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 A B S T R A C T

This paper addresses a power take-off (PTO) co-design problem of a wave energy converter (WEC), which 
is vital for the reduction of the levelised cost of electricity (LCoE). A genetic algorithm (GA) is employed to 
resolve this problem, with significant advantages over traditional methods. A hinged-type multi-float WEC M4 
with an electrical drive train as its PTO is considered as a case study. Two key parameters for PTO design, the 
mechanical gearbox ratio and the generator rated torque, which have great impacts on both power capture 
of the WEC and the cost of the PTO, are selected as the co-design optimisation variables. The effectiveness 
of the proposed GA-based co-design approach is demonstrated, and its efficiency is quantified. Simulations 
using real sea data show that the proposed approach yields an optimal solution with significantly reduced 
LCoE. The proposed approach also has remarkably reduced computational load, approximately 1/3 compared 
with a benchmark line search method. The benefit of LCoE reduction can be more significant if more design 
parameters are considered. It is also found that up-scaling the WEC capacity also contributes to LCoE reduction. 
From 10 kW to 1 MW WEC capacity, LCoE can be reduced by a factor of 6.
1. Introduction

Wave energy is a competitive candidate for contributing to the 
future power supply, due to its high worldwide capacity [1] and 
availability [2]. For the past half century, many wave energy converter 
(WEC) designs have been proposed, which can be classified into several 
categories such as point-absorber, hinged, oscillating water columns 
(OWCs), cyclorotor types. There are also various types of power take-
off (PTO) systems such as pneumatic, hydraulic, electric, as reviewed 
in [3]. To date, there is no definite answer on which combination of 
WEC and PTO provides minimum levelised cost of electricity (LCoE). 
It can only get clearer as researchers explore different technical routes 
more thoroughly.

A shared challenge for all types of WEC systems is the optimal 
design of subsystem parameters, e.g. WEC geometries, PTO components 
sizing, controller tuning, etc. Here we focus on the research problem of 
WEC PTO co-design, which aims to optimise the PTO design parameters 
for minimum LCoE of the WECs. In a traditional sequential design pro-
cedure, design parameters are treated disjointedly, which means design 
decisions made at former steps do not take into account dynamics and 
coupling effects from latter steps. This is not suitable for the design of 
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WEC systems that have highly coupled hydro-dynamical, mechanical 
and electrical subsystems.

On the other hand, co-design approaches which follow a concurrent 
design strategy that considers multidisciplinary subsystem interactions 
from the beginning of the design process [4], are receiving increasing 
attention in the recent decade. In [5], a parametric control co-design 
approach is proposed to design the diameters of the turbine rotor and 
the bypass valve of an oscillating water column (OWC). The optimal 
control-informed design parameters are obtained by evaluating each 
possible combination of the design parameters in the parametric space, 
using a simplified LCoE performance function. In [6], a co-design 
method is proposed to design the optimal geometry of an oscillating-
surge WEC to maximise electrical power generation. This is also done 
by sweeping through each possible width and height combinations in 
an iterative way. There are more WEC co-design studies such as [7,
8], but most of the existing WEC co-design approaches rely on a 
similar iterative line search strategy to determine the optimal design 
parameters. This is because WEC co-design optimisation problems are 
often discontinuous and non-convex, preventing the use of common 
optimisation solvers. However, this line search strategy introduces a 
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high computational burden, especially with a large number of design 
parameters, which is seldom mentioned or quantified in existing stud-
ies. A clear gap in knowledge is the lack of an effective and efficient 
method to resolve WEC co-design problems, without having to evaluate 
all possible combinations of design parameters in a burdensome way. 
Recently, the control co-design (CCD) of WECs, which considers inter-
actions between controller and WEC design, has received increasing 
attention [9]. With CCD, the requirement of an efficient optimisation 
method is more exigent.

In this paper, we demonstrate how a genetic algorithm (GA) [10] 
can be applied to tackle WEC co-design problems and quantify its 
efficacy and computational burden in comparison to the iterative line 
search method. In the GA, design parameters are represented as ‘geno-
type’ and their performance is represented as ‘phenotype’ of an indi-
vidual. A population is formed by individuals and evolves generation-
by-generation based on the ‘survival of the fittest’ principle. In each 
generation, an evaluation-selection-reproduction process is followed. 
The GA outputs the best recorded individual and its ‘genotype’ (design 
parameters) when the number of generations reaches a pre-defined 
value.

As a case study, the GA is applied to resolve a typical co-design 
problem of a hinged-type multi-float WEC, called M4 [11], which uses 
an electrical drive train as its PTO. The kW-scale M4 has completed 6 
months of sea trials at King George Sound, Albany, Australia [12–14]. 
Research on different aspects of the WEC-PTO system has been carried 
out, including WEC hydrodynamic modelling [12] and validation [15], 
PTO modelling [16], upper-level PTO torque control [17], and co-
design which is the main focus here. Two key drive train parameters, 
the mechanical gearbox ratio and the rated torque of the generator 
are chosen as design parameters because the combination of these two 
parameters defines the torque–speed constraints of the WEC’s operation 
which in turn influences power capture. At the same time, they are 
also closely linked to the cost of the PTO. A simplified LCoE fitness 
function is defined to guide the GA’s evolution direction for deriving 
the optimal set of design parameters. A limitation to be pointed out 
here is this simplified LCoE assumes the PTO cost is a fixed 30% of 
the total capital cost of the WEC [18]. However, this should not affect 
the relative comparison of the proposed GA-based co-design algorithm 
and the traditional line search method. Simulation results indicate that 
the GA can effectively converge to an optimum design point and has 
a much lower computational burden in comparison to the traditional 
iterative line search method. For this two-variable co-design problem, 
the GA only requires 1/3 of the time needed by the line search method 
to yield the optimal parameters.

Finally, an estimation of LCoE reduction by up-scaling the WEC 
capacity is provided. This is based on Froude scaling of the optimum 
power capture obtained for the current 10-kW capacity device and 
estimations of the PTO cost at different capacities. A 20% reduc-
tion of power capture is assumed to take into account directional 
spreading waves. Cost of supercapacitor energy storage for power 
smoothing is also included, which is not considered when solving the 
co-design problem, assuming to be 20% more than the gearbox cost. 
With these assumptions, it is estimated at 1-MW capacity, the LCoE of 
M4 is approximately 1/6 of that for the current 10-kW capacity, which 
demonstrates a pathway for the cost reduction of wave energy.

The novelties and scientific contribution of this paper are sum-
marised as follows:

• The genetic algorithm is applied to resolve a practical PTO co-
design problem of a WEC for the first time. It is demonstrated 
that GA is effective and more efficient than the traditional line 
search method.

• The co-design results indicate that difference of the simplified 
LCoE between optimised and sub-optimal design parameters is 
huge, from over 4£∕kWh to below 0.3£∕kWh.
2 
• Counter-intuitively, we found that design parameters that yield 
maximum power capture do not necessarily give minimum LCoE, 
which is an important finding for resolving WEC co-design prob-
lems in general.

