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ABSTRACT

Large-Eddy Simulations are reported, dealing with an axial-flow hydrokinetic turbine operating in the wake of an upstream one.
Computations were conducted on a cylindrical grid consisting of 3.8 � 109 points, using an Immersed-Boundary methodology. The perfor-
mance of the downstream turbine was negatively affected by the wake of the upstream one and substantially dependent on its distance.
Results demonstrated a faster wake development, compared to the case of the same turbine operating in isolated conditions within a uniform
flow, due to the faster instability of the tip vortices, induced by the perturbation of the inflow conditions by the wake of the upstream turbine.
In contrast with the turbine performance, the process of wake recovery was found rather insensitive to the distance from the upstream tur-
bine. In comparison with the case of the isolated turbine, the role of radial turbulent transport just downstream of the instability of the tip
vortices was found especially important in accelerating the process of wake recovery at the outer radii, providing a significant contribution
together with radial advection. Further downstream, the contribution by turbulent transport was verified reinforced also within the wake
core, where instead momentum replenishment by radial advection was rather limited.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0117882

I. INTRODUCTION

Over the last few decades, the growing energy demand has been
coupled with the increasing need of sustainable development, pushing
toward renewable energy resources and improvements on the technol-
ogy for their efficient exploitation (for a review of the state-of-the-art,
see Hussain et al.1). In this framework, the kinetic energy of rivers,
tides, and ocean currents has the potential of providing a significant
contribution.2 Research and technology in this field are less developed
if compared, for instance, to those for wind energy. However, they
actually share important similarities. Several devices utilized for the
harvesting of hydrokinetic energy, as axial-flow and cross-flow tur-
bines, were, indeed, developed from the existing technologies utilized
by the wind energy industry. The potential of hydrokinetic energy is
significant and will be certainly useful to complement more traditional
energy resources for a cleaner and more sustainable development of
the world economy.3–5

Hydrokinetic energy is a good candidate for increasing the share
of power production from renewable energy resources, but more work
needs to be done for its exploitation at large scale.6 In particular, as in
the field of wind energy, a major issue is represented by the mutual
interaction of turbines deployed at the same site.7,8 In general, this

interaction is detrimental to the performance of downstream rows of
turbines, decreasing the overall efficiency of the array. In addition, the
coherent structures shed by upstream turbines produce unsteady loads
on the downstream ones. It becomes necessary to properly design the
relative position of the turbines composing the farm, in order to
achieve larger levels of power production and lower fatigue loads, but
avoiding too large distances between devices within the array (see, for
instance, the experimental studies by Nuernberg and Tao,9 Gaurier
et al.,10 and Okulov et al.11,12). Larger distances are, indeed, beneficial
to the efficiency of each turbine, but increase the overall size of the
array, resulting in larger costs of investment and in a more significant
environmental impact of the installation.

The development of low-order models for the prediction of the
wake signature of a hydrokinetic turbine is currently and in the near
future mandatory to optimize or at least to improve the design of
arrays, making hydrokinetic energy harvesting more convenient,
decreasing its impact on the life of rivers and oceans, and promoting
its large-scale exploitation. Performing accurate geometry-resolving
simulations of several devices is not feasible now and in the foreseeable
future, even on the most powerful supercomputers available in the
world. For these reasons, simplified models are currently under devel-
opment to be implemented into existing fluid dynamic solvers.
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They utilize actuator disks or actuator lines, mimicking the action of the
turbines on the flow, without explicitly resolving their geometry.13–21 In
other cases, analytical models of the wake of hydrokinetic turbines are
developed, with the purpose of easing even more the overall computa-
tional burden.22,23 Blade-element momentum models are also adopted,
as in Pyakurel et al.,24 Brunetti, Armenio, and Roman,25 and Gotelli
et al.26 All these techniques were recently compared in terms of their
suitability to reproduce the wake of an axial-flow turbine by Sandoval
et al.27 However, even more simplified approaches are utilized when
dealing with large-scale simulations of arrays composed of several devi-
ces. For instance, Deng et al.28 represented the momentum loss, associ-
ated with energy extraction by the turbines, by means of a momentum
sink term added into the two-dimensional Navier–Stokes equations. In
other cases, the action of the turbine on the current is mimicked intro-
ducing an additional bottom friction, as in the work by Zhang et al.29

Using reduced-order models of hydrokinetic turbines, as actuator
disks or actuator lines, is especially useful for the simulation and the
optimization of array configurations, due to limitations of the available
computational resources.30–40 Nonetheless, experiments and high-
fidelity simulations of simplified configurations of interacting turbines
are still required to develop an improved insight on the physics of the
interaction and properly inform the community for a better design
and validation of reduced-order approaches. For instance, the experi-
mental studies conducted by Mycek et al.41,42 and Gaurier et al.10 were
focused on the influence by the environmental turbulence on the wake
interaction between upstream and downstream turbines. They verified
that the drop in performance for the downstream turbine was a
decreasing function of both streamwise distance and free-stream tur-
bulence. Experiments on several layouts of axial-flow turbines were
also conducted by Olczak et al.43 to validate the performance of a
blade-element model implemented within a Reynolds-averaged
Navier–Stokes (RANS) solver. Larger modeling errors were found for
those turbines whose inflow conditions were more affected by the
wake of upstream devices. An array of four turbines was investigated
by Nuernberg and Tao,9 mimicking a modular unit of a staggered
farm. Their study confirmed the potential of the layout of making
available higher levels of momentum to downstream turbines by prop-
erly devising the lateral distance between devices, beneficially exploit-
ing the blockage effects generated by the upstream staggered rows.
Recently, Okulov et al.12 studied an array composed of up to four in-
line axial-flow hydrokinetic turbines. Interestingly, they verified that,
while the second turbine experienced a significant drop in perfor-
mance, which was consistent with earlier studies available in the litera-
ture, those more downstream performed better than the former.

A very small number of blade-resolving simulations of in-line
turbines or simplified arrays is available in the literature. Liu et al.44

utilized RANS to investigate the mutual interaction of in-line axial-
flow turbines, placed at a distance of 8 diameters between each other,
using a sliding mesh technique to take into account the rotation of the
blades of the turbines and using a number of grid cells of the order
Oð107Þ. They verified that the downstream turbine experienced a drop
in performance of more than 50% and increased lateral loads, while
the upstream one was practically unaffected. Nuernberg and Tao45

reported RANS computations on a modular array of turbines analyzed
experimentally in their earlier work9 and using an overall number of
grid points up to 3 million. The lateral spacing of the turbines in a
staggered layout was varied to assess its influence on the rate of wake

recovery, with the purpose of improving the working conditions of the
most downstream turbine.

