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A B S T R A C T

A novel cylindrical oscillating water column (OWC) wave energy converter (WEC) with double chambers is
proposed to harvest the wave energy effectively in deep water. An analytical model is developed to investigate
its hydrodynamic characteristics based on the linear potential flow theory and eigenfunction expansion tech-
nique. The computational domain is divided into six sub-domains. The unknowns are solved by matching the
continuous conditions of the fluid velocity and velocity potential between neighboring sub-domains. A pneu-
matic model is adopted to describe the relationship between the air pressure in the chamber and turbine
characteristics. Effects of the chamber volume and parameters of the turbine on the energy conversion efficiency
are investigated. It is found that the chamber volume affects the OWC hydrodynamics seriously in the case of
large turbine rotating speed. Three typical free-surface oscillation modes in the chamber are found, two of which
contribute much to the energy conversion. The comparison between results of the single- and dual-chamber
OWC-WECs shows that the effective frequency bandwidth of the dual-chamber OWC-WEC is broader than that of
the single-chamber OWC-WEC.

1. Introduction

The ocean waves contain tremendous energy potential. Up to now,
there have been a variety of wave energy converters (WECs) invented to
capture the energy from waves, some of which have already undergone
prototype experiments aiming at commercialization [1]. However, the
WEC techniques have not converged into one technical stream as that in
the wind energy field at the present stage of development. Among
various WECs [2–5], the oscillating water column (OWC) WEC has been
considered as one of the most promising options [6]. The OWC-WEC is
characterized by the air chamber with a subsurface opening at the
bottom and a bi-directional air turbine on the top. In the operation,
waves enter the chamber and cause the captured water column to move
up and down like a piston, forcing a bi-directional air flow through the
turbine to generate electricity.

After the first OWC-WEC was invented in Japan [7], different
shoreline bottom-fixed OWC-WEC concepts have been proposed and
tested in prototype, such as the Sakata (60KW) in Japan [8], the Pico
plant (400KW) in Portugal [9], the Islay plant (500KW) in UK [10], and
the shoreline OWC (100KW) in China [11]. Theoretical and experi-
mental studies of OWC-WECs have been carried out in the literature.
For example, the land-based OWC-WECs were analyzed by Evans and

Porter [12], Koo and Kim [13], Sentürk and Özdamar [14], Luo et al.
[15], Ning et al. [16,17], Sentürk et al. [18], Mora et al. [19] and so on.
However, shoreline fixed OWC-WECs are limited to the deployment in
finite water depth and therefore exposed to a lower level of energy flow
density.

Compared with the finite water depth, the deep water means a high
level of energy flow density which has attracted the attention of in-
ternational scholars. Zhu and Mitchell [20] presented an analytical
solution of ocean wave diffractions around a hollow cylindrical shell
structure. Gomes et al [21] investigated the optimization of a spar-type
floating OWC-WEC, and found that the diameter of the floater, the
submerged length and air chamber height influence the annual average
power significantly. Konispoliatis [22] derived an analytical solution
based on the linear potential-flow theory to study the hydrodynamics of
an array of OWC-WECs. Three-unit arrays are discussed which can be
used as multi-purpose floating structure suitable for offshore wind and
wave energy sources exploitation. Gomes et al. [23] developed a
double-heaving-body numerical model to investigate the dynamics and
power extraction of a Spar-buoy OWC. The numerical analysis shows
that the channel wall can improve the capture breadth for both regular
and irregular waves. Based on a fully nonlinear 3D CFD model, Elhanafi
et al. [24] used the RAN-VOF approach to study the effects of wave
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conditions, PTO damping and mooring line pre-tension on an offshore
floating OWC-WEC. It was found that the PTO damping and surge
motion of the OWC-WEC can improve the device efficiency over re-
spective frequency zone. Crespo et al. [25] conducted three numerical
experiments to simulate the hydrodynamics of a floating offshore OWC-
WEC with the mesh-free code DualSPHysics. Elhanafi et al. [26] con-
ducted a parametric study on the hydrodynamic performance of an
offshore stationary OWC-WEC, and found that both the submergence
ratio of asymmetric lips and the lip thickness have a significant impact
on boarding the effective frequency bandwidth. Besides, some floating
OWC-WECs have also been studied and tested in prototype such as
Mighty Whale (110KW) in Japan [27], Oceanlinx MK3(2.5MW) in
Australia [11] and so on. Most of the above-mentioned studies just
consider the single-chamber OWC-WECs. The single-chamber OWC-
WECs can work efficiently, but only within a narrow frequency band-
width.

Regarding random ocean waves in reality, broadening the effective
frequency bandwidth of an OWC-WEC is of great importance for its
adaption to variable ocean wave environment. Some studies indicate
that it can be a practical option to broaden the effective frequency
bandwidth of an OWC-WEC by properly introducing an additional
chamber. For example, Rezanejad et al. [28,29] theoretically and nu-
merically analyzed the hydrodynamic efficiency of a dual-chamber
OWC-WEC placed over a stepped bottom, and found that the effective
frequency bandwidth of the device was broadened significantly

compared with the single-chamber case. He et al. [30] performed ex-
periments for floating box-type breakwaters with dual pneumatic
chambers, and also indicated that dual chambers can broaden the ef-
fective frequency bandwidth. Wang et al. [31] numerically studied the
hydrodynamic efficiency of the land-based OWC-WEC and reported that
a proper set-up of sub-chambers can increase the general hydrodynamic
efficiency of the OWC-WEC. Ning et al. [32] further discussed the free
surface elevation and the air pressure in chambers of the dual-chamber
OWC-WEC. Nevertheless, the above-mentioned dual-chamber OWC-
WECs are all two-dimensional models.