• It is also found that the up-scaling of the WEC capacity can further 
benefit the LCoE reduction of WECs.

The remaining parts of this paper are structured as follows. Sec-
tion 2 briefly introduces the WEC hydrodynamic model and the PTO 
model. Section 3 defines a simplified LCoE performance function. Sec-
tion 4 details the two co-design approaches, the traditional line search 
method as a benchmark and the GA. Co-design results and comparisons 
are presented in Section 5 while conclusions are drawn in Section 6.

2. WEC and PTO models

2.1. The M4 hydrodynamic model

The M4 WEC for sea trial is shown in Fig.  1. It is about 21.3m long 
and 9.5m wide. There are, in total, four floats, one bow float connected 
rigidly with two middle floats and one stern float connected by beams 
to side-by-side hinges above the mid floats. When moored, from a single 
point mooring, the platform heads naturally into the wave direction due 
to wave drift forces. As waves propagate through the device, motions of 
the bow, mid and stern floats are out of phase to varying degrees, which 
causes the device to rotate about the hinges. The PTO is located at the 
hinges to generate electricity from the rotational motion. Note that the 
actual device for sea trial has two identical PTOs at the side-by-side 
hinges but here we consider this as a single PTO.

Linear diffraction/radiation methods based on potential flow theory 
have been used to model the dynamics of the platform in opera-
tional sea conditions [19], with similar configurations validated against 
experiment [11]. This is then converted into a control-oriented state-
space form by system identification and model order reduction for rapid 
time-domain simulations. This state-space model is validated against 
the linear diffraction model [20] and shows high accuracy in predicting 
mean power capture of the M4 WEC. Readers are referred to [16,17] 
for more details on the state-space modelling. Here, the final state-space 
representation of the M4 hydrodynamic model is presented directly.

As power is mainly captured by the surge, heave and pitch motions, 
only model dynamics in these degrees of freedom (DOFs) are modelled. 
The motion vector can be defined as 𝜂 = [𝑥0 𝑧0 𝜃𝑙 𝜃𝑟]⊤, where 𝑥0 and 𝑧0
are the surge and heave motion of the reference point at the centre of 
the hinges, 𝜃𝑙 is the relative pitch motion of the bow-mid float frame 
and 𝜃𝑟 is the relative pitch motion of the stern float, both with respect 
to the reference point at the hinges.

Based on Newton’s Second Law of Motion, the equation of motion 
for the M4 WEC in the time domain based on Cummins method [21] 
for linear waves is 
𝑴 ̈⃗𝜂(𝑡) = 𝑓𝑒,𝜂(𝑡) + 𝑓𝑟𝑑,𝜂(𝑡) + 𝑓𝑟𝑠,𝜂(𝑡) + 𝑓𝑝𝑡𝑜,𝜂(𝑡) (1)

where 𝑴 is the 4 × 4 mass and inertia matrix. Here, 𝑓𝑒,𝜂(𝑡) is the wave 
excitation force, 𝑓𝑟𝑑,𝜂(𝑡) is the radiation damping force, 𝑓𝑟𝑠,𝜂(𝑡) is the 
hydrostatic restoring force and 𝑓𝑝𝑡𝑜,𝜂(𝑡) is the PTO torque. Equations for 
modelling hydrodynamic forces can be found in [17]. Note that the 
mooring force is not modelled for simplification but a small stiffness 
term is added to the surge DOF to prevent model drift.

Eq.  (1) can be further rewritten as
(𝑴 +𝒎∞) ̈⃗𝜂(𝑡) − 𝑓𝑟𝑑,𝜂(𝑡) − 𝑓𝑟𝑠,𝜂(𝑡) = 𝑓𝑒,𝜂(𝑡) + 𝑓𝑝𝑡𝑜,𝜂(𝑡)

̇⃗𝑧𝑠 = 𝑨𝒔𝑧𝑠 + 𝑩𝒔
̇⃗𝜂(𝑡)

𝑓𝑟𝑑,𝜂(𝑡) = 𝑪𝒔𝑧𝑠 +𝑫𝒔
̇⃗𝜂(𝑡) (2)

where 𝑚∞ is the 4 × 4 infinite-frequency added mass matrix and 𝑧𝑠 is 
the auxiliary state of radiation subsystems with system matrices 𝑨𝒔, 𝑩𝒔, 
𝑪 , 𝑫  [22].
𝒔 𝒔
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Fig. 1. The M4 1-2-1 design diagram, provided by BMT, Australia.
The PTO torque 𝑓𝑝𝑡𝑜,𝜂 is provided by the PTO based on an upper-
level WEC control algorithm. 

𝑓𝑝𝑡𝑜,𝜂(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎣

0
0

−𝑇𝜂(𝑡)
𝑇𝜂(𝑡)

⎤

⎥

⎥

⎥

⎥

⎦

(3)

For demonstration purposes, the WEC control algorithm considered 
here is a simple passive damping controller, i.e. 

𝑇𝜂 = −𝑑𝑝𝑡𝑜(𝜃̇𝑙 − 𝜃̇𝑟) (4)

where 𝑑𝑝𝑡𝑜 is the damping ratio tuned for optimal power output and 
remains unchanged for PTO design, 𝜃̇𝑙 − 𝜃̇𝑟 is the relative pitch velocity 
of the WEC’s hinges.

By defining a new state vector 𝑥⃗ ∶= [𝜂, ̇⃗𝜂, 𝑧𝑠]⊤, the final linear 
state-space representation of the M4 WEC can be written as:
̇⃗𝑥 = 𝑨𝒄 𝑥⃗ + 𝑩𝒘𝒄𝑓𝑒,𝜂(𝑡) + 𝑩𝒖𝒄𝑓𝑝𝑡𝑜,𝜂(𝑡)

𝑦 = 𝑪𝒄 𝑥⃗ (5)

where the system matrices are

𝑨𝒄 =
⎡

⎢

⎢

⎣

𝟎4×4 𝑰4×4 𝟎4×𝑛
−(𝑴 +𝒎∞)−1𝑲 −(𝑴 +𝒎∞)−1𝑫𝒔 −(𝑀 + 𝑚∞)−1𝑪𝒔

𝟎𝑛×4 𝑩𝒔 𝑨𝒔

⎤

⎥

⎥

⎦

𝑩𝒘𝒄 =
⎡

⎢

⎢

⎣

𝟎4×4
(𝑴 +𝒎∞)−1

𝟎𝑛×4

⎤

⎥

⎥

⎦

𝑩𝒖𝒄 =
⎡

⎢

⎢

⎣

𝟎4×1
(𝑴 +𝒎∞)−1[0, 0,−1, 1]⊤

𝟎𝑛×1

⎤

⎥

⎥

⎦

𝑪𝒄 =
[

𝟎1×4 [0 0 1 − 1] 𝟎1×𝑛
]

(6)

Here 𝑰 is the identity matrix and 𝟎 is the matrix with zeros in all entries. 
𝑲 is the hydrostatic stiffness matrix. The size of 𝑨𝒄 depends on the 
selected model order 𝑛 for the radiation sub-system. The system output 
𝑦 = 𝜔𝜂 = 𝜃̇𝑙 − 𝜃̇𝑟 is the rotational velocity of the WEC’s hinges.