In the present work, a significant step forward is reported in the
high-fidelity simulation of the interaction between two in-line axial-
flow hydrokinetic turbines. Large-Eddy Simulations (LES) were con-
ducted on a cylindrical grid consisting of almost 4 � 109 points, using
an Immersed-Boundary (IB) methodology to handle the motion of the
turbines. LES, resolving accurately the dynamics of all large, coherent
structures populating the wake flow, is especially well suited to tackle
the present problem and reproduce the physics of wake recovery.
Earlier works have, indeed, demonstrated that the instability of the tip
vortices shed from the blades of the turbines defines the boundary
between the near wake and the region of wake recovery,46–52 where
both inward radial flows and turbulent transport allow the free-stream
momentum to penetrate into the wake core, making available more
kinetic energy at the inflow of downstream turbines. In particular, this
study is an extension of our earlier work.53 We utilized the data from
high-fidelity simulations of the wake flow to analyze in detail the dif-
ferent terms of the momentum balance equation. This analysis was
correlated with the flow physics and, in particular, with the instability
of the tip vortices at the outer boundary of the wake. As long as they
keep stable, they delay the process of wake recovery downstream of
the rotor. All terms contributing to the momentum balance are ana-
lyzed across three configurations of two in-line turbines, differing for
the distance between them. Comparisons are also presented against
the results from the simulation of the same turbine in isolated condi-
tions and uniform flow. The analysis will demonstrate that the process
of wake recovery, beginning at the breakup of the tip vortices, is domi-
nated by radial advection and especially by turbulent transport, which
is very important to complete the momentum replenishment at inner
radii. This process will be shown to be weakly sensitive to the distance
from the upstream turbine, albeit in all cases much faster than in the
wake of an isolated turbine. This analysis provides new insights on
the physics of the process of wake recovery of a turbine operating in
the wake of an upstream one, on the influence of their mutual distance
on this process, and is expected to serve as a reference for checking and
tuning the behavior of reduced-order models, often utilized to repre-
sent the wake development of axial-flow turbines for the simulation of
large arrays. For instance, RANS techniques can be expected to capture
properly the initial stage of recovery associated with the mean radial
gradients and the instability of the large tip vortices. In contrast, the
turbulent transport tied to the small scales, produced by the breakup of
the tip vortices, needs to be modeled. It is not straightforward that tur-
bulence modeling is able to mimic accurately the latter physics.

This paper is organized as follows: methodology in Sec. II, design
of the simulations in Sec. III, analysis of the result in Sec. IV, and con-
clusions in Sec. V.

II. METHODOLOGY

The filtered Navier–Stokes equations for incompressible flows
were resolved. Their expression in non-dimensional form is below:

DðeuÞ ¼ 0; (1)

@eu
@t
þ DðeueuÞ ¼ �GðepÞ � DðsÞ þ 1

Re
LðeuÞ þ f ; (2)

where Eq. (1) enforces the conservation of mass and Eq. (2) the con-
servation of momentum. The symbols D; G, and L represent the
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divergence, gradient, and Laplace operators. The quantities eu and ep
are the filtered velocity vector and pressure and t is the time variable.
Re is the Reynolds number, defined as Re ¼ UL=�, where U is a refer-
ence velocity, L is a reference length, and � is the kinematic viscosity
of the fluid. In the present work, the reference velocity and length, uti-
lized to scale the Navier–Stokes equations, were selected as U ¼ U1
and L ¼ D, where U1 is the free-stream velocity and D is the rotor
diameter of the turbine.

The quantity s is the subgrid stress (SGS) tensor. It is an addi-
tional term, compared to the original Navier–Stokes equations, com-
ing from filtering them: s ¼ fuu � eueu. Practically, the size of the filter
is defined by the resolution of the adopted computational grid, which
is, in general, unable to resolve all scales of the flow, up to the smallest
one (Kolmogorov’s scale). Therefore, the SGS tensor mimics the action
of the smallest, unresolved scales on the largest, resolved ones. In this
study, its parameterization was based on an eddy-viscosity assump-
tion, as typical in LES, using the Wall-Adapting Local Eddy-viscosity
(WALE) model, developed by Nicoud and Ducros.54 It is based on the
square of the gradient tensor of the resolved velocity field. This way it
is able to include both its deformation and rotation tensors, switching-
off in areas of laminar gradients. In addition, the eddy-viscosity is
reconstructed in order to achieve the correct near wall behavior, that is
its dependence on the cube distance from the wall. Since this is a local
eddy-viscosity model and does not require ad hoc reconstructions in
the near wall regions, its computational overhead is equivalent to only
a few percent of the overall computational cost. The WALE model was
already successfully utilized to simulate the same isolated turbine by
Posa and Broglia.51,52 In particular, Posa and Broglia51 demonstrated
its ability of reproducing the strong anisotropy of turbulence in the
wake.

The quantity f within the momentum equation is a forcing term,
utilized in this study to enforce the no-slip boundary condition on the
surface of the turbine, via an IB methodology. This relaxes the require-
ment for the Eulerian grid, where the Navier–Stokes equations are
resolved, to fit the geometry of the body immersed within the flow. This
is instead represented by means of a suitable Lagrangian grid, free to
move across the cells of the Eulerian grid. These features of the IB meth-
odology enable using regular Eulerian grids, with beneficial effects on
the accuracy of eddy-resolving simulations. In addition, the Lagrangian
grid is allowed to move within the Eulerian grid, making very straight-
forward handling flow problems featuring moving bodies. In the present
computations, the quantity f was defined to enforce at all points of the
Eulerian grid falling inside the volume of the immersed-boundary,
bounded by the surface approximated by the Lagrangian grid, a velocity
boundary condition corresponding to the velocity of the body. For the
points of the Eulerian grid placed outside of the body, but in the vicinity
of at least one interior node, which are the interface nodes, a linear
reconstruction of the solution along the normal to the surface of the
Lagrangian grid was enforced, again by means of f. This was defined in
such a way to have the relative velocity on the surface of the body equal
to 0. A detailed discussion on the IB methodology and its particular
implementation within the adopted solver is not within the scope of the
present work, but more information can be found in Balaras,55 Yang
and Balaras,56 and Yang et al.57 This is the same technique utilized to
simulate the isolated turbine by Posa and Broglia51,52 and Posa et al.58