The air compressibility plays an important role in large-scale OWC-
WEC simulations, both in numerical and experimental studies [33].
Based on the isentropic assumption, Sheng [34] developed an accepted
semi-empirical model to investigate the thermodynamics of the air flow
for OWC-WECs. Teixeira et al. [35] investigated the effect of the air
compressibility by varying the height of the air chamber. The results
show that the efficiency increases slightly as the chamber height de-
creases. Martin-Rivas and Mei [36] simulated a thin cylindrical OWC-
WEC installed at the tip of the breakwater. It is concluded that the air
compressibility can broaden the bandwidth of the extraction efficiency
with a specific chamber volume. Elhanafi et al. [37] analyzed effects of
the scaling and air compressibility on a three-dimensional offshore
OWC-WEC. The maximum efficiency reduces 12% with the optimum
PTO damping at full-scale air compressibility. The above investigations
of air compressibility are concentrated on the optimum PTO damping.

Nomenclature

Notation

A Wave amplitude
Amn Constant coefficient
b Breadth of the outer chamber
Bmn Constant coefficient
∼B Damping coefficient
c Sound velocity
Cmn Constant coefficient
Cg Group velocity
∼C Added mass coefficient
d Draught of the cylinder
d1 Draught of Shell-1
d2 Draught of Shell-2
d3 Immersion depth
dwall Shell thickness
D Turbine diameter
Dmn Constant coefficient
E Constant coefficient
Emn Constant coefficient
Fmn Constant coefficient
g Gravitational acceleration
h Water depth
Hm

(1) Hankel function of the first kind
Im Modified Bessel function of the first kind
Jm Bessel function of the first kind
K Empirical coefficient for turbine
Km Modified Bessel function of the second kind
Kmn Constant coefficient
k Incident wave number
m Order in circumference direction
M Truncation number
N Speed of turbine rotation in r. p. m.
P Air pressure
P0 Amplitude of the pressure
μ Time-averaged value of the power captured

q0 Amplitude volume flux
qD Amplitude volume flux for diffraction problem
qR Amplitude volume flux for radiation problem
r Radial coordinate
Re Real part of a complex variable
R1 Radius of solid cylinder
R2 Inside radius of Shell-1
R3 Outside radius of Shell-1 and radius of pedestal
R4 Inside radius of Shell-2
R5 Outside radius of Shell-2
SB Mean wet body surface
SD Seabed
SF External free surface
Si Internal free surface
Sin Cross-section area of the inner surface
Sout Cross-section area of the outer surface
t Time
T Height of pedestal
Umn Constant coefficient
V0 Mean chamber volume
Vmn Constant coefficient
Wmn Constant coefficient
z Vertical coordinate
ω Angular frequency
ρa Air density
χ Turbine parameter
β Air compressible coefficient
ρ Water density
φ Velocity potential
θ Azimuthal coordinate
Ω Mean fluid domain
σD A switch for diffraction problem
σR A switch for the radiation problem
δkh Frequency bandwidth for ξ =0.3
εm Neumann symbol
ζ Dimensionless air chamber volume
ξ Power extraction efficiency

D. Ning et al. Applied Ocean Research 78 (2018) 180–191

181



In reality, the turbine damping or rotating speed varies in different
wave conditions. However, studies of the relationship between chamber
volume and PTO damping are still limited.

To overcome the above disadvantages, a three-dimensional dual-
chamber OWC-WEC is put forward based on the previous design [38]
(shown in Fig. 1(a)). The improvement is achieved by additionally in-
troducing a concentric cylindrical shell, as shown in Fig. 1(b). Based on
the linear potential theory, an analytical model is developed to analyze
the hydrodynamic properties of the dual-chamber device. The analy-
tical method has been popularly used for the preliminary research of
the OWC-WECs, such as Martins-Rivas and Mei [39], Sarmento and
Falcão [40], Konispoliatis and Mavrakos [41], and Zhu and Mitchell
[42]. The primary goal of the present study is to investigate the free-
surface elevation and energy conversion efficiency, including hydro-
dynamic effects of the air compressibility and turbine rotating speed for
the proposed device.

The paper is organized as follows. Sections 2 describes the power
take-off model and analytical solutions of the hydrodynamic problem.
In Section 3, the convergence and accuracy of the model are verified.
Then, effects of structural and environmental parameters, air com-
pressibility and rotational turbine speed on the hydrodynamic effi-
ciency of the OWC-WEC are studied systematically. Comparisons with
the single-chamber OWC-WEC are also given. Conclusions are drawn in
Section 4.