This WEC hydrodynamic model in state-space form is the foundation 
for solving the WEC co-design problem. Even with an iterative line 
search approach, the state-space model enables rapid simulations run 
for estimating mechanical power generation under various irregular 
wave conditions. In the next subsection, the PTO model is introduced, 
which is used to construct torque–speed constraints for wave profile 
simulations and estimate power loss.
3 
2.2. The PTO model

The M4 WEC uses an electrical drive train as its PTO. Key com-
ponents of the drive train are briefly introduced here. Readers are 
referred to [16] for more details of the PTO specified for the M4 sea 
trial platform. The main intention here is to highlight why the gearbox 
ratio and the rated torque of the generator are selected as co-design 
parameters and how they influence the electrical power generation and 
ultimately the LCoE.

The electrical drive train consists of a mechanical gearbox, a per-
manent magnet synchronous generator (PMSG), an AC/DC converter to 
provide close-loop control of the PMSG’s torque producing current. It 
also encompasses other important power electronic components, such 
as a DC/DC converter for DC voltage regulation, supercapacitors for 
power smoothing and a further DC/AC converter for grid interfacing. 
This is simplified for the clear presentation of the PTO co-design 
problem, keeping only the most cost-related components. A schematic 
diagram of the simplified PTO model used for WEC co-design is shown 
in Fig.  2 with the two design parameters that will be explained further 
highlighted in red.

The gearbox is modelled with a ratio 𝑔 whose value should be 
optimally designed and an efficiency 𝜆. The gearbox torque referred to 
the low speed side, 𝑇𝑔𝑏, for a gear ratio 𝑔 in generating mode is given 
by: 

𝑇𝑔𝑏 =
1
𝜆
(𝑔𝑇𝑔𝑒𝑛 + [𝐽𝑔𝑏 + 𝑔2𝐽𝑔𝑒𝑛]

𝑑𝜔𝜂
𝑑𝑡

) (7)

where 𝑇𝑔𝑒𝑛 is the PMSG torque, 𝐽𝑔𝑏 and 𝐽𝑔𝑒𝑛 are inertia of the gearbox 
and the PMSG, 𝜆 is the gearbox efficiency and 𝜔𝜂 is the rotational 
velocity of the WEC’s hinges.

In operational sea states, 𝑇𝑔𝑏 is dominated by the torque from the 
PMSG 𝑇𝑔𝑒𝑛 so this can be approximated by: 

𝑇𝑔𝑏 ≈
1
𝜆
𝑔𝑇𝑔𝑒𝑛 (8)

The cost related maximum allowed torque of the gearbox, 𝑇 ∗
𝑔𝑏, is 

dependent on 𝜆, 𝑔 and the maximum output torque from the PMSG 
denoted as 𝑇 ∗

𝑔𝑒𝑛 as: 

𝑇 ∗
𝑔𝑏 ≈

1
𝜆
𝑔𝑇 ∗

𝑔𝑒𝑛 (9)

which pinpoints how the two optimisation variables 𝑔 and 𝑇 ∗
𝑔𝑒𝑛 influ-

ence the cost of the gearbox, and thus the LCoE.
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Fig. 2. Schematic diagram of the simplified PTO model used for co-design.
The gearbox efficiency 𝜆 is stage number (gear ratio) dependent, 
and generally lower for more stages. This is assumed here as [23,24]:

𝜆 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0.98 𝑔 ∈ (0, 5]
0.982 = 0.96 𝑔 ∈ (5, 25]
0.983 = 0.94 𝑔 ∈ (25, 125]
0.983 × 0.97 = 0.91 𝑔 ∈ (125, 750]
0.983 × 0.97 × 0.96 = 0.87 𝑔 ∈ (750, 4500]

Note that for simplicity the efficiency at rated power is used. In 
practice, this would vary as a function of operating point.

For the sake of computational efficiency of the co-design, the PMSG 
and its associated power electronic models are not simulated for either 
the line search method or the GA. Instead, the resultant torque–speed 
constraints from the drive train are considered for the upper-level 
WEC hydrodynamic simulations. Moreover, a PMSG design routine is 
proposed to estimate cost of the drive train and output parameters of 
the PMSG associated with the change of 𝑇 ∗

𝑔𝑒𝑛, including the winding 
resistance 𝑅𝑠, magnet flux 𝜓𝑚 and core loss coefficients. Power losses 
of the drive train are then estimated using a post-processing function 
with these parameters, which will be introduced in the next section.

The PMSG power capacity, 𝑃 ∗
𝑔𝑒𝑛, is assumed fixed. In this work we 

let 𝑃 ∗
𝑔𝑒𝑛 = 12 kW. This is because the WEC’s mean power capacity is 

slightly over 1 kW and with passive damping control the peak to mean 
power ratio is around 10. In fact, 𝑃 ∗

𝑔𝑒𝑛 can be made an additional design 
parameter of the PTO which leads to a more complicated co-design 
problem.

For any value of the design parameter 𝑇 ∗
𝑔𝑒𝑛, there is a matching 

speed limit 

𝜔∗
𝑔𝑒𝑛 =

𝑃 ∗
𝑔𝑒𝑛

𝑇 ∗
𝑔𝑒𝑛

(10)

The torque and speed limit of the PMSG, together with the gearbox’s 
ratio 𝑔 decide the WEC’s operational torque constraint 𝑇 ∗

𝜂  and speed 
constraint 𝜔∗

𝜂 . 

|𝑇𝜂| ≤ 𝑇 ∗
𝜂 = 𝑔𝑇 ∗

𝑔𝑒𝑛 (11)

and 

|𝜔𝜂| ≤ 𝜔∗
𝜂 =

𝜔∗
𝑔𝑒𝑛

𝑔
(12)

In simulations, when the WEC hinge’s rotational speed 𝜔𝜂 exceeds 𝜔∗
𝜂 , 

the WEC will not receive any torque from the PMSG and so the PTO 
generates no power.

Mechanical power generation of the WEC under various sea wave 
conditions is influenced by these torque–speed constraints of the WEC, 
and thus the LCoE. In the next section, the LCoE performance function 
will be defined.
4 
3. Definition of the simplified LCoE

The optimisation objective is to minimise the LCoE, which is taken 
as a performance function for the line search and a fitness function 
for the GA. The LCoE is defined as the total cost of the WEC system, 
including capital cost 𝐶𝑎𝑝𝐸𝑥 and operational cost 𝑂𝑝𝐸𝑥, over the 
generated electricity across an assumed 20-year lifetime. 