Similar applications in the fields of marine propulsion and wind energy
can be found in recent works.59–65

The numerical solution of the filtered Navier–Stokes equations
was achieved by discretization in space, using second-order, central
finite differences on a staggered cylindrical grid. As demonstrated by
Fukagata and Kasagi,66 this strategy satisfies the conservation of mass,
momentum, and kinetic energy by the discretized version of the flow
problem, which is a critical requirement for the accuracy of eddy-
resolving computations. The advancement in time was conducted
using an exact projection method.67 In particular, the discretization in
time of all viscous, convective, and SGS terms of radial and axial deriv-
atives utilized the explicit three-step Runge–Kutta (RK3) scheme. For
all terms of azimuthal derivatives within the momentum equation the
implicit Crank–Nicolson (CN) scheme was instead adopted, to avoid
unaffordable requirements on the size of the time step, coming from
the decreasing size of the grid cells toward the axis of the cylindrical
grid. For the solution of the Poisson problem, stemming from the con-
tinuity condition, trigonometric transformations were utilized across
the periodic azimuthal direction, decomposing its original heptadiago-
nal system of equations into a pentadiagonal system for each meridian
slice of the cylindrical grid. Each of them was efficiently inverted by
using a direct solver, based on the partial solution variant of the cyclic
reduction algorithm, developed by Rossi and Toivanen.68 The overall
Navier–Stokes solver was demonstrated second-order accurate in both
space and time by Balaras55 and Yang and Balaras,56 where additional
details can be found.

III. SETUP

In this study, the rotor of a three-bladed, axial-flow hydrokinetic
turbine is considered, whose simulation in isolated conditions and uni-
form flow was analyzed in our earlier works.51,52,58 This configuration
will be indicated in the following discussion as IST. The choice of sim-
ulating this configuration in conditions of no free-stream turbulence
was tied to the need of reproducing similar working conditions as in
the experimental “Round Robin” campaign by Gaurier et al.69 They
performed measurements in two towing tanks in the absence of free-
stream turbulence and in two flume tanks at the lowest levels of turbu-
lence intensity allowed by the facilities, equal to 2.5% and 3.0%, respec-
tively. In the present work, the operation of the same turbine in the
wake of an upstream one is studied for the same values of Tip Speed
Ratio, TSR¼ 5, and Reynolds number, Re¼ 560 000. This couple of
values was selected to match one of the working conditions studied by
Gaurier et al.69 The former quantity is defined as TSR ¼ XR=U1,
where X is the angular speed of the turbine, R its radius, and U1 is the
free-stream velocity. As discussed in Sec. II, the Reynolds number is
based on the diameter of the turbine, D, and the free-stream velocity,
U1: Re ¼ DU1=�. It should be acknowledged that free-surface effects
were not accounted for by the simulations. This choice is in line with
the reference experimental study.69 They conducted measurements in
both flume tanks, without free-surface, and in towing tanks, where the
turbine model was immersed deep enough to make the free-surface
effects negligible.

The present simulations considered the same blade geometry as
Gaurier et al.69 However, to ease the computational effort, the support-
ing stanchion utilized for the experiments was not included in the sim-
ulations, while a simplified hub geometry was modeled, as shown in
Fig. 1. Its radius was equivalent to about 13% of the rotor radius,
which is the same as for the actual model utilized in the experiments.
The turbine considered by Gaurier et al.69 had a diameter of 0.7 (m)
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and its blades were designed using a NACA (National Advisory
Committee for Aeronautics) 63-418 profile. Therefore, the case studied
by Gaurier et al.69 is a small-scale turbine, operating within a free-
stream velocity between 0.6 and 1.2 (m/s). In particular, the present
simulations assumed a free-stream velocity equal to 0.8 (m/s).

The inflow boundary conditions were defined using the database
generated by our earlier computations in isolated conditions. From
them, slices of the instantaneous solutions at 3 diameters downstream
of the isolated turbine, representing in this study the upstream turbine,
were stored. Then, they were adopted to generate inflow conditions
for the simulations of the downstream turbines, by interpolating in
time the instantaneous realizations of the solution within the database
from the earlier computations. The exploitation of a precursor simula-
tion to generate unsteady inflow boundary conditions suitable to LES
is not new and was successfully utilized in several studies.70–73 The
accuracy of this approach relies on the optimal conservation properties
of the solver, where the discretized version of the Navier–Stokes equa-
tions conserves mass, momentum, and kinetic energy. As a result, the
inflow turbulence from the precursor simulation was sustained with-
out the introduction of artificial source terms. In addition, the resolu-
tion of the computational grid was kept constant between the inflow
section and the plane of the turbine, to avoid diffusion due to grid
coarsening.

The enforced inflow conditions resulted into values of turbulence
intensity ingested by the downstream turbines between 26% and 32%.
They are higher than the free-stream turbulence measured in typical
sites of installation of hydrokinetic turbines, reported for instance in
the works by Mycek et al.74 and Gaurier et al.10 They pointed out that
actual turbulence intensities can range from a few percent to values of
more than 20%, showing a dramatic dependence on the site of the
installation. However, our simulations demonstrated that the levels of
turbulence caused by upstream devices are higher, making the inten-
sity of free-stream turbulence a less important parameter in defining
the working conditions of downstream devices. This is also in agree-
ment with the results reported on in-line turbines by Mycek et al.,42,74

where the wake development of the downstream turbine was found a
much weaker function of the environmental turbulence, if compared
with that of the upstream turbine.