2. Mathematical model

As shown in Fig. 2, the submerged part of the proposed OWC-WEC
can be considered as the combination of a solid cylinder with two
concentric cylindrical shells. A floating pedestal is also introduced at
the bottom of the structure to provide buoyancy, so that the proposed
OWC-WEC can work in the deep water. The inner and out shells are
named as Shell-1 and Shell-2 hereafter for short, respectively. Two
chambers are formed between the solid cylinder and Shell-1, and be-
tween Shell-1 and Shell-2. The following symbols are used to represent
the geometric parameters of the structure, i.e., T – height of pedestal, d
– draught of the cylinder, d1 – draught of Shell-1, d2 – draught of Shell-
2, d3-immersion depth, R1 – radius of solid cylinder, R3 – radius of Shell-
1, R5 – radius of Shell-2, and R3 – radius of pedestal. The radii of Shell-1
and pedestal are designed to be identical for convenience. The water
depth is constant h.

2.1. Power take-off model

In this study, the structure is rigid and fixed in the water. The fluid is
assumed to be inviscid, incompressible and flow-irrotational. A
Cartesian coordinate system O-xyz is defined, with the origin O at the
intersection of the cylinder axis and undisturbed free surface, z-axis
pointing vertically upwards, and x-axis in the direction of incident

waves.
The air in the chamber is considered to be compressible and motion-

isentropic (adiabatic process). Since the flow velocity of the air in the
chamber is much slower than the speed of sound in air, the air pressure
in the chamber can be considered uniform. The present study focuses on
the steady state, so that all time-dependent variables in the problem are
assumed to be harmonic. The air pressure P in the chamber has the
following form

= −P P eRe[ ]iωt
0 (1)

where ω is the wave angular frequency, t is the time, Re is the real part
of a complex variable, P0 is the complex amplitude of the pressure, and

= −i 1 . Referring to Sarmento and Falcao [40], the pressure differ-
ence across the turbine is proportional to the mass flux rate of the air,
and the relationship between the air mass flux and the turbine char-
acteristics can be expressed as

⎜ ⎟= ⎛
⎝

− ⎞
⎠

q KD
Nρ

iωV
c ρ

P
a a

0
0

2 0
(2)

where q0 is the amplitude volume flux, V0 is the mean chamber volume,
ρa is the air density, D is the diameter of the turbine rotor, N is the rate
of turbine rotation in r. p. m., c is the speed of the sound in air, and K is
an empirical coefficient depending on the design of turbines [36].

Based on the linear theory, the volume flux in the chamber is the
sum of volume fluxes due to the wave radiation and diffraction. The

Fig. 1. Concept of the (a) single-chamber and (b) dual-chamber OWC-WEC.

Fig. 2. Schematic of the dual-chamber OWC wave energy converter.
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wave radiation occurs in the situation when the wave motion is purely
caused by the air pressure oscillation in the chamber. The wave dif-
fraction is due to the scattering of incident waves when the air pressures
inside and outside the chamber are identical. Thus, the complex am-
plitude of the volume flux has two components

= +q q P qD R0 0 (3)

where qD and qR are associated with the diffraction and radiation
problems, respectively. For a radiation problem, an added mass coef-
ficient ∼C and a damping coefficient ∼B can be obtained [43]. Complex
amplitude of the volume flux qR can be expressed as

= − +∼ ∼q B iCR (4)

By substituting Eqs. (3) and (4) into Eq. (2), the air pressure in the
chamber can be expressed as follows

=
⎡
⎣

+ − + ⎤
⎦

∼ ∼( )( )
P

q

B i C

D

KD
Nρ

ωV
c ρ

0

a a

0
2 (5)

where qD is solved from the wave diffraction problem, ∼B and ∼C can be
obtained by solving the radiation problem with a unit forced pressure.

The time-averaged value of the power captured by the turbine, ζ is

=ζ KD
Nρ

P
2

| |
a

a
2

(6)

The power extraction efficiency ξ can be calculated as [18]

= =
+ + +

ξ
kζ

ρgAC
gkR
ωC

χ Q
χ B β C2

| |
( ) ( )g g

D5
2

2 2 (7)

where =Q ωq AR g( )D D 5 , = ∼ ∼B C ωρB ωρC R( , ) ( , ) 5, =χ ρωKD Nρ R( )a 5 ,
and =β V ω ρ c R ρ( )a a0

2 2
5 are non-dimensional parameters. Here, χ

characterizes the turbine, β represents the air compressibility, Cg is the
group velocity of the incident wave, ρ denotes the water density, g is the
gravitational acceleration and k is the incident wave number.

2.2. Solution of boundary value problems

Both the diffraction and radiation problems can be solved according
to the potential-flow theory. The velocity potential φ whose gradient is
the fluid velocity is used to describe the flow. For the steady state
considered in this study, all time-dependent variables in the problem
are assumed to be harmonic. The velocity potential is expressed as

= −φ r θ z t ϕ r θ z e( , , , ) Re[ ( , , ) ]iωt (8)

where r, θ and z are radial, azimuthal and vertical coordinates in a
cylindrical coordinate system, respectively, and ϕ is the spatial velocity
potential. The linearized boundary value problem of ϕ is defined as
follows:

∇ = ∂
∂

⎛
⎝

∂
∂

⎞
⎠

+
∂
∂

+
∂
∂

=ϕ r θ z
r r

r
ϕ
r r

ϕ
θ

ϕ
z

in Ω( , , ) 1 1 0,2
2

2

2

2

2 (9)

∂
∂

=
ϕ
n

S S0, on andB D (10)

∂
∂

− = ⎧
⎨⎩

ϕ
z

ω
g

ϕ
iωσ P ρg S

S
, on

0, on
R i

F

2 0

(11)

where Ω is the mean fluid domain, SB is the mean wet body surface, SF
is the external free surface, Si is the internal free surface, SD is the
seabed, and ∂ ∂n denotes the normal derivative of a variable on the
body surface. For the completeness, a radiation condition is also re-
quired on the open boundary of the fluid domain. It should be high-
lighted that σR is used as a switch between the radiation and diffraction
problems. For the radiation problem, =σ 1R is set and the pressure in
the chamber is P0= 1. For the diffraction problem, =σ 0R is set.