𝐿𝐶𝑜𝐸 =
𝐶𝑎𝑝𝐸𝑥 + 𝑂𝑝𝐸𝑥

𝐸𝑒𝑙𝑐
(13)

The capital cost is the sum of the cost of the WEC mechanical platform 
and the cost of the PTO, 
𝐶𝑎𝑝𝐸𝑥 = 𝐶𝑊𝐸𝐶 + 𝐶𝑃𝑇𝑂 (14)

Here we assume 𝐶𝑃𝑇𝑂 is a fixed percentage of 𝐶𝑎𝑝𝐸𝑥 [18,25], 
𝐶𝑃𝑇𝑂 = 30%𝐶𝑎𝑝𝐸𝑥 (15)

and the operational cost the same as the capital cost, 
𝑂𝑝𝐸𝑥 = 𝐶𝑎𝑝𝐸𝑥 (16)

The electricity, in kWh, generated over the 20-year lifetime is calcu-
lated as 
𝐸𝑒𝑙𝑐 = 𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐∕1000 × 175200 kWh (17)

where 𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐 is the mean generated electrical power of the WEC system 
for a realistic sea site with varying sea states, with unit W. We use a 
new notation LCoE∗ to represent this simplified LCoE definition. The 
LCoE (13) can now be rewritten as 

𝐿𝐶𝑜𝐸∗ =
𝛼𝐶𝑃𝑇𝑂
𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐

(18)

where 𝛼 = 0.038 h−1 and the unit for the LCoE∗ is £∕kWh.

3.1. Estimation of 𝐶𝑃𝑇𝑂

The cost of the PTO can be divided into three parts, representing the 
cost of three main components, the mechanical gearbox 𝐶𝑔𝑏, the PMSG 
𝐶𝑔𝑒𝑛 and 𝐶𝑖𝑛𝑣 representing the cost of power electronic components 
such as the AC/DC and DC/AC converters. 
𝐶𝑃𝑇𝑂 = 𝐶𝑔𝑏 + 𝐶𝑔𝑒𝑛 + 𝐶𝑖𝑛𝑣 (19)

3.1.1. Cost of the gearbox
For mechanical gearboxes, costs are scaled with maximum torque 

𝑇 ∗
𝑔𝑏 at low speed side. For a 3-stage planetary gearbox, with gear ratios 

25 ≤ 𝑔 ≤ 125, an estimation of this is [23,24,26]: 
𝐶 = 𝑇 ∗ × 0.18£/Nm (20)
𝑔𝑏 𝑔𝑏
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For more stages, i.e. higher gear ratios, penalties can be added. Here 
we assume a 10% increase of 𝐶𝑔𝑏 for each additional stage and 10% 
decrease for each less based on (20).

𝐶𝑔𝑏 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑇 ∗
𝑔𝑏 × 0.146£/Nm 𝑔 ∈ (0, 5]

𝑇 ∗
𝑔𝑏 × 0.162£/Nm 𝑔 ∈ (5, 25]

𝑇 ∗
𝑔𝑏 × 0.180£/Nm 𝑔 ∈ (25, 125]

𝑇 ∗
𝑔𝑏 × 0.198£/Nm 𝑔 ∈ (125, 750]

𝑇 ∗
𝑔𝑏 × 0.218£/Nm 𝑔 ∈ (750, 4500]

3.1.2. Cost of the PMSG and converters
A design routine for the electric drive is used to estimate the cost of 

the PMSG and converters. The design routine takes torque 𝑇 ∗
𝑔𝑒𝑛, speed 

𝜔∗
𝑔𝑒𝑛, and pole-number (which is fixed at 8 for this work) as input 
variables and adopts classic sizing equations [27] based on sensible 
electric and magnetic loading values for forced air cooled PMSGs [28] 
(see Appendix  B for the key design parameters). The routine returns the 
amount of copper, PM, lamination and structural steel materials for the 
PMSG, and the values of losses and the main electric parameters. The 
PMSG cost is given by
𝐶𝑔𝑒𝑛 =𝑀𝐶𝑢𝐶𝐶𝑢𝑓𝑠𝑙𝑜𝑡(𝑁𝑠) +𝑀𝑃𝑀𝐶𝑃𝑀 (21)

+𝑀𝑐𝑜𝑟𝑒𝐶𝑐𝑜𝑟𝑒 +𝑀𝑠𝑡𝑟𝐶𝑠𝑡𝑟

where copper, PM, lamination and structural masses
{𝑀𝐶𝑢,𝑀𝑃𝑀 ,𝑀𝑐𝑜𝑟𝑒,𝑀𝑠𝑡𝑟} are estimated by the PMSG design routine and 
unit prices {𝐶𝐶𝑢, 𝐶𝑃𝑀 , 𝐶𝑐𝑜𝑟𝑒, 𝐶𝑠𝑡𝑟} are given in Appendix  A along with 
function 𝑓𝑠𝑙𝑜𝑡(𝑁𝑠) accounting for labour increase with the number of 
slots 𝑁𝑠.

The rated power and power factor provide the kVA ratings for the 
converter which allow estimating the cost based on the correlation 
proposed in [7], here adjusted for inflation to the year of 2024. The 
cost of converters is then estimated as [7] 
𝐶𝑖𝑛𝑣 = 7.973 × (𝑃𝐹𝑔𝑒𝑛𝑃 ∗

𝑔𝑒𝑛)
0.7 (22)

where 𝑃 ∗
𝑔𝑒𝑛 is the PMSG rated (design) power, 𝑃𝐹𝑔𝑒𝑛 is the PMSG rated 

power factor estimated by the design routine.

3.2. Estimation of 𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐

The mean electrical power is estimated by numerical simulations 
using the state-space WEC hydrodynamic model. For the M4 WEC 
considered, realistic sea states from the sea trial site at King George 
Sound, Albany, Western Australia are used to generate input wave 
profiles. Fig.  3 shows a scatter diagram of relevant wave conditions 
measured at King George Sound, Albany, Western Australia in summer 
(Nov–March), where the ocean test of the M4 WEC will take place. Sea 
states with significant wave height (𝐻𝑠) from 0.5m to 1.5m and peak 
periods (𝑇𝑝) from 3.5 s to 9.1 s are considered, which gives 45 sea states 
in total and cover wave conditions for 96% of the time. The remaining 
4% are sea states with low occurrence rate, which are neglected here to 
reduce computational burden. Note that peak periods 𝑇𝑝 are assumed 
to be 1.2 times the mean periods shown in the horizontal axis in Fig. 
3. Table  1 summarises these sea states’ occurrence as a percentage. 
The JONSWAP wave spectrum with a peak enhancement factor of 𝛾 =
3.3 is used to generate uni-directional irregular wave profiles of these 
conditions. For each sea state, the run time is 𝑡𝑁 = 600 s for estimating 
the mean generated electrical power.