Three cases were simulated, with the downstream turbine in line
with the upstream one and placed at 6, 8, and 10 diameters away,

respectively. These cases will be designated in the following as
DT6; DT8, and DT10, respectively. Therefore, the simulations of the
downstream turbines were conducted using cylindrical grids having a
streamwise extent between the inlet section of the computational
domain and the rotor plane equal to 3, 5, and 7 diameters, taking into
account that the inflow boundary conditions were generated using sli-
ces extracted from the simulations by Posa and Broglia51,52 at three
diameters downstream of the isolated turbine. This approach, which
allowed us a substantial saving of computational resources, was
assumed accurate enough: we verified in all simulations that the block-
age generated on the flow by the rotor becomes significant only at
about 1 diameter upstream of it. Therefore, even for the case DT6, at
three diameters away from the upstream turbine its wake can still be
assumed almost unaffected by the presence of another turbine placed
six diameters downstream. The extent of the computational domain
from the rotor plane to the outlet section as well as its radial size were
kept unchanged, compared to those for the isolated turbine. Those
lengths were equal to 7 and 6 diameters, respectively. The same condi-
tions were also enforced at the outflow and lateral cylindrical bound-
aries of the domain, where convective and slip-wall conditions were
prescribed, respectively. It should be noted, for the correct interpreta-
tion of the following discussion of the results, that the origin of the ref-
erence frame was placed at the intersection between the rotor plane
and the axis of the cylindrical grid, which is also the axis of the turbine.
The z axis was oriented in the direction of the free-stream. So the z
coordinates define the distance from the rotor plane.

As in Posa and Broglia,51,52 a structured cylindrical grid was uti-
lized. However, the number of points was doubled across the axial
direction, resulting in an overall number of 3.8 � 109: 900� 1026
� 4098 across the radial, azimuthal, and axial directions, respectively.
Meridian slices of the cylindrical grids are shown in Fig. 2. It is worth
noting that both in the left panels (overall slice) and in the right panels
(detail in the vicinity of the turbine), only a few grid lines are shown,
for clarity. Posa and Broglia51,52 validated the results for the isolated
turbine against the experiments reported by Gaurier et al.69 Therefore,
the grid resolutions across the radial and azimuthal directions were
kept unchanged as well as that across the axial direction between the
rotor plane and the outlet section of the computational domain. The
axial resolution was instead substantially refined between the inlet sec-
tion and the rotor plane, with the purpose of sustaining the inflow

FIG. 1. Lagrangian grid discretizing the
surface of the turbine: global views from
upstream (left) and from downstream
(right).
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turbulence coming from the upstream turbine. To achieve this target,
the computational grids adopted for the three simulations of the
downstream turbines were generated with the requirement to be,
between the inlet section and the rotor plane, at least as fine as the one
utilized for the simulations of the isolated turbine at z=D ¼ 3:0, where
the inflow boundary conditions for the present computations were
extracted. Eventually, all three grids were designed to be even finer
than the original one since all simulations were carried out in a High-
Performance Computing environment: the requirements associated
with parallel computing and decomposition into subdomains of the
overall problem made convenient doubling the number of points
across the streamwise direction in all cases, which was actually benefi-
cial for both accuracy of the solution and efficiency of the solver.

Across the radial direction, about 600 points were distributed
along the radius of the turbine, then the grid was smoothly stretched
up to r=D ¼ 0:8, to take into account the expansion of the wake
downstream of the rotor plane and properly capture the behavior of
the tip vortices. A uniform grid spacing was utilized across the azi-
muthal direction. It should be noted that, thanks to the IB methodol-
ogy, simulations were conducted within a stationary Eulerian grid,
rotating in time the Lagrangian grid representing the turbine.
Therefore, the choice of a uniform azimuthal spacing was the most
straightforward one. Across the axial direction, the three adopted grids
were uniform between the inlet section and the region just upstream
of the turbine. A finer uniform spacing was adopted within the region
of the blades of the turbine. Then, smooth stretching was utilized

FIG. 2. Meridian slices of the cylindrical
grids: global view on the left (1 of every
128 grid lines shown) and detail in the
vicinity of the turbine on the right (1 of
every 32 grid lines shown). Cases DT6,
DT8, and DT10 in the top, middle, and
bottom panels, respectively.
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downstream, up to z=D ¼ 5:0. Stretching was eventually increased
between 5:0 < z=D < 7:0, up to the outlet section of the computa-
tional domain. Details on the radial and axial evolution of the grid
spacing are reported in Fig. 3. As discussed above, all present grids fea-
ture an axial spacing in the upstream region Dz=D < 4:8� 10�3,
where the right-hand side (RHS) is the streamwise resolution of the
grid adopted to generate the database of inflow boundary conditions.
All cases share the same radial grid.

The discretization of the surface of the immersed-boundary, in
this case the turbine, was achieved using an unstructured grid com-
posed of about 75 000 triangular elements. It should be noted that this
is the same one utilized for the earlier simulations of the isolated tur-
bine within a uniform flow. A global view of both turbine geometry
and its triangolarization is reported in Fig. 1, while details of the

pressure and suction sides of the blades are shown in the top and bot-
tom panels of Fig. 4, respectively.

The resolution in time of all computations was defined by the sta-
bility requirements of the explicit RK3 scheme. Enforcing a value of
the Courant–Friedrichs–Lewy (CFL) number equal to 1 resulted in an
average time step Dt ¼ 1:56� 10�4D=U1, equivalent to a rotation
per time step equal to 0:089�. This means that about four steps in time
were required for the turbine to cross each cell of the computational
grid along the azimuthal direction. All simulations were developed for
two flow-through times before starting statistical sampling. This
period of time, T , was different across cases, due to the variable
streamwise extent of the computational domain of the three simula-
tions: it was T ¼ 20D=U1; T ¼ 24D=U1, and T ¼ 28D=U1 for
the cases DT6; DT8, and DT10, respectively, equivalent to about 32,
38, and 44 rotations. Then, after the development of the wake of the
downstream turbines, statistical sampling was carried out during ten
rotations for each case.

All simulations were performed by parallel computing, decom-
posing the cylindrical grids across the axial direction and using 2048
cores of a distributed-memory cluster, resulting in an overall computa-
tional cost equal to 2.1, 1.8, and 1.4 million core-hours for the cases
DT10; DT8, and DT6, respectively.

IV. RESULTS
A. Definition of the time-average operators

Before discussing the results of the computations, some defini-
tions of the time-average operators utilized for their statistical analysis
will be reported. It should be noted that in the following, all discus-
sions will refer to resolved quantities from LES results. Therefore, for
the sake of simplicity, the symbol � utilized in Sec. II to indicate fil-
tered quantities will be dropped.

Averages in time were computed both as ensemble-averages
and phase-averages. The former were computed on a stationary
grid, whereas the latter on a grid rotating together with the turbine
at the angular speed X, in order to capture the coherence of the
vortices shed from the tip of its blades and the statistics within
their core.