In order to obtain an analytical solution of the above boundary

value problem, the fluid domain is divided into six subdomains as de-
picted in Fig. 3. It should be noted that Shell-1 and Shell-2 are given a
thickness here for an extension of the model. Internal surfaces of Shell-1
and Shell-2 have radiuses of R2 and R4, respectively. To be specific,
subdomain Ω1 is defined by ≥r R5 and − ≤ ≤h z 0, Ω2 is by ≤r R3 and
− ≤ ≤ −h z d3, Ω3 is by ≤ ≤R r R1 2 and − ≤ ≤d z 0, Ω4 is by

≤ ≤R r R2 3 and − ≤ ≤d z d1, Ω5 is by ≤ ≤R r R4 5 and − ≤ ≤h z d2,
and Ω6 is by ≤ ≤R r R3 4 and − ≤ ≤h z 0. The superscript (i) is used to
denote a variable in subdomain Ωi. According to the method of se-
paration of variables, the expression of ϕ i( ) can be constructed as fol-
lows:

∑

∑ ∑

=

+ ⎡

⎣
⎢

⎤

⎦
⎥

=

∞

=

∞

=

∞

ϕ r θ z σ E ε i mθ J k r Z z

E ε i mθ A P k r Z z

( , , ) cos ( ) ( ) ( )

cos ( ) ( ) ( )

D
m

m
m

m

m
m

m

n
mn mn n n

(1)

0
0
(1)

0
(1)

0 0

(1) (1) (1)

(12)

∑ ∑=
=

∞

=

∞

ϕ r θ z mθ B P k r Z z( , , ) cos ( ) [ ( )] ( )
m n

mn mn n n
(2)

0 0

(2) (2) (2)

(13)

∑ ∑= +

−

=

∞

=

∞

ϕ r θ z mθ C P k r D Q k r Z z

iσ P
ρω

( , , ) cos ( ) [ ( ) ( )] ( )
m n

mn mn n mn mn n n

R

(3)

0 0

(3) (3) (3) (3) (3)

0

(14)

∑ ∑= +
=

∞

=

∞

ϕ r θ z mθ E P k r F Q k r Z z( , , ) cos ( ) [ ( ) ( )] ( )
m n

mn mn n mn mn n n
(4)

0 0

(4) (4) (4) (4) (4)

(15)

∑ ∑= +
=

∞

=

∞

ϕ r θ z mθ U P k r V Q k r Z z( , , ) cos ( ) [ ( ) ( )] ( )
m n

mn mn n mn mn n n
(5)

0 0

(5) (5) (5) (5) (5)

(16)

∑ ∑=

+ −

=

∞

=

∞

ϕ r θ z mθ K P k r

W Q k r Z z iσ P
ρω

( , , ) cos ( ) [ ( )

( )] ( )

m n
mn mn n

mn mn n n
R

(6)

0 0

(6) (6)

(6) (6) (6) 0

(17)

where Amn, Bmn, Cmn, Dmn, Emn, Fmn, Umn, Vmn, Kmn, and Wmn are the
constant coefficients, = −E igA ω khcosh is a constant with A as wave
amplitude, = = ≥ε m m{1, for 0; 2, for 1}m is the Neumann symbol, and

= −σ σ1D R is a switch to the diffraction problem. kn
(1) , kn

(2) , kn
(3) , kn

(4) ,
kn

(5) and kn
(6) are the positive real roots of the following equations

Fig. 3. Six subdomains of the OWC-WEC analytical model.
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= ⎧
⎨⎩

=
− ≥

ω g
k k h n

k k h n
tanh , for 0

tan , for 1n n

2 0
(1)

0
(1)

(1) (1)
(18)

= −k nπ h d( )n
(2)

3 (19)

= ⎧
⎨⎩

=
− ≥

ω g
k k d n

k k d n
tanh , for 0

tan , for 1n n

2 0
(3)

0
(3)

(3) (3)
(20)

= −k nπ d d( )n
(4)

1 (21)

= −k nπ h d( )n
(5)

2 (22)

= ⎧
⎨⎩

=
− ≥

ω g
k k h n

k k h n
tanh , for 0

tan , for 1n n

2 0
(6)

0
(6)

(6) (6)
(23)

Expressions of P k r( )mn n and Q k r( )mn n are given as

= = ≥P r H k r n K k r n( ) { ( ), 0; ( ), 1}mn m m n
(1) (1)

0
(1) (1) (24)

= = ≥P r r n I k r n( ) { , 0; ( ), 1}mn
m

m n
(2) (2) (25)

= = ≥P J k r n I k r n{ ( ), 0; ( ), 1}mn m m n
(3)

0
(3) (3) (26)

= = ≥P r n I k r n{ , 0; ( ), 1}mn
m

m n
(4) (4) (27)

= = ≥P r n I k r n{ , 0; ( ), 1}mn
m

m n
(5) (5) (28)