To reduce computational burden, numerical simulations are run on 
the WEC hydrodynamic model with torque–speed constraints instead 
of the integrated WEC-PTO model, as discussed. The variation of co-
design parameters, the gearbox ratio 𝑔 and the PMSG torque limit 𝑇 ∗

𝑔𝑒𝑛
are translated into torque–speed constraints 𝑇 ∗

𝜂  and 𝜔∗
𝜂 as presented 

in Section 2.2. This results in a rectangular-shaped constraint area of 
the WEC’s torque and speed. Field-weakening mechanism that allows 
5 
Table 1
Wave conditions and occurrence rate in percentage (%).
 𝑇𝑝 (s)∖𝐻𝑠 (m) 0.5 0.75 1 1.25 1.5  
 3.5 2.32 0.83 0 0 0  
 4.2 5.12 6.08 0.87 0 0  
 4.9 5.63 7.93 5.91 0.52 0  
 5.6 5.21 6.06 4.62 3.2 0.28 
 6.3 4.32 4.8 2.74 2.43 2.07 
 7 3.31 3.71 2.03 1.15 1.16 
 7.7 2.1 2.63 1.41 0.68 0.41 
 8.4 1 1.39 1.09 0.5 0.33 
 9.1 0.32 0.63 0.63 0.32 0.23 

temporary over-speeding of the PMSG is omitted here, which leads to 
a slight underestimation of power generation in high sea states [7].

For each sea state, simulations output torque and angular velocity 
time profiles 𝑇𝜂(𝑡) and 𝜔𝜂(𝑡). Mean mechanical power can be calculated 
as: 

𝑃𝑖,𝑚𝑒𝑐ℎ =
𝜆 ∫ 𝑡𝑁𝑡=0 −𝑇𝜂𝜔𝜂𝑑𝑡

𝑡𝑁
(23)

Here, 𝑖 is the index of the specific sea state and 𝑖 = 1, 2,… , 45. Note 
that gearbox efficiency 𝜆 is used as a multiplier here to factor in power 
loss of the gearbox so 𝑃𝑖,𝑚𝑒𝑐ℎ is the mechanical power received by the 
PMSG excluding gearbox loss.

Mean copper loss can be calculated from torque-producing current 
profile as: 

𝑃𝑖,𝐶𝑢 =
𝑅𝑠 ∫

𝑡𝑁
𝑡=0 𝑖

2
𝑞𝑑𝑡

𝑡𝑁
(24)

where 𝑅𝑠 is the winding resistance. The torque producing current 
profile neglecting field-weakening effect is 

𝑖𝑞 =
𝑇𝜂
𝑔𝑝𝜓𝑚

(25)

where 𝑝 is the number of pole pairs and 𝜓𝑚 is the magnet flux of the 
PMSG as discussed. Both 𝑅𝑠 and 𝜓𝑚 are outputs of the drive train design 
routine.

Classic core loss calculation methods used in PMSGs refer to steady-
state constant frequency operation while in WECs the rotor undergoes 
an oscillatory movement. To get a rough estimate of core losses in such 
a scenario, the oscillatory generator speed was treated as a slowly-
varying fundamental frequency (scaled with 𝑝) feeding in the Bertotti 
formulation. The design routine also outputs coefficients {𝑘ℎ𝑦, 𝑘𝑒𝑑 , 𝑘𝑒𝑥}
of Bertotti core-loss formulation rewritten in global terms as a function 
of the mechanical speed 

𝑃𝐹𝑒 = 𝑘ℎ𝑦|𝜔𝑔𝑒𝑛| + 𝑘𝑒𝑑 |𝜔𝑔𝑒𝑛|
2 + 𝑘𝑒𝑥|𝜔𝑔𝑒𝑛|

1.5 (26)

which gives ‘instantaneous’ core loss 𝑃𝐹𝑒. The mean core loss for sea 
state 𝑖 can then be calculated as 

𝑃𝑖,𝐹 𝑒 =
∫ 𝑡𝑁𝑡=0 𝑃𝐹𝑒𝑑𝑡

𝑡𝑁
(27)

The mean electrical power for sea state 𝑖 can be calculated by 
subtracting mean copper and core loss from the mean mechanical 
power 

𝑃𝑖,𝑒𝑙𝑐 = 𝑃𝑖,𝑚𝑒𝑐ℎ − 𝑃𝑖,𝐶𝑢 − 𝑃𝑖,𝐹 𝑒 (28)

where inverters loss is neglected.
Mean electrical power for the site can be calculated as a weighted 

sum using the occurrence rate of each sea state 𝜉𝑖 shown in Table  1 as: 

𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐 =
45
∑ 𝑃𝑖,𝑒𝑙𝑐𝜉𝑖

96%
(29)
𝑖=1
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Fig. 3. Scatter diagram [12] of the wave climate at the considered site. Each block represents a specific sea state in which its occurrence rate is shown as a 
percentage.
4. Problem definition and optimisation algorithms

The co-design objective is to search for an optimal set of design 
parameters (in this case the gearbox ratio 𝑔 and PMSG torque limit 𝑇 ∗

𝑔𝑒𝑛
pair) that minimises the performance index LCoE∗ shown as (18). In 
this section, two search algorithms are proposed. The first one is the 
traditional line search algorithm which involves high computational 
efforts, serving as a benchmark. The second one is a GA, which has 
a potential of reducing the co-design efforts dramatically.

4.1. The line search approach

For the line search approach, sensible ranges of the design parame-
ters 𝑔 and 𝑇 ∗

𝑔𝑒𝑛 need to be defined. In [16], a pair of parameters 𝑔 = 739
and 𝑇 ∗

𝑔𝑒𝑛 = 50Nm are used for the M4 drive train, which provides a 
starting point for selecting the ranges. In this paper, the gearbox ratio is 
varied from 𝑔 = 100 to 𝑔 = 1200, with a step size of 100, while the PMSG 
torque limit is set to vary from 𝑇 ∗

𝑔𝑒𝑛 = 10Nm to 𝑇 ∗
𝑔𝑒𝑛 = 120Nm, with 

a step size of 10Nm. A finer step size provides more accurate design 
results but can lead to higher computational burden when performing 
the line search.

Fig.  4(a) shows the design flowchart of the line search method. 
Two iteration loops, with indexes 𝑖 and 𝑗, are required to traverse 
ranges of the two design parameters. At each iterative step, 𝑔𝑖 and 
𝑇 ∗
𝑔𝑒𝑛,𝑗 are converted to torque and speed limits 𝑇 ∗

𝜂  and 𝜔∗
𝜂 , passed on 

to the WEC simulation function. Meanwhile, 𝑔𝑖 and 𝑇 ∗
𝑔𝑒𝑛,𝑗 are sent to 

the drive train design routine for the calculation of 𝐶𝑝𝑡𝑜, as well as 𝑅𝑠, 
𝜓𝑚 and {𝑘ℎ𝑦, 𝑘𝑒𝑑 , 𝑘𝑒𝑥} for estimating the PMSG loss. A post-processing 
function is then used to merge these results and output the LCoE∗𝑖,𝑗 for 
the specific pair of parameters 𝑔𝑖 and 𝑇 ∗

𝑔𝑒𝑛,𝑗 . In the end, the algorithm 
outputs the best pair of 𝑔 and 𝑇 ∗

𝑔𝑒𝑛 that gives minimum LCoE∗.