Considered any quantity, Q, its ensemble-average was evaluated
as

�Q r; zð Þ ¼
1

M

XM
i¼1

Q r; #; z; tið Þ; (3)

where r, #, and z are the radial, azimuthal, and axial coordinates
within the cylindrical frame of reference, while ti is the instant in time
corresponding to the i-th element of the statistical sample, whose size
was indicated by M. It should be noted that, due to the symmetry of
the considered flow problem, the ensemble-averaged statistics are axi-
symmetric, so they are not dependent on the azimuthal coordinate, as
indicated in the left-hand side of Eq. (3). All statistics were computed
on the fly during the simulations, with the purpose of minimizing the
storage requirements and maximizing the size of the statistical sample,
including all instantaneous realizations of the solution during ten revo-
lutions of the turbine, after development of statistically steady condi-
tions. This way about 40 000 flow fields were utilized for the
computation of the statistics for each case.

FIG. 3. Radial and axial spacings of the cylindrical grids. Note that the radial resolu-
tion is shared across cases DT6, DT8, and DT10.

FIG. 4. Lagrangian grid discretizing the surface of the turbine: details of the blades
from upstream (top) and from downstream (bottom).
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The ensemble-averaged root-mean-squares were computed as

�Q
0
r; zð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

M

XM
i¼1

Q r; #; z; tið Þ½ �2 � �Q r; zð Þ
h i2vuut : (4)

They were utilized to evaluate the ensemble-averaged turbulent kinetic
energy as

�k r; zð Þ ¼
1
2

�u0r r; zð Þ
� �2 þ �u0# r; zð Þ

� �2 þ �u0z r; zð Þ
� �2n o

; (5)

where �u0r ; �u0#, and �u0z are the ensemble-averaged root-mean-squares
for the radial, azimuthal, and axial velocity components, respectively.
The phase-averages were defined as

bQðr; #; zÞ ¼ 1
N

XN
i¼1

Q r; #þ tiX; z; tið Þ; (6)

where N is the size of the statistical sample. Notice that since phase-
averages were sampled on the fly on a grid rotating with the turbine,
also for them all instantaneous realizations of the solution, after the
initial transient, were utilized. Therefore, N was equal to M. It is also
worth noting that, in contrast with the ensemble-averaged statistics,
the phase-averaged ones are not axisymmetric, keeping instead the
periodicity of 120� of the turbine geometry.

The phase-averaged root-mean-squares were computed as

bQ0ðr; #; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
i¼1

Q r; #þ tiX; z; tið Þ½ �2 � bQ r; #; zð Þ
h i2vuut : (7)

They allowed calculating the phase-averaged turbulent kinetic energy as

bk r; #; zð Þ ¼ 1
2

bu0r r; #; zð Þ
� �2 þ bu0# r; #; zð Þ

� �2 þ bu0z r; #; zð Þ
� �2n o

;

(8)

where bu0r; bu0#, and bu0z are the phase-averaged root-mean-squares for
the radial, azimuthal, and axial velocity components, respectively.

B. Instability of the tip vortices

The analysis reported by Posa and Broglia51,52 and Posa, Broglia,
and Balaras,58 dealing with the wake of the isolated turbine, pointed
out the importance of the instability of the tip vortices in the process
of wake recovery. Wake contraction and momentum replenishment
downstream of the turbine start when the helical vortices originating
from the tip of the blades breakup. The present simulations demon-
strated that the disturbance of the inflow conditions produced by an
upstream turbine affects substantially this process. This is shown in
Fig. 5, where instantaneous visualizations of the tip vortices are pro-
vided, using contours of the second invariant of the velocity gradient
tensor, Q. For the case of an isolated turbine operating within a uni-
form inflow, the system of tip vortices keeps stable and coherent across
a relatively large distance downstream, corresponding to about two
diameters from the rotor plane. Instabilities develop initially as devia-
tions from the original helical trajectory. They produce mutual induc-
tance between helices, triggering further instability and leading to
leapfrogging, meandering and eventually breakup of the tip vortices.
These phenomena are illustrated in the visualization of Fig. 5(a),

dealing with the computation carried out on the isolated turbine.
However, they occur much closer to the rotor plane for all other cases
when the turbine operates in the wake of another turbine. A weak sen-
sitivity to the distance from the upstream turbine is shown across
cases, compared to the dramatic change from the visualization in Fig.
5(a), as demonstrated by the other panels of Fig. 5, referring to the
cases DT10, DT8, and DT6, respectively: although an increasingly
faster destabilization of the system of tip vortices is distinguishable
from Figs. 5(b)–5(d), for all cases, it occurs much earlier, compared to
that illustrated in Fig. 5(a). This result is consistent with the theoretical
analysis and experiments on the instability of helical vortices reported
by Quaranta et al.75,76 They demonstrated that even small perturba-
tions are able to trigger instability, which explains in the present case
the dramatic change from the case of a rotor working within a uniform
flow. As discussed in detail below, this earlier instability, compared to
the behavior observed downstream of the isolated turbine, is actually
beneficial in promoting a faster wake recovery.

The visualizations of Fig. 5 allow capturing also the fine grain
structures produced by the process of instability of the large tip vor-
tices. Already in the case of the isolated turbine [see Fig. 5(a)], it is
clear that the breakup of the tip vortices starts the contraction of the
wake and the formation of smaller structures, in agreement with the
findings from laboratory experiments in the wake of a wind turbine
reported by Lignarolo et al.77,78 This is the signature of the process
of energy cascade from large toward small structures, typical of tur-
bulence. The study on the turbine immersed within a uniform flow
by Posa and Broglia52 demonstrated, indeed, that turbulent trans-
port plays a major role in the process of wake recovery, contributing
to the penetration of the free-stream momentum into the wake
core. The comparison against the bottom panels of the same figure
is very interesting. It is evident that wake contraction starts much
earlier when the turbine works in the wake of an upstream one. In
addition, the density of the small structures originating from the
breakup of the tip vortices is obviously higher, compared to that
seen in Fig. 5(a). This is a clue of the increased importance of turbu-
lent transport in the process of recovery of the near wake of the tur-
bine, as discussed more quantitatively later. It is also interesting to
notice in Fig. 5 that the substantial increase of the density of the
small structures in the near wake of the downstream turbines comes
mostly from faster instability, rather than from the wake of the
upstream turbine. This can be inferred looking in Fig. 5 at the
region just upstream of the rotor plane.