= = ≥P J k r n I k r n{ ( ), 0; ( ), 1}mn m m n
(6)

0
(6) (6) (29)

= = ≥Q H k r n K k r n{ ( ), 0; ( ), 1}mn m m n
(3) (1)

0
(3) (3) (30)

= = = ≠ = ≥−Q r m n r m n K k r n{ln ( ), 0, 0; , 0, 0; ( ), 1}mn
m

m n
(4) (4)

(31)

= = = ≠ = ≥−Q r m n r m n K k r n{ln ( ), 0, 0; , 0, 0; ( ), 1}mn
m

m n
(5) (5)

(32)

= = ≥Q H k r n K k r n{ ( ), 0; ( ), 1}mn m m n
(6) (1)

0
(6) (6) (33)

Here, Jm is the Bessel function of the first kind, Hm
(1) is the Hankel

function of the first kind, Im is the modified Bessel function of the first
kind, and Km is the modified Bessel function of the second kind, all of
order m. According to the boundary conditions, the following vertical
eigenfunctions can be obtained in each domain

= ⎧
⎨⎩

+ =
+ ≥

Z z
k z h n

k z h n
( )

cosh ( ), for 0
cos ( ), for 1

n
n

(1) 0
(1)

(1)
((34))

Fig. 4. Convergent study with respect to M, for (a) B, (b) C, (c) QD.

Fig. 5. Comparisons of QD between present model and BEM model.
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= ⎧
⎨⎩

=
+ ≥

Z z
n

k z h n
( )

2 2, for 0
cos ( ), for 1n

n

(2)
(2)

(35)

= ⎧
⎨⎩

+ =
+ ≥

Z z
k z d n

k z d n
( )

cosh ( ), for 0
cos ( ), for 1

n
n

(3) 0
(3)

(3)
(36)

= ⎧
⎨⎩

=
+ ≥

Z z
n

k z d n
( )

2 2, for 0
cos ( ), for 1n

n

(4)
(4)

(37)

= ⎧
⎨⎩

=
+ ≥

Z z
n

k z h n
( )

2 2, for 0
cos ( ), for 1n

n

(5)
(5)

(38)

= ⎧
⎨⎩

+ =
+ ≥

Z z
k z h n

k z h n
( )

cosh ( ), for 0
cos ( ), for 1

n
n

(6) 0
(6)

(6)
(39)

The following matching conditions are applied on the interfaces of
adjacent subdomains, to guarantee the continuity of the velocity po-
tential and velocity in the fluid domain:

= = − ≤ ≤ −ϕ ϕ r R h z d, for and(1) (5)
5 2 (40)

= = − ≤ ≤ −ϕ ϕ r R h z d, for and(5) (6)
4 2 (41)

= = − ≤ ≤ −ϕ ϕ r R d z d, for and(6) (4)
3 1 (42)

= = − ≤ ≤ −ϕ ϕ r R h z d, for and(6) (2)
3 3 (43)

= = − ≤ ≤ −ϕ ϕ r R d z d, for and(3) (4)
2 1 (44)

∂ ∂ = ⎧
⎨⎩

= − ≤ ≤
∂ ∂ = − ≤ ≤ −

ϕ r
r R d z

ϕ r r R h z d
0, for and 0

, for and
(1) 5 2

(5)
5 2 (45)

∂ ∂ = ⎧
⎨⎩

= − ≤ ≤
∂ ∂ = − ≤ ≤ −

ϕ r
r R d z

ϕ r r R h z d
0, for and 0

, for and
(6) 4 2

(5)
4 2 (46)

∂ ∂ = ⎧
⎨⎩

∂ ∂ = − ≤ ≤ −
∂ ∂ = − ≤ ≤ −

ϕ r
ϕ r r R d z d
ϕ r r R h z d

, for and
, for and

(6)
(4)

3 1
(2)

3 3 (47)

∂ ∂ = ⎧
⎨⎩

= − ≤ ≤
∂ ∂ = − ≤ ≤ −

ϕ r
r R d z

ϕ r r R d z d
0, for and 0

, for and
(3) 2 1

(4)
2 1 (48)

∂ ∂ = = − ≤ ≤ϕ r r R d z0, for and 0(3)
1 (49)

By substituting the general solutions of ϕ into the above conditions and
taking advantage of the orthogonal relationship of vertical eigenfunc-
tions, the following linear system of equations can be obtained
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Fig. 6. Schematic of the single-chamber OWC-WEC.

Fig. 7. Distribution of efficiency ξ with kh between single- and dual-chamber
OWC-WECs.
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with coefficients expressed as
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By letting m=0∼M, l = 0∼M and n=0∼M in the eigen-function
expansions, (M+1) systems of equations can be obtained. Each system
of equations has 10× (M+1) equations. For a certain m, the linear
equations can be assembled as

=G m X T[ ( )] (61)

with
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Once the coefficients Amn, Bmn, Cmn, Dmn, Emn, Fmn, Umn, Vmn, Kmn,
and Wmn are known, the velocity potential in each domain can be ob-
tained based on Eqs. (50)–(59). LU factorization method is used to solve
the linear equations. The complex amplitude of volume flux can be
calculated by the free-surface integration
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for wave diffraction problem, and
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for wave radiation problem. Sin and Sout are the cross-section area of the
free surface in the inner and outer chamber, respectively.