4.2. The genetic algorithm

The GA takes a different way to search the optimal set of design 
parameters. A flowchart of the GA’s procedure is shown in Fig.  4(b). 
Instead of iterating through each combination of the design param-
eters in range, the algorithm generates a specified number, 𝑁𝑖, sets 
of parameters to form the first generation of population. Each set of 
parameter, 𝑔 and 𝑇 ∗ , is called an individual. The fitness function 
𝑔𝑒𝑛

6 
LCoE∗ for each individual is then estimated using the same simulation, 
drive train design routine and post-processing function as for the line 
search method. These individuals are then sorted by their scores from 
high to low (in this case, a low LCoE∗ means a high score). Individuals 
with higher scores have a higher chance to be selected as parents to 
breed the next generation.

There are three different operations when it comes to breeding 
the offspring, namely replication, crossover and mutation. Replication 
means the parent, usually with the highest score, is maintained in the 
next generation. This allows the GA to preserve the best searching 
result as the population evolves. Crossover takes two parents, swaps 
some of their genes (design parameters) to generate offspring. This can 
potentially produce higher score children as the high quality genes are 
inherited by them. Mutation takes one parent, and randomly varies 
some of its genes to generate an offspring. In practice, this allows the 
algorithm to explore the searching space, hopefully jumping out of a 
local optimum for a global optimum. The percentages of crossover and 
mutation operations, 𝜉𝑐𝑟 and 𝜉𝑚𝑢 are tuning parameters of the GA.

For each succeeding generation, the same scoring, parent selec-
tion and breeding processes are done, until the maximum number of 
generations 𝑁𝑔 is reached. It can be noticed immediately that the com-
putational burden of the GA is dependent on the number of generation 
𝑁𝑔 and population size within each generation 𝑁𝑖 and independent of 
the number of design parameters. The results of applying the GA to 
the PTO co-design problem will be demonstrated in the next section, in 
comparison to the line search method.

5. Results

In this section, the co-design results are presented for both the 
line search and the GA. These are run with Matlab_R2023b on a 
MacBook Pro device with the Apple M3 chip. Sampling rate of the WEC 
state-space model is 0.1 s.

5.1. Line search results

Results given by the line search method are presented here as a 
benchmark to the GA shown in Figs.  5 to 8. Contours are plotted to 
provide better observation of these results. Fig.  5(a) shows that 𝐶𝑔𝑏
scales with both 𝑔 and 𝑇 ∗ , as 𝑇 ∗  depends on both. Fig.  5(b) and (c) 
𝑔𝑒𝑛 𝑔𝑏
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Fig. 4. Co-design flowchart using (a) the iterative line search approach and (b) the genetic algorithm.
show that 𝐶𝑔𝑒𝑛 and 𝐶𝑖𝑛𝑣 are independent of 𝑔 as expected. But 𝐶𝑔𝑒𝑛
increases as 𝑇 ∗

𝑔𝑒𝑛 increases while 𝐶𝑖𝑛𝑣 is high for low 𝑇 ∗
𝑔𝑒𝑛. This can 

be attributed to the rise of power factor at higher speed (low 𝑇 ∗
𝑔𝑒𝑛) 

due to increased reactance, which means higher kVA demand for the 
converters and then cost. However, the range of 𝐶𝑖𝑛𝑣 is noticeably small, 
because the rated power 𝑃 ∗

𝑔𝑒𝑛 is fixed. The cost of the PTO in total, 𝐶𝑝𝑡𝑜, 
is the sum of Fig.  5(a), (b) and (c), as shown in Fig.  5(d). Generally, 
𝐶𝑝𝑡𝑜 is high for bigger values of 𝑔 and 𝑇 ∗

𝑔𝑒𝑛. At this scale of the PTO, the 
gearbox cost contributes the most to 𝐶𝑝𝑡𝑜.

Mean electrical power for all combinations of 𝑔 and 𝑇 ∗
𝑔𝑒𝑛 is shown 

in Fig.  6. The red point indicates the optimum electrical power. The 
highest value of 𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐 = 1280.99W, is obtained with 𝑔 = 700 and 
𝑇 ∗
𝑔𝑒𝑛 = 60Nm. Fig.  7 gives gearbox loss, copper and core loss estimation 
to help with the observation of Fig.  6. It can be noticed that, sub-
optimal designs of 𝑇 ∗

𝑔𝑒𝑛 and 𝑔 generally lead to higher PTO losses, which 
impacts electricity generation negatively.

Fig.  8 shows the line search result for optimum LCoE∗. A white 
area in the left-bottom corner of searching surface can be noticed, 
with 𝑔 = 100 and 𝑇 ∗

𝑔𝑒𝑛 = 10Nm, 20Nm, 30Nm. There is near zero or 
negative electricity generation with these choices of parameters so the 
LCoE∗ is ill-defined. The red point in the plot indicates the minimum. 
The minimum LCoE∗ is 0.2792£∕kWh, obtained with 𝑔 = 700 and 
𝑇 ∗
𝑔𝑒𝑛 = 30Nm. Comments can be made here by comparing the line 
search results with the actual M4 system tested in Albany [16]. Results 
7 
here show that the optimal gear ratio is 700:1 while the actual Albany 
system has a gearbox ratio of 739:1. Optimal 𝑇 ∗

𝑔𝑒𝑛 is between 60Nm and 
30Nm depending on which objective is considered, maximum power 
or minimum LCoE∗, while the Albany system uses two generators with 
combined 𝑇 ∗

𝑔𝑒𝑛 around 50Nm. These validate that the PTO co-design 
problem here is practical and results are informative for actual system 
design.

In Fig.  8, the LCoE∗ ranges from a minimum value of 0.2792£∕kWh
to 9.9798£∕kWh at the right-top corner, which suggests the optimum 
co-design of the PTO parameters is essential for LCoE reduction of 
WECs. It should be also pointed out that the optimal design for max-
imum power does not necessarily give minimum LCoE∗, which can 
be found by comparing the optimum points in Figs.  6 and 8. In fact, 
the LCoE∗ for maximum power is 0.3812£∕kWh. This means when it 
comes to optimum WEC co-design, using only power generation as a 
performance function can be misleading. However, using LCoE as an 
objective function requires a model to estimate the cost of the WEC, 
which is not an easy task. Here we use a simplified cost model to 
demonstrate the PTO co-design problem.

5.2. Genetic algorithm results

The GA is applied to resolve this PTO co-design problem by using 
the Matlab GA routine ‘ga’. Here we let the maximum generation 𝑁 =
𝑔
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Fig. 5. Cost estimation of the PTO components and total: (a) gearbox cost, (b) PMSG cost, (c) converters cost, (d) PTO cost.
Fig. 6. Weighted electrical power of the considered site. The red point 
represents maximum electrical power.