A more quantitative comparison across cases is reported in
Fig. 6, where the power spectral densities of the time-history for the
radial, azimuthal, and axial velocity components are reported at a
probe placed in the wake of each turbine at the radial coordinate
r=D ¼ 0:6 and the streamwise coordinate z=D ¼ 0:5. The radial posi-
tion of the probe was selected to take into account the initial expansion
of the wake just downstream of the rotor plane. Evident peaks are dis-
tinguishable in the case of the isolated turbine at the frequency of the
blade passage, fbp, and its higher harmonics. They are associated with
the periodic passage of the vortices shed from the tip of each blade.
This is not the case for all downstream turbines. These results are con-
sistent with the above discussion, pointing to the earlier instability of
the tip vortices, caused by the perturbation of the inflow conditions. In
addition, for the downstream turbines, higher values of energy at fre-
quencies other than that of the blade passage and its higher harmonics
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are visible in Fig. 6. This can be explained by the contribution of turbu-
lence coming from upstream, directly associated with the inflow
ingested by the turbine, and especially by the earlier instability of the
tip vortices, distributing their energy across the entire range of fre-
quencies. It is worth noting that differences across cases of down-
stream turbines are rather small if compared with those from the
spectra for IST, confirming that turbulence levels and the process of

instability of the wake are a weak function of the distance from the
upstream turbine, at least in the range of distances considered in the
present study.

In Fig. 6, also the slope within the inertial range of frequencies
for the homogeneous, isotropic turbulence is represented by a dashed
line. Its comparison with the power spectral densities from the present
simulations points out that (i) in all cases, the expected behavior of

FIG. 5. Instantaneous isosurfaces of the
second invariant of the velocity gradient
tensor, QD2=U2

1 ¼ 2; 000, colored by
vorticity magnitude: IST (a), DT10 (b),
DT8 (c), and DT6 (d). Vorticity values
scaled by U1=D.
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turbulence is properly captured across a wide range of frequencies, giv-
ing confidence on the adequacy of the adopted methodology and level
of grid resolution in tackling the complex phenomena affecting the
wake turbulence; (ii) the typical trend of the homogeneous, isotropic
turbulence is reproduced across a wider range of scales in the wake of
the downstream turbines. Since the same grid resolution was adopted
for all cases, the latter result provides additional evidence that the pro-
cess of wake development is at a more advanced stage for
DT10; DT8, and DT6, compared to IST, resulting in a more signifi-
cant redistribution of the energy of the tip vortices across all
frequencies.

C. Wake recovery

In this section, comparisons will be presented across the down-
stream turbines and the isolated turbine in terms of wake recovery.
Figure 7 deals with the contours of the ensemble-averaged streamwise
velocity on a meridian plane through the axis of the turbines. In the
same visualizations, the isolines represent locations where the
ensemble-averaged streamwise velocity is equal to zero, isolating
regions of reverse flow. It is very clear that the velocity deficit in the

wake of the downstream turbines experiences a much faster decrease,
compared to the isolated turbine. This result is in agreement with
those on two aligned hydrokinetic turbines, working in conditions of
low environmental turbulence, from the flume tank measurements by
Mycek et al.42,74 They demonstrated that the wake recovery of the
downstream turbine was much faster than that of the upstream one.
Similar results were recently reported by Okulov et al.,12 who con-
ducted experiments on linear arrays consisting of up to four hydroki-
netic turbines. They also observed a faster development of the wake of
the second turbine, in comparison with the first one, while for the
third and the fourth ones, the velocity fields were not modified sub-
stantially from those of the second turbine. In addition, the develop-
ment of the wakes of the downstream turbines in Fig. 7 is rather
similar across cases, despite the substantial differences affecting the
inflow conditions, as visible in the region just upstream of the rotor
plane. Actually, the speed of the wake recovery is even a slightly
decreasing function of the distance from the upstream turbine: it is the
fastest in the DT6 case, experiencing by far the lowest velocities at the
inflow of the turbine, whilst it is the slowest in the DT10 case. As dis-
cussed above, this result depends on the ability of the wake of the
upstream turbine of triggering a faster destabilization of the system of
tip vortices shed by the downstream turbine. Figure 7 also shows that
the upstream flow is affected significantly by the downstream turbine.
The latter decelerates the incoming flow, preventing the recovery of
the wake of the upstream turbine. As a result, the momentum ingested
by the closest turbine is the lowest one, which is the reason of the
decreasing levels of thrust and power coefficients for decreasing dis-
tances from the upstream turbine, discussed in our earlier work.53

The speed of wake recovery is represented more quantitatively in
Fig. 8, where the streamwise evolution of the ensemble-averaged deficit
of streamwise momentum (relative to the free-stream) is reported. It
was computed as

D �MzðzÞ ¼
ð
A
D�mzðr; #; zÞdS ¼ 2p

ðr¼R
r¼0

D�mzðr; zÞdr: (9)

Equation (9) takes into account that the ensemble-averaged fields are
axisysmmetric, while D�mz is the deficit of streamwise momentum per
unit area. It was defined as

D�mzðr; zÞ ¼ q U2
1 � �uzðr; zÞ j�uzðr; zÞj

� �
; (10)

where the absolute value of the ensemble-averaged streamwise velocity
was considered, to take properly into account the contribution by
regions of reverse flow within the wake.

In Fig. 8, while the momentum deficit, relative to the free-stream,
is not equal to zero upstream of the rotor plane in the cases
DT6; DT8, and DT10, in contrast with IST, its decrease downstream
is much faster. In particular, just upstream of z=D ¼ 0, there is an
increase, due to the blockage produced by the turbine, affecting all
cases. Downstream of the isolated turbine, the momentum deficit
keeps growing, which is due to the expansion of the wake outward
from the extraction area, that is the frontal area of the rotor. This effect
is much milder for all downstream turbines. In addition, it is also
interesting to observe that the deficit just downstream of all turbines
operating within the upstream wake is very similar, demonstrating
that the momentum they are able to extract is an increasing function
of the one they ingest at the inflow. This result is obviously consistent

FIG. 6. Power spectral densities of the time-history of the radial (a), azimuthal (b),
and axial (c) velocity components at a probe placed downstream of the rotor plane
at the radial coordinate r=D ¼ 0:6 and the axial coordinate z=D ¼ 0:5: compari-
son across cases. In each panel, the dashed line representing the slope within the
inertial range of frequencies from Kolmogorov’s theory on homogeneous, isotropic
turbulence.
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with the strong dependence of the performance of the downstream
turbines on their distance from the upstream one.53 Then, while the
instability of the system of tip vortices takes about three diameters
downstream of the isolated turbine to trigger the process of wake
recovery, it occurs much earlier in all other cases: already at about one
diameter from the rotor plane, the momentum deficit starts decreas-
ing. As shown by the contours of streamwise velocity, the dependence

of the speed of wake recovery on the position within the wake of the
upstream turbine is rather weak, with the case DT6, dealing with the
closest turbine, displaying a slightly faster momentum replenishment.