3. Results and discussion

3.1. Convergent and accurate tests

The convergence of the results with respect to the truncation
number M in Eqs. (50)–(59) is firstly tested. In the first case, the
parameters are set as R1/h=0.125, R2/h=0.25, R3/h=0.375, R4/
h=0.5, R5/h=0.625, d1/h=0.125, d2/h=0.25, d3/h=0.5, d/

Fig. 8. Free-surface in chambers at (a) C1, (b) C2, and (c) C3 of dual-chamber OWC-WEC (For interpretation of the references to color in text, the reader is referred to
the web version of this article).
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h=0.375 and kh=4.0. Fig. 4 shows the obtained non-dimensional
value of the added mass coefficient B, damping coefficient C, and vo-
lume flux QD with different M. It can be seen that the analytical con-
vergence can be obtained as M≥20. Similar convergence can also be
realized for other cases with the same value of M.

Then, the accuracy of the present solutions is examined. A higher-
order boundary element method (BEM) [44] is applied to solve the
diffraction problem with the same parameters as the above. Fig. 5
shows comparisons of the non-dimensional variable QD by the present
model and the results of the BEM with different incident wave number.
From these comparisons, the analytical results given by the two
methods have a good agreement, and it can be taken as the validation of
the present method.

Fig. 9. Time series of free-surface elevation at test positions in the chamber, at the condition of dual-chamber OWC-WEC for (a) C1 (b) C2 (c) C3.

Fig. 10. Distribution of the air pressure and volume flux in the chamber with
kh.

Fig. 11. Distribution of hydrodynamic efficiency for different draught of Shell-2
d2 on the efficiency ξ.

Fig. 12. Distribution of hydrodynamic efficiency for different breadth of the
outer chamber b on the efficiency ξ.
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3.2. Hydrodynamic performance of dual-chamber OWC-WEC

Effect of dual chambers on the power extraction efficiency ξ is firstly
studied, through a comparison with the single-chamber model shown in
Fig. 6. Geometric parameters of the single-chamber OWC-WEC are set
as follows, d1/h= 0.2, T/h= 0.1, d/h= 0.5, (R2− R1)/h= 0.2 and

=V πdR0 5
2. A Shell-2 with the radius R5/h=0.35 and draught d2/

h=0.1 is installed external to the single-chamber OWC-WEC, forming
the dual-chamber model. The shell thickness has the value dwall/
h=0.01. The remaining parameters are set as K=0.5, N=200 r.p.m,
h=10m, A/h=0.1 and =ρ ρ 1023a , where the density of water is

=ρ kg m1023 3, and the density of air is =ρ kg m1a
3. Fig. 7 shows the

comparison of the efficiency spectra between the single- and dual-
chamber OWC-WECs with dimensionless wave number kh. A dashed
line at ξ=0.3 is marked in the figure to depict the effective frequency
bandwidth (i.e., the part for ξ≥ 0.3). It can be seen that the effective
frequency bandwidth of the dual-chamber case is about three times as
large as that of the single-chamber case. Besides, the maximum

efficiency of the dual-chamber OWC-WEC is about 8% greater than that
of the single-chamber model. Thus, the dual-chamber OWC-WEC is
superior to the corresponding single-chamber model in both the effec-
tive frequency bandwidth and the maximum hydrodynamic efficiency.

Then, the efficiency spectrum of the dual-chamber OWC-WEC in
Fig. 7 is analyzed in detail. It can be seen that there exist two peak
efficiencies of the dual-chamber OWC-WEC, unlike the single-peak ef-
ficiency of the single-chamber case. In the figure, we used C1 at
kh=2.89 and C2 at kh=5.23 to denote the peak points and C3 at
kh=3.73 for the trough point. It is noted that the efficiency is null at
C3. Around C3, a narrow frequency bandwidth with ξ≤ 0.3 occurs, as a
‘blind spot’ for the energy capture of the dual-chamber OWC-WEC de-
vice. However, the frequency bandwidth around C3 can be minimized
through a modification of geometric parameters, which can be found in
later results. Fig. 8 depicts the distribution of the surface oscillating
amplitude in the chambers corresponding to C1, C2 and C3 conditions,
respectively. An inner annulus free surface between the cylinder and
Shell-1, and an outer annulus free surface between Shell-1 and Shell-2
are formed. Fig. 8(a) shows that the wave amplitude of the free surface
is the same in the inner chamber, in which the wave amplitude is larger
than those in the outer chamber. That means the inner chamber can
make more contribution to the compressed air. In Fig. 8(b), the dis-
tribution of the inner free surface amplitude at C2 is nearly symmetrical
about the cylinder, but the outer free surface oscillates more greatly. It
is due to the wave reflection from Shell-1 that leads to larger wave
amplitude in the red area of the outer chamber. Fig. 8(c) depicts the
free surface profile of the two chambers at the C3 condition which will
be further analyzed in the following section.