5 and population size 𝑁𝑖 = 10. The crossover and mutation rate are 
𝜉𝑐𝑟 = 0.8 and 𝜉𝑚𝑢 = 0.2, respectively. For the first generation, the four 
corner points 𝑇 ∗

𝑔𝑒𝑛 = 10Nm, 𝑔 = 100, 𝑇 ∗
𝑔𝑒𝑛 = 10Nm, 𝑔 = 1200, 𝑇 ∗

𝑔𝑒𝑛 =
120Nm, 𝑔 = 100, 𝑇 ∗

𝑔𝑒𝑛 = 120Nm, 𝑔 = 1200 are included intentionally. 
The other six individuals are selected so that they distributed evenly 
in the search ranges of 𝑇 ∗

𝑔𝑒𝑛 and 𝑔, with 𝑇 ∗
𝑔𝑒𝑛 = 40, 90Nm and 𝑔 =

300, 650, 1000. Note that design parameters 𝑇 ∗
𝑔𝑒𝑛 and 𝑔 are assumed to 

be integer values when applying the GA.
Table  2 summarises the evolution of the population as well as the 

score for each individual, over the five generations. Individuals are 
sorted by their LCoE∗ from low to high so individual 1 represents the 
best in its generation. It can be noticed that the mean LCoE∗ decreases 
dramatically from the first to the second generation, and keeps decreas-
ing over the five generations. This suggests the GA enables evolution 
of the initial population towards the direction of a low value of LCoE∗.
8 
Fig. 7. Gearbox loss, copper and core loss estimation for the considered site.

It can be also noticed from Table  2 that new elites emerge for the 
first two generations of offspring. In the second generation, the best in-
dividual has an LCoE∗ of 0.2895£∕kWh with 𝑇 ∗

𝑔𝑒𝑛 = 31Nm and g = 569. 
In the third generation, the best individual has an LCoE∗ equals 
0.2784£∕kWh with 𝑇 ∗

𝑔𝑒𝑛 = 28Nm and g = 699, slightly surpassing 
the optimum LCoE∗ of 0.2792£∕kWh suggested by the line search 
method. Comparing the values of 𝑇 ∗

𝑔𝑒𝑛 and 𝑔, for line search 𝑇 ∗
𝑔𝑒𝑛 =

30Nm, g = 700 and for the GA 𝑇 ∗
𝑔𝑒𝑛 = 28Nm, g = 699, it is understood 

that this elite represents an optimum point missed by the line search 
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Table 2
Evolution of the population using GA to solve the co-design problem, 𝑁𝑖 = 10 and 𝑁𝑔 = 5. The symbol ‘NaN’ represents 
an ill-defined point of the LCoE∗ due to zero or negative electricity generation.
Fig. 8. LCoE∗ of the considered site. The red point represents minimum LCoE∗.

due to the selection of a sparse searching step. Although these two 
optimum points suggested both methods can be deemed the same for 
this specific co-design problem, the GA can potentially outperform the 
line search if the searching ranges are not properly selected for the 
latter.

This elite from the third generation remains the best over all five 
generations, which indicates the GA converges to an optimum point 
only after two generations for this problem. This is achieved by care-
fully tuning the crossover and mutation ratios 𝜉𝑐𝑟 and 𝜉𝑚𝑢 as well as 
selecting the initial population that spans the searching range as evenly 
as possible. The parameters 𝜉𝑐𝑟, 𝜉𝑚𝑢, 𝑁𝑖 and 𝑁𝑔 are essential to the 
effectiveness of the GA and the tuning of them are highly problem 
dependent. A detailed discussion on how to tune these parameters is 
out of the scope of this paper as the main focus is to demonstrate the 
GA’s effectiveness in resolving WEC co-design problems.

Fig.  9 presents a visualisation of Table  2, by plotting each indi-
vidual’s position on the LCoE∗ line search surface, where contours 
are generated from the line search results as for Fig.  8. Populations 
are grouped by their generation with different markers. The red filled 
circle and triangle represent the optimum design point given by the 
line search method and the GA, respectively. Initial population is 
represented by marker ‘+’ and one can see how these individuals are 
evenly distributed in the searching space. It can also be noticed that 
as the population evolves, successive individuals are grouping more 
closely to low LCoE∗ areas, demonstrating again the effectiveness of 
the GA.

5.3. Comparison of computational burden

A key performance index for co-design methods is their computa-
tional burden. In this subsection we compare the computational time 
needed for both the line search method and the GA.
9 
The WEC hydrodynamic model simulation is the most time con-
suming part of the searching. With state-space model introduced in 
Section 2, a simulation with 600 s’ wave profile in Matlab takes 
approximately 4 s. To estimate 𝑃𝑠𝑖𝑡𝑒,𝑚𝑒𝑐ℎ, 45 sea states need to be run, 
which cost 180 s in total for any set of design parameter candidate. This 
is called a site simulation here.

In our co-design problem, there are only two design parameters, 𝑇 ∗
𝑔𝑒𝑛

and 𝑔. For the line search method, 12 values are defined in each of 
their ranges, resulting in 144 pairs of 𝑇 ∗

𝑔𝑒𝑛 and 𝑔 to be tested, and thus 
144 site simulations have to be run. In total, this takes approximately 
25 920 s, or 7.2 h. For the GA, there are 10 individuals in each generation 
and the maximum number of generation 𝑁𝑔 is set to 5 which is more 
than enough to ensure convergence. This leads to 50 individuals to 
be tested, thus 50 site simulations, which takes only 9000 s or 2.5 h, 
approximately 1/3 of what the line search needs.

The advantage of using the GA gets more obvious as the number 
of design parameters increases. An estimation of this is shown in Fig. 
10. Here we assume for the line search, 12 values are defined in the 
range for each additional design parameter. The number of site simu-
lations needed rises dramatically as the number of design parameters 
increases. With 4 design parameters, the line search method can take 
more than 1000 h, which is unacceptably time demanding. Clearly, the 
line search method is too time consuming and unmanageable with a 
high number of design parameters. Although this can be potentially 
reduced by narrowing down the searching range or running simulations 
in parallel, it inevitably makes the co-design method more difficult to 
automate. On the other hand, the computational burden for the GA is 
less dependent of the number of design parameters. Here we assume 
for each additional design parameter, the maximum generation 𝑁𝑔 is 
doubled to reach an optimum. Also, the population size 𝑁𝑖 is assumed 
to increase from 10 for two design parameters here, to 30 for three and 
90 for four, respectively. Even so, the time required for a 4-parameter 
co-design problem is less than 10 h.

When addressing co-design problems involving a significant number 
of design parameters, it is evident that the line search method is less 
efficient. In contrast, the GA emerges as a highly effective and efficient 
tool for tackling such complex tasks.