The process of recovery is tied to instabilities of the tip vortices at
the outer boundary of the wake, which allow influx of momentum
from the free-stream into the wake core, thanks to radial flows. This is
demonstrated in Fig. 9 by means of contours of ensemble-averaged

FIG. 7. Contours of ensemble-averaged
streamwise velocity on a meridian plane
through the axis of the turbines. From top to
bottom cases, IST, DT10, DT8, and DT6,
respectively. Isolines for �uz ¼ 0. Values
scaled by the free-stream velocity, U1.

FIG. 8. Streamwise evolution of deficit of
streamwise momentum through the
extraction area of the turbine, relative to
the free-stream, computed from the
ensemble-averaged solution of the flow.
Comparison across configurations.
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radial velocity. In the top panel of Fig. 9, referring to the case of an iso-
lated turbine operating in a uniform inflow, the values of radial veloc-
ity in the near wake are positive, which is consistent with the above
discussion, dealing with wake expansion. However, the instability of
the wake system triggers negative values of radial velocity, whose peaks
at about z=D ¼ 4:5 correlate well with the location of the fastest rate
of wake recovery illustrated in Fig. 8. Actually, this phenomenon is vis-
ible in all panels of Fig. 9. However, when the turbine operates in the
wake of another turbine, generating a perturbation of its inflow condi-
tions, an upstream displacement of the negative maxima of radial
velocity occurs, which is the result of a faster destabilization of its wake
system. Again, this behavior is actually quite similar across all cases
with different locations within the wake of the upstream turbine,
which is in agreement with the similarity observed above also on the
streamwise evolution of the momentum deficit: positive radial veloci-
ties on the rotor plane are smaller than for the isolated turbine and
extend over shorter distances downstream, with the isolines separating
the regions of positive and negative radial velocities in Fig. 9 moving
upstream. In agreement with Fig. 7, this displacement is slightly more
significant for shorter distances from the upstream turbine, resulting
in a slightly faster wake recovery. These results are in line with the
studies available in the literature on the influence by the environmen-
tal turbulence on wake recovery since the wake of the upstream tur-
bine results in higher levels of turbulence ingested by the downstream

one. For instance, the experiments reported by Mycek et al.,42,74

Vinod and Banerjee,79 and Gaurier et al.10 demonstrated that higher
levels of free-stream turbulence are able to accelerate the process of
wake development, through a faster breakup of the coherence of the
tip vortices.

Also for the ensemble-averaged radial velocity more quantitative
comparisons across cases are provided in Fig. 10. Figure 10(a) deals
with its streamwise evolution at the boundary of the extraction area,
corresponding to the radial location r¼R. At the rotor plane, a strong
positive peak is produced. The radial velocity keeps positive values up
to almost three diameters downstream of the isolated turbine, while
achieves its negative peak at about z=D ¼ 4:5. Then, its gradual
decrease is due to the depletion of the radial gradients, as a conse-
quence of wake recovery. For the downstream turbines, negative radial
velocities at the boundary of their extraction area occur much earlier.
This is the case also for their decline, which is the consequence of the
faster wake recovery.

A more global overview of the radial flows within the wake is
provided in the panel of Fig. 10(b), where the average of the radial
velocity across the whole extraction area is considered. In Fig. 10(b),
even more than in Fig. 10(a), the deviations affecting the upstream
behaviors point to the largest deceleration of the flow by the isolated
turbine and the smallest one in the case of the closest downstream tur-
bine, correlating with the largest and smallest power extractions from

FIG. 9. Contours of ensemble-averaged
radial velocity on a meridian plane through
the axis of the turbines. From top to bot-
tom cases, IST, DT10, DT8, and DT6,
respectively. Isolines for �ur ¼ 0. Values
scaled by the free-stream velocity, U1.
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the flow, respectively. The radial velocity switches its sign slightly
more downstream of the rotor plane than in Fig. 10(a) since inward
radial flows start at the wake boundary and then gradually propagate
toward the wake core. Nonetheless, the behaviors observed in Fig.
10(b) are similar to those in Fig. 10(a): wake contraction is much faster
for DT10; DT8, and DT6 than for IST, while the distance from the
upstream turbine has a milder influence on its speed.

Figure 11 shows phase-averaged contours of turbulent kinetic
energy. Since they are able to isolate the signature of the tip vortices,
they are well suited to highlight the faster destabilization produced by
the wake of an upstream turbine. In addition, as discussed later, turbu-
lence plays an important role in the process of wake recovery. The top
panel of Fig. 11, dealing with the case of an isolated turbine, demon-
strates the presence of very coherent tip vortices at the outer boundary
of the wake. The signature of their cores is very well distinguishable in
the local maxima originating from the tip of the blades. When instabil-
ity develops, those maxima are replaced by a wide, diffused region of
large turbulence, spreading radially and bending toward the wake
core. The contours in all other panels of Fig. 11 deviate substantially
from those in the top panel. It is clear that the instability of the tip vor-
tices occurs much closer to the plane of the turbine and is rather insen-
sitive to its position within the wake of the upstream one. However, it
is interesting to notice that the values at the outer boundary are higher
when the downstream turbine is placed further away: it ingests a
higher-momentum flow, thus its blades are more highly loaded, result-
ing in stronger tip vortices and higher levels of turbulent kinetic energy
originating from their instability.

