

Since the present study satisfies the assumptions required for the lin-
ear superposition principle, this principle can be employed to assess
and validate the computational accuracy of the absorbed power and
energy absorption efficiency obtained using the MPC formulation under
irregular wave conditions.

For irregular wave conditions, the optimal solution of prediction
horizon length in Eq. (24) is investigated by substituting the
non-dimensional peak wave frequency w; into the non-dimensional
wave frequency «’, which results in the following empirical expression
as

Nopt(@,) T! =21 (1 + Tzw;,) . (52)
For the wave spectrum condition mentioned in Section 3.1, the op-
timal prediction horizon length is determined to be Nyp(w,) = 145
and depicted by a vertical solid orange line in Fig. 7(b). The energy
absorption efficiency obtained using the optimal prediction horizon
length, Noy(®,) = 145, is nypc, iy = 0.475. This represents a 32.68%
increase compared with the efficiency #eq i, = 0.358 obtained using
the constant damping control method. Besides, it can be observed from
Fig. 7(b) that, beyond the optimal line N, (w,), the energy absorption
efficiency nypg, i

— maintains its maximum value and steady convergence.

- consistently exceeds the efficiency #geq, iy Obtained from the
constant damping control method.

— aligns closely with the summation of efficiency for regular wave
components, thereby confirming the applicability of the linear
superposition principle to MPC.
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Fig. 7. The MPC performances under irregular wave conditions are evaluated over varying prediction horizon lengths N. Subfigure (a) shows the average absorbed
power Pypc, i, indicated by blue circular markers. The horizontal red dash-dotted line and black dashed line denote the absorbed powers for Pypc, re, sum and
Pireq irr 8t v = B(w,), respectively. Subfigure (b) illustrates the corresponding energy absorption efficiency #ypc, i, also marked by blue circular markers. The
horizontal red dash-dotted and black dashed lines represent the efficiency values nypc, rep, sum @0d #lgreq, ire @t v = B(w,), respectively. The vertical solid orange line
denotes the optimal prediction horizon N, (w,) = 145, determined based on the peak wave frequency w,.

A sensitivity analysis is conducted across ten different sea states
at the Albany deployment site (Sergiienko et al., 2021) to investigate
the generalizability of the proposed optimal prediction horizon length
shown in Fig. 8. The floating-body half breadth, b = 36 m, is maintained
in all cases, and the peak wave frequency w, varies from w, = 0.37 to
0.67 s~1. Fig. 8 demonstrates that the optimal prediction horizon length
Nopt(w,) decreases monotonically from 154 to 139 with the increase of
®,, indicating that longer prediction horizon lengths are required for
lower frequency sea states. The variation of Ny, (w,) remains within a
relatively narrow range, confirming the generalizability of the proposed
optimal prediction horizon length.

Besides, the prediction horizon length N directly affects the compu-
tation time; therefore, the real-time feasibility of the optimal prediction
horizon length N (w,) must be evaluated. The RTF increases quadrat-
ically with the time horizon (Kaiser et al., 2025), where it should be
less than 1.0 to ensure real-time feasibility. In this study, all compu-
tations are performed on a desktop computer featuring a 2.90 GHz
CPU and 16 GB RAM (15.8 GB available). Fig. 9 shows the RTF
with respect to the time horizon N7, s with a sampling interval of
T, = 0.1 s. The black dashed horizontal line represents RTF = 1.0.
The vertical solid orange line indicates the optimal time horizon,
Ny (0,)T, = 145 s, corresponding to the optimal prediction horizon
length N, (w,) = 145. It can be observed that the RTF corresponding
to N (w,) remains below 1.0, and when the time horizon NT, 2 19s,

Nopt
155 —2
150
145 ¢
140 +
135 1 1 1
03 0.4 0.5 0.6 0.7
—~1
wp (s77)

Fig. 8. Sensitivity of the optimal prediction horizon length N, (®,) to ten
different sea states at the Albany deployment site (Sergiienko et al., 2021). The
floating-body half breadth, b = 36 m, is maintained in all cases, and the peak
wave frequency w, varies from w, = 0.37 to 0.67 s~1. The optimal prediction
horizon length N,,(w,) decreases monotonically from 154 to 139 with the
increase of w,.
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Fig. 9. Real-time factor (RTF) for different values of the time horizon NT,. The black dashed horizontal line indicates RTF = 1.0. The vertical solid orange line
denotes the optimal time horizon N, (@,)T, = 14.5 s, corresponding to optimal prediction horizon length N, (w,) = 145 and sampling interval 7, = 0.1 s.

Table 3

Comparison of MPC (using prediction horizon length N,,(»,) = 145) and constant damping control

with a damping coefficient v =

B(w,) in terms of absorbed power, energy absorption efficiency, and

computational requirements under irregular wave conditions.