5.4. Estimation of LCoE∗ reduction with up-scaling of the M4 capacity

LCoE reduction is essential for wave energy. In this section, we 
demonstrate that this can also achieved by up-scaling of the WEC 
capacity and provide an estimation of the LCoE∗ of the M4 WEC at 
different scales. This is done by up-scaling the mean electrical power 
𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐 based on Froude scaling. Assuming the current 20m long WEC 
as unit scale and denote the scaling factor as 𝑠, mean electrical power 
can be scaled as 
𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐,𝑠 = 𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐𝑠

3.5 (30)

and torque and speed can be scaled accordingly with ratio 𝑠4 and 𝑠−0.5, 
respectively. Realistic sea waves are directional, which is not consid-
ered in the co-design simulation. Here we assume a 20% reduction 
of power generation with spreading waves, and a multiplier of 0.8 
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Fig. 9. Co-design results of the LCoE∗ with the GA. Individuals of the same generation are represented by the same markers. The red filled circle represents 
optimum point of the line search results while the red filled triangle represents the elite of the GA.
Fig. 10. Estimation of computational time needed for the line search method 
and the GA, with different numbers of design parameters.

is applied to 𝑃𝑠𝑖𝑡𝑒,𝑒𝑙𝑐,𝑠. This is based on power reduction analysis on 
different M4 configurations under directional wave conditions [29,30]. 
This should also include the up-scaling of the PMSG rated power 𝑃 ∗

𝑔𝑒𝑛
and rated torque 𝑇 ∗

𝑔𝑒𝑛. Note that the optimum design parameters, 𝑇 ∗
𝑔𝑒𝑛

and 𝑔, will certainly change for different scales of the WEC, but this 
is not the main concern here. The PTO cost is re-accessed using the 
drive train design routine. Also note that the cost of energy storage 
component is neglected when solving the co-design problem. Here we 
use supercapacitor for power smoothing and it is estimated that this 
costs 20% more than the gearbox based on Albany experience, which 
is added to re-calculate the LCoE∗ when performing the up-scaling.

Fig.  11 shows the estimation of optimum LCoE∗, corresponding 
mean electrical power and PTO cost from top to bottom. It can be ob-
served that with the increase of WEC scale, optimum LCoE∗ decreases, 
from 0.57£∕kWh with 𝑠 = 1, to 0.22£∕kWh with 𝑠 = 2 and 0.09£∕kWh
with 𝑠 = 4. With 𝑠 = 4 the WEC is approximately 80m long with mean 
10 
Fig. 11. Estimation of LCoE∗ reduction by up-scaling of the WEC capacity. 
Top: LCoE∗, middle: mean electrical power, bottom: cost of the PTO.

electrical power of 112 kW. A MW generator will be required. At this 
capacity, LCoE∗ of wave energy becomes commercially competitive. 
Note that we limit the analysis of LCoE up to 1-MW capacity. For higher 
capacity, the availability of PTO technology is currently unknown. 
Although this is a rough estimation based on a simplified version of 
the LCoE, it demonstrates an LCoE reduction pathway for wave energy 
by the up-scaling of WEC capacity.

6. Conclusions and future directions

A typical and realistic PTO co-design problem is addressed in this 
paper. The multi-float M4 WEC in development for a planned sea trial 
uses an electrical drive train as its PTO. The drive train’s gearbox ratio 
and generator’s rated torque are two key parameters to be optimised. 
WEC hydrodynamic simulations are run with 45 irregular sea states as 
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inputs to estimate mechanical power capture for the site. Note here uni-
directional waves with 𝛾 = 3.3 are assumed in the absence of spreading 
and bandwidth information. The design parameters are modelled as 
torque–speed constraints for these simulations. A drive train design 
routine is proposed to estimate the cost of the drive train for different 
input design parameters. A simplified version of the LCoE is used 
as a performance function, evaluated in a post-processing manner to 
speed up the co-design procedure. A traditional iterative line search 
approach is applied to obtain optimum design as a benchmark. Line 
search results are consistent with the actual M4 PTO system tested in 
Albany, validating the co-design problem is practical. It is also found 
that using minimum LCoE or maximum power as objective functions 
yields different design solutions.

The genetic algorithm is applied to resolve this PTO co-design prob-
lem for the first time. It is found that the GA effectively converges to 
an optimum design point and the main advantage is in its requirement 
of less computational efforts, approximately 1/3 the time needed for 
line search. The GA will be more efficient for more complicated WEC 
co-design problems with a higher number of design parameters. The 
main challenge of using the GA algorithm to resolve the WEC co-design 
problem is in the design of the first generation, to cover as many 
‘genetic possibilities’ as possible.

LCoE reduction is essential for WECs. In this paper, it is demon-
strated this can be achieved at two levels. Firstly, optimum co-design 
of PTO parameters contributes to the LCoE reduction profoundly. It is 
also found that optimum design that gives maximum power does not 
necessarily give minimum LCoE. Secondly, the up-scaling of WEC ca-
pacity also enables LCoE reduction. An estimation of LCoE∗ at different 
capacities is given. This is done by up-scaling the mean electrical power 
with Froude scaling and accounting for directional waves with a power 
reduction multiplier. PTO cost is re-accessed at different scales using 
the proposed drive train design routine and including energy storage 
component. The estimation is LCoE∗ is reduced by a factor of 6 from 
10-kW capacity to 1-MW capacity of the M4 WEC.

A simple passive damping controller with a well-tuned damping 
ratio is assumed for the WEC system in this work. In due course, 
this should be extended to include more advanced energy-maximising 
controllers, which leads to more sophisticated control co-design prob-
lems. The optimum PTO parameters will be different when different 
control strategies are applied. This also requires more detailed control 
formulations including handling shut-down conditions in extreme sea 
states. Controller tuning parameters have to be incorporated as extra 
co-design parameters which will increase the dimension and complexity 
of the current co-design problem. The proposed co-design framework 
is applicable for these CCD problems thanks to the decoupling of WEC 
simulation and PTO loss and cost estimations. Besides, the advantages 
of using the GA-based approach will become more obvious due to its 
computational efficiency.
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Appendix A

Unit prices (including labour) and correction for slot number are 
presented below. These were calibrated to match the price of a few 
benchmark PMSGs found online. 

𝐶𝐶𝑢 = 70 £∕kg (A.1)

𝐶𝑃𝑀 = 172 £∕kg (A.2)

𝐶𝑐𝑜𝑟𝑒 = 6 £∕kg (A.3)

𝐶𝑠𝑡𝑟 = 8 £∕kg (A.4)

𝑓𝑠𝑙𝑜𝑡(𝑁𝑠) = 3(
𝑁𝑠
18

− 1) (A.5)

Appendix B

PMSM design parameters are presented below based on standard 
practice for air-cooled PM machines. Electric loading: 𝐴𝑟𝑚𝑠 = 40 kA∕m; 
current density: 𝐽𝑟𝑚𝑠 = 6A∕mm2; magnetic loading: 𝐵𝑔1 = 0.8 T; PM-to-
pole arc ratio: 𝛼𝑃𝑀 = 0.8. N33H PM grade operating at 120 ◦C. Yoke 
and tooth prescribed flux–density are 1.2 T and 1.8 T.
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