To make further analysis of the free surface movement, four points
A(2,0,0), B(−2,0,0), C(4,0,0) and D(−4,0,0) are chosen on the
chamber free surface. Time series of the free surface elevation at these
points are shown in Fig. 9. Fig. 9(a) considers the dual-chamber OWC-
WEC at C1. It can be seen that wave elevations at A and B in the inner
chamber are almost in phase and with the similar amplitude, as a fea-
ture of the piston-type oscillation. However, the wave elevation his-
tories at C and D are anti-phase, suggesting a sloshing mode that con-
tributes little volume flux. Thus, it is the inner chamber that makes the
major contribution to the hydrodynamic efficiency at the C1 condition.
Fig. 9(b) shows the results at C2. It is found that the free-surface mo-
tions at A and B are nearly anti-phase with similar amplitudes, sug-
gesting a sloshing-type free-surface motion. The free-surface histories at
C and D are out of phase but not anti-phase. The free surface motion in
the outer chamber includes the contribution of wave reflection from
Shell-1, which leads to greater motion amplitude at D than that at C.
Thus, the wave oscillation in the outer chamber makes the major con-
tribution to the hydrodynamic efficiency of the dual-chamber OWC-
WEC at the C2 condition. Fig. 9(c) shows the free surface elevation
histories at four points in the chambers at the C3 condition. The wave
elevation histories at A, B and C are in phase, but the amplitude at point
D is larger than A, B and C with the reflection effect of Shell-1 and anti-
phase with the other three points.

Fig. 13. Distribution of hydrodynamic efficiency for different shell thickness
dwall on the efficiency ξ.

Fig. 14. Distribution of hydrodynamic efficiency for different turbine rotational
speed N on the efficiency ξ.

Fig. 15. Distribution of (a) the peak frequency kh and (b) the
frequency bandwidth δkh with different turbine speed N.
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The distributions of the air pressure and the volume flux in the
chamber are given in Fig. 10. It is clear that the amplitudes of the air
pressure and the volume flux at C3 are both minimal. This leads to the
uncompressed air and minimal net change of air volume in chambers.
According to Eq. (6), a lower air pressure in the dual-chamber OWC-
WEC corresponds to a lower wave energy transfer capability. This ex-
plains why the energy conversion efficiency at C3 in Fig. 7 is minimal.

3.3. Effect of geometrical parameters

In this subsection, effects of the geometrical parameters of the dual-
chamber OWC-WEC on the hydrodynamic efficiency are studied, which
is important for the structure design. To be specific, the draught of
Shell-2 d2, breadth of the outer chamber b=R4− R3, the column ra-
dius R1, and pedestal height T are taken into account.

Firstly, the draught of Shell-2, d2, is considered. Fig. 11 shows the
efficiency distribution of the device, where the value of d2 varies but the
remaining parameters are set as T/h= 0.1, R1/h=0.1, R2/h=0.3, d/
h= 0.5, b/h= 0.15, =V πdR0 5

2, dwall/h=0.01, d1/h=0.2, K=0.5,
N=200 r.p.m, h=10m and A/h=0.1. Four draughts of Shell-2 are
considered, i.e. d2/h=0.1, d2/h=0.2, d2/h=0.3, and d2/h=0.4. It is
found that, as d2 increases, both the maximal efficiency and the effec-
tive frequency bandwidth reduce. Meanwhile, the peak around C2 be-
comes much slimmer than that around C1. From the above analysis, it is
known that the wave motions in the inner and outer chambers con-
tribute to the peaks at C1 and C2, respectively. Thus, the contribution of
waves in the outer chamber reduces evidently with the draught of Shell-
2. This is clear for curves of d2/h=0.3 and 0.4, when the draught of
Shell-2 is greater than that of Shell-1. The efficiency distribution of the
single-chamber OWC-WEC is also given in the figure. It can be seen that
the peak efficiency at C1 is smaller than the single-chamber OWC-WEC
for the draughts of Shell-2 with d2/h=0.3 and 0.4. Hence, the draught
of Shell-2 should be smaller than Shell-1 in engineering practice.

Further, effects of the outer chamber breadth on efficiency are
considered, with geometrical parameters set as T/h=0.1, R1/h=0.1,

R2/h=0.3, d/h=0.5, d1/h=0.2, d2/h=0.1, dwall/h=0.01, K=0.5,
N=200 r.p.m, A/h=0.1 and h=10m. Fig. 12 shows the comparison
of four different breadths of the outer chamber, i.e. b/h= 0.10, b/
h= 0.15, b/h= 0.20, and b/h= 0.25. The breadth of the inner
chamber is b2/h= 0.20. It can be seen that the peak frequency of C2
decreases with the breadth of the outer chamber increasing. However,
changes in the peak frequency and the frequency bandwidth near C1
are fairly minor compared with that near C2. For a wider outer chamber
breadth, longer waves reflected by Shell-1 can be captured by Shell-2
for wave energy conversion. Then, compared with the single-chamber
OWC, the frequency bandwidth of ‘blind point’ region decreases with
the increase of the outer chamber breadth. Hence, this suggests that a
reasonably wider chamber breadth leads to a greater capability for
capturing wave energy.

Fig. 13 shows the efficiency distribution of the device with different
shell thickness. Four thickness dwall /h=0.01, 0.02, 0.04 and 0.06 are
tested, while the remaining parameters are T/h=0.1, R1/h=0.1, R2/
h=0.3, d/h=0.5, d1/h=0.2, d2/h=0.1, b/h=0.15, K=0.5,
N=200 r.p.m, A/h=0.1 and h=10m. Compared with the above-
mentioned two parameters, effects of the shell thickness on the max-
imal efficiency, effective frequency bandwidth and the peak frequency
of the inner air chambers are not sensitive in low frequency domain.
However, the effective frequency bandwidth decreases slightly as the
increase of the shell chamber in the outer air chamber. Hence, a thinner
shell thickness is better for wave energy conversion. From a practical
consideration, the shell thickness can be designed by balancing the
efficiency and extreme environmental loads.