Performance MPC Constant damping control
Absorbed power 8892.82 W 6696.95 W
Energy absorption efficiency 0.475 0.358

Future wave exciting force
Optimization
Real-time feasibility

Computational requirement Higher

Required (up to 14.5 s ahead)
CQP solved at each sampling interval T}
Feasible (RTF < 1.0 at N,,)

Not required
Not required
Always feasible
Lower

the RTF becomes greater than 1.0, which is not acceptable for real-time
formulation. Thereby confirming that the proposed optimal prediction
horizon length N, (w,) is feasible for real-time implementation. It is
worth noting that the time horizon condition N7, > 19 s depends
on the computational capability of the device. Computation with a
longer prediction length can be performed in real time by employing
a more powerful device. Nevertheless, even under such conditions, the
proposed optimal prediction horizon would still remain more efficient
due to its lower computational demand.

Therefore, all of the abovementioned findings confirm that the
optimal prediction horizon length N, (w,), derived based on the peak
wave frequency w, of the wave spectrum, is suitable for MPC to
maximize energy absorption efficiency for irregular wave analysis in
real-time. Consequently, for any given wave spectrum, N, (w,) enables
the determination of how far in advance the prediction of future wave
exciting forces is required. Table 3 summarizes the comparison between
MPC (results obtained by prediction horizon length N (w,) = 145) and
constant damping control with a damping coefficient v = B(w,) in terms
of absorbed power, energy absorption efficiency, and computational
requirements under irregular wave conditions.

In this study, under the specified spectral condition described in
Section 3.1, the optimal prediction horizon length Nyp(w,) = 145
and sampling interval 7, = 0.1s, which leads to the time horizon
of T, = 14.5s. This observation leads to the conclusion that, for the
real-time implementation of MPC under the specified wave conditions,
predicting the future wave exciting force approximately 14.5 s in
advance is sufficient to maximize the energy absorption performance
of the PA-WEC for a floating body with a half breadth 5 = 36 m.

4.4. Practical implementation challenges for offshore deployment

Real offshore deployment of MPC for PA-WEC introduces several
practical challenges. Since the optimal solution for the prediction hori-
zon length determines how far in advance the future wave exciting
force must be predicted, the wave prediction model must be sufficiently
fast and accurate to complete computations within the prediction hori-
zon length at each sampling interval. Therefore, to ensure real-time

13

computational feasibility and to address computational loads, compu-
tationally capable hardware is required. Another issue is that although
the linear hydrodynamic model provides a computationally efficient
approach for MPC formulation (Ringwood et al., 2014), WEC systems
will encounter nonlinear effects in real sea conditions. Under such
conditions, both model mismatch and real-time prediction of exciting
forces can reduce the MPC power gain relative to idealized simulations
(Hillis et al., 2020). Addressing the non-linear effect in the problem for-
mulation is our future work. Additionally, the PTO system is not ideal
in real applications; in such cases, the nonlinear efficiency depends on
the energy flow direction (Guerrero-Fernandez et al., 2023). Beyond
these challenges, hardware failures, sensor malfunctions, and limited
access for maintenance can occur during real offshore deployment of
the WEC system (Kelly et al., 2014).

5. Conclusions

This study proposes an optimal prediction horizon length for MPC to
maximize the energy absorption efficiency of a PA-WEC, which defines
the time frame over which the wave exciting force must be predicted
for real-time control under irregular sea conditions. The dimensions of
the floating body of PA-WEC are tuned according to the sea state. The
performance of MPC is compared with that of constant damping control
as a reference. Irregular waves are generated in two ways: by the
superposition of two regular waves and by a wave spectrum. For both
cases, the linear superposition principle is investigated in both control
methods. Under linear theory, the results confirm the applicability of
the linear superposition principle to both control methods, especially
MPC. Additionally, the MPC method consistently demonstrates supe-
rior absorption capability and energy absorption efficiency compared
to constant damping control under all conditions. For an irregular
wave formed by the superposition of two regular waves, the optimal
prediction horizon length in MPC is determined by substituting the
higher frequency component into the optimal solution of the prediction
horizon relation obtained for the regular wave case. In contrast, for
irregular waves characterized by a wave spectrum, the optimal predic-
tion horizon length is determined by substituting the peak frequency
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Fig. A.10. Non-dimensional radiation impulse function &/,

method with an order of n = 10.

of the spectrum into the empirical relation derived under regular wave
conditions. Based on the given spectrum with a peak wave frequency
of w, = 0.51 s~1, the corresponding optimal prediction horizon length
is determined as N,y (@w,) = 145. The efficiency obtained using the
optimal prediction horizon length, Ny (@,), is 32.68% higher than the
constant damping control method. Considering the sampling interval
T, = 0.1s, the time horizon becomes T}, = 14.5s. Consequently, under
the given spectral conditions, the wave exciting force must be predicted
14.5 s in advance for the real-time implementation of MPC to maximize
energy absorption performance by a PA-WEC for a floating body with
a half breadth b = 36 m.

It is worth noting that the linear superposition principle in this study
is applicable under linear theory. Its applicability may no longer hold
when nonlinear effects are introduced into the equation of motion,
when hard constraints become active, or when penalty terms introduce
nonlinear dependence on system states or control variables. Therefore,
the applicability of the linear superposition principle under nonlinear
hydrodynamic conditions will be investigated in future work.
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Appendix A. Radiation impulse response function

Fig. A.10 demonstrates the non-dimensional radiation impulse re-
sponse function Al , = hq/pgh, which is obtained using Eq. (4) by
integrating the non-dimensional damping coefficient B’ B/ pwhb?,
and subsequently approximated using Prony’s method with an order
of n = 10. It can be observed that they show good agreement with each
other, indicating that n = 10 is sufficient for convergence.
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is obtained by integrating the normalized damping coefficient B’(w) and approximated using Prony’s

Appendix B. Moving average method

The conditions for the MA method are given by

v =Dy () = Dy (1),
U, = djxxr(a)i+1) - éxxr(w[)s (B-l)
v >0 and v, <0 and @, (@) >0.1 and ; <Oy

When there is only one frequency o that satisfies the above condi-
tion (B.1) within the interval [y, ®max], the smoothing procedure is
terminated, which indicates that there exists only a single peak in this
range. However, attempting to eliminate the peak toward the right end
may result in excessive smoothing. Therefore, only peaks that exceed
an appropriate threshold of 0.1 or greater are considered.

Appendix C. Validation of RAO

This section validates the response amplitude operators (RAOs) of
the wave exciting force and the displacement of the proposed floating
body with a half-breadth of » = 36 m under no control force. Based on
the time series of the wave exciting force described in Eq. (36), the raw
spectrum of the wave exciting force is computed as

@ Fo(0)|* 4w, (c.1)

1
W og2

Using the raw spectrums of the wave exciting force @, and the incident
wave @, the amplitude of the wave exciting force |F.| is obtained
by

@)’,V
Pl = ) 52
XX,

The cross-spectrum of the wave exciting force with respect to the
incident wave is written as

XX,.2

(C.2)

L Fy (@)X (@) do,

O am

(C.3)
Here, X(w) is the complex conjugate of the Fourier transform of the
incident wave. Using the cross-spectrum of the wave exciting force @,
the phase of the wave exciting force is determined as the argument
(phase angle) of the cross-spectrum of the wave exciting force as
follows:

arg(Fey) = arg(®,, ). (C.4

Figs. C.11(a) and C.11(b) demonstrate the comparison of the ampli-
tude and the phase of the wave exciting force, respectively. The results
include the smoothed data obtained using the MA method mentioned in
Eq. (B.1) and are compared with those computed by the 2D-BEM. As ob-
served from Figs. C.11(a) and C.11(b), the smoothed data are consistent
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Fig. C.11. Comparison of (a) the amplitude and (b) the phase of the wave exciting force for the floating body » = 36 m. Results are presented for the smoothed
data obtained using the MA method, and are compared with those computed by the 2D-BEM.
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(b) Phase of motion

Fig. C.12. Comparison of (a) the amplitude and (b) the phase of the heave motion for the floating body » = 36 m under no control force. Results are presented
for the smoothed data obtained using the MA method, and are compared with those computed by the 2D-BEM.

with the BEM over a wide frequency range. However, the agreement despite these discrepancies, the BEM validates the amplitude and phase
deteriorates rapidly in regions such as low and high frequencies, where of the wave exciting force obtained from the spectrum analysis.

no raw data are available in the incident-wave power spectrum. In The time series of heave motion &(r) can be determined by solving
contrast, the BEM result is smooth and physically consistent. Therefore, the equation of motion Eq. (6) under no control force. The amplitude
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and phase of the heave motion can be obtained in the same manner
as the amplitude and phase of the wave exciting force, as mentioned
in Egs. (C.2) and (C.4). The amplitude of the heave motion | Z| can be
expressed as

¢ZZ
. C.5
> (9]

XX

where @, is the raw spectrum of the heave motion under no control
force. The phase of the motion can be written as

arg(z) = arg(®,,). (C.6)

Here, @, is the cross-spectrum of the motion with respect to the
incident wave.

Figs. C.12(a) and C.12(b) show the comparison of the amplitude
and the phase of the heave motion, respectively, under no control
force. The comparison results include the smoothed data obtained
using the MA method, which are consistent with the 2D-BEM results.
However, notable numerical discrepancies occur at both low and high
frequencies, for reasons similar to those previously identified during
validation of the wave exciting force, and do not affect the validation
criteria. Therefore, the overall agreement confirms that the BEM results
validate the motion amplitude and phase obtained from the spectrum
analysis.

Data availability

On reasonable request, data will be made available.
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