3.4. Effects of turbine rotate speed and chamber volume

Effects of turbine rotate speed and air compressibility are important
factors that determine the gross conversion efficiency from wave mo-
tions to electricity. Fig. 14 shows the efficiency distribution of the dual-
chamber OWC-WEC, with different turbine rotate speed N=25 (r. m.
p), N=50 (r. m. p), N=100 (r. m. p), N=200 (r. m. p) and N=400

Fig. 16. Effect of chamber volume and turbine blade speed on the efficiency ξ with different kh (a) N=200 (r. m. p) (b) N=100 (r. m. p) (c) N=25 (r. m. p) (d)
N=16 (r. m. p).
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(r. m. p). The remaining geometrical parameters are kept as R1/h=0.1,
R2/h=0.3, d/h=0.3, d1/h=0.2, d2/h=0.1, b/h=0.15, dwall/
h=0.01, A/h=0.1 and h=10m. It should be noted that the air
parameter is set as =β 0 for convenience, which stands for a neglection
of the air compressibility. It is found that the peak efficiency of C1 and
C2 varies with the turbine rotating speed. Form Fig. 14, there is a most
fitting speed N which can make a hundred percent energy conversion
for both C1 and C2. However, considering the effect of the liquid
viscosity in practical engineering, the energy conversion cannot be one
hundred percent. Then, Fig. 15 plots the variation of the peak frequency
kh and the frequency bandwidth δkh (i.e., the part for ξ=0.3) near
both C1 and C2 conditions with different turbine speed N. In Fig. 15(a),
as the increase of the turbine rotating speed, the peak frequencies at
both C1 and C2 decrease slightly. This characteristic is caused by the
long wave carrying more energy which can be used to push higher
turbine speed. Form Fig. 15(b), it is clear that the frequency bandwidth
of C2 is larger than C1. It also shows that the frequency bandwidth
increases largely as the turbine rotating speed near C1 and C2 condi-
tions. Based on the present potential-flow model, it is possible to get the
optimal efficiency of power extraction and frequency bandwidth with
one specific turbine parameter for one existing dual-chamber OWC-
WEC.

For a specific floating OWC-WEC with fixed geometrical parameters,
the rotational speed of turbine blades is the main parameter which
affects the conversion efficiency. Then, effects of air chamber volume
and turbine blade speed are studied with the same geometrical para-
meters as the above in this section. A dimensionless air chamber volume
μ=V0/V with =V πdR0 5

2 is set. The condition of μ=0 lead to =β 0
which stands for neglecting the effect of the air compressibility. In
Fig. 16, the effects of the air chamber volume n on the conversion ef-
ficiency is considered under four different rotational speeds of turbine
blades, i.e. N=200 (r. m. p), N=100 (r. m. p), N=25 (r. m. p) and
N=16 (r. m. p). It should be noticed that the parameter μ should be
considered with a small value in practical engineering. For the pre-
liminary theoretical research, the parameter μ can be selected in larger
number. From the four figures, it can be seen that chamber volume
apparently influences the energy conversion at the condition with
higher turbine blade speed. In Fig. 16(d), the effects of the chamber
volume can be neglected for lower turbine rotational speed. As the
geometrical parameters of the OWC device and turbine are chosen, to
some extent, the turbine rotation speed can be regarded as the turbine
damping. Under lower turbine damping conditions, the air flow is not
compressed evidently, no matter how big the air chamber is. Then it is
reasonable to ignore the air compressibility for the lower turbine
damping [37]. In Fig. 16(a), the peak frequency is affected slightly by a
different value of μ. The frequency bandwidth gets smaller as the in-
crease of the chamber volume for both chambers. And from the varia-
tion trend of the efficiency, it can be concluded that there is one optimal
chamber volume V0, which can make the best efficiency of energy
power extraction.

4. Conclusions

In this study, a dual-chamber floating concentric cylindrical OWC
wave energy converter is proposed for offshore sites. Two chambers are
connected at the top of the device, with a self-adapting turbine to
generate electricity. A floating pedestal is designed at the bottom of the
cylindrical structure to provide buoyancy for the device. Based on the
linear potential-flow theory, analytical solutions are derived to in-
vestigate hydrodynamic properties of the proposed wave energy con-
verter. The main conclusions can be drawn as follows:

(1) Three typical free-surface oscillation modes in the chambers are
found and analyzed. The inner and outer chambers mainly con-
tribute to the efficiency of wave energy conversion for different
frequency domains. A bimodal curve which can broaden the

frequency breadth effectively is discovered.
(2) The effects of the geometrical parameters of the dual-chamber

OWC-WEC on the hydrodynamic efficiency are studied. It is
founded that a reasonably wider chamber breadth can leads to a
greater capability for capturing wave energy. As an advice for en-
gineering practice, the draught of the outer chamber must be
smaller than the inner.

(3) The chamber volume and the parameter of the turbine are studied.
It is found that both the volume of the chamber and the rotating
speed of turbine can be chosen for the optimal energy conversion.
Effects of the chamber volume can be ignored for low damping
turbines.
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