In Fig. 12(a), the streamwise evolution of the ensemble-averaged
turbulent kinetic energy is shown at the boundary of the extraction
area. The maxima at downstream locations in Fig. 12(a) correlate with

the ones of negative radial velocity shown in Fig. 10(a). It is worth not-
ing that, just downstream of the isolated turbine, the values of turbu-
lent kinetic energy are close to zero, since the wake boundary is
displaced toward outer radial coordinates due to wake expansion. This
is more limited in the cases of the downstream turbines. For them, the
increase of turbulence, due to instability of the tip vortices, occurs just
downstream of the rotor plane, at a location that is hardly dependent
on the distance from the upstream turbine. The maxima achieved in
those cases are also higher than that in the wake of the isolated turbine,
which is the likely consequence of the earlier instability of the tip vorti-
ces, where they are characterized by higher levels of circulation within
their core. As discussed above, the lower peak for DT6 can be
explained by the weaker tip vortices generated in that case, compared
to DT8 and DT10, being the blades of the turbine more lightly loaded,
as a result of the lower momentum at the inflow. It is interesting to
notice that DT6 experiences lower turbulence at the boundary of the
extraction area, even if the ingested one is higher. Nonetheless, also the
comparison in Fig. 12(a) confirms that the major differences occur
between the cases of the downstream turbines and the one of the iso-
lated turbine. This conclusion is reinforced in the panel of Fig. 12(b),
dealing with the average of the ensemble-averaged turbulent kinetic
energy across the extraction area. The streamwise evolution is very
close across DT6; DT8, and DT10, showing substantially higher val-
ues than IST and a much faster rise of turbulence levels downstream
of the rotor plane. It is worth noting, especially for the case of the iso-
lated turbine, the presence of a small bump in the streamwise evolu-
tion of turbulent kinetic energy, at about z=D ¼ 5:0, which is also
visible in the contours of Fig. 11. It is actually caused by the accelera-
tion of grid coarsening, occurring in the vicinity of the outflow bound-
ary of the computational domain.

D. Analysis of the momentum balance

In this section, the comparison is extended to the analysis of the
ensemble-averaged terms of the streamwise component of the
momentum equation, providing details on the phenomena leading the
process of wake recovery, as recently reported in the fields of wind
energy80,81 and cross-flow turbines82–86
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In the following discussion, the quantities in Eq. (12) will be indicated,
respectively, as overall transport of streamwise momentum (r), radial
advection (r1), radial turbulent transport (r2), streamwise turbulent
transport (r3), pressure transport (r4), viscous diffusion (r5), and
modeled turbulent transport (r6). It should be noted that r5 was veri-
fied always negligible, as expected.

FIG. 10. Streamwise evolution of the ensemble-averaged radial velocity: (a) at the
boundary of the extraction area (r¼R) and (b) average over the extraction area
(0 � r � R). Comparison across configurations.
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Also for the analysis of the momentum balance equation an inte-
gral approach was adopted, considering the average across the projec-
tion of the extraction area of the turbine downstream of its plane

RðzÞ ¼ 1
A

ð
A
rðr; #; zÞdS ¼ 1

R

ðr¼R
r¼0

rðr; zÞdr; (13)

where the axisymmetry of the ensemble-averages was taken into
account.

Results are provided in Fig. 13, dealing with the streamwise loca-
tion at z=D ¼ 1:0. In Fig. 13(a), the overall transport, R, is considered.
The comparison is clear: while the momentum in the wake of the iso-
lated turbine is still decreasing, this is not the case for all downstream
turbines. In particular, the closer they are to the upstream turbine, the
faster the process of momentum replenishment. The other panels in
Fig. 13 deal with the major terms of the RHS of Eq. (12). In Fig. 13(b),
the results for radial advection are reported. Actually, at this stream-
wise location, radial advection is contributing substantially to wake
recovery in the case DT6 only. This is due to its earlier instability, pro-
ducing inward radial flows and wake contraction. However, the pro-
cess of instability, promoting wake recovery, already started also for
DT10 and DT8, as demonstrated in Fig. 13(c), where the contribution
by radial turbulent transport is shown. Turbulent mixing, resulting
from the breakup of the tip vortices, was also found the trigger of the
process of wake recovery through kinetic energy transport across the

outer wake boundary downstream of wind turbines.77,78 The latter is
negligible for IST since the tip vortices shed from the blades of the tur-
bine are still very coherent and stable in that case. At z=D ¼ 1:0, also
the role of pressure transport is significant, as demonstrated in Fig.
13(d): it is negative and rather uniform across cases.

Figure 14 shows results at z=D ¼ 3:0, which is roughly the posi-
tion where R achieves its maximum for all cases of downstream tur-
bines. In particular, Fig. 14(a) demonstrates that their values of R are
substantially higher than that for IST, whose process of wake recovery
is shifted to more downstream coordinates. The value of R here is
slightly higher for DT10, since DT8 and DT6 actually achieved their
maxima at slightly upstream positions within the wake. At this stream-
wise location, radial advection [Fig. 14(b)] still plays a less significant
role for IST since the process of wake instability in this case is delayed.
However, the radial turbulent transport is already rather significant
also downstream of the isolated turbine, as shown in Fig. 14(c), since
the instability of the tip vortices for the isolated turbine eventually
developed at about z=D ¼ 2:0. However, at z=D ¼ 3:0, the computa-
tional grid is coarser than in the vicinity of the rotor plane, so, the con-
tribution by SGS modeling is important. This is included in the overall
turbulent transport, illustrated in Fig. 14(d): it is shown that for the
downstream turbines, turbulent transport is the major source of wake
recovery, being the instability of the wake system fully developed and
the contribution by radial advection limited by the depletion of the

FIG. 11. Contours of phase-averaged tur-
bulent kinetic energy on a meridian plane
through the axis of the turbines. From top
to bottom cases, IST, DT10, DT8, and
DT6, respectively. Values scaled by the
square of the free-stream velocity, U2

1.
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radial gradients because of the upstream recovery of streamwise
momentum.

The analysis conducted in the wake of the isolated turbine52

pointed out that the process of wake recovery is not uniform across
the radial direction. Therefore, in the following the quantities:

RinnerðzÞ ¼ 1
Ainner

ð
Ainner

rðr; #; zÞdS ¼ 1
0:5R

ðr¼0:5R
r¼0

rðr; zÞdr; (14)

RouterðzÞ ¼ 1
Aouter

ð
Aouter

rðr; #; zÞdS ¼ 1
0:5R

ðr¼R
r¼0:5R

rðr; zÞdr; (15)

will be compared. They are the averages of the terms contributing to
the momentum balance at the inner and outer radii of the wake,
respectively.

Figure 15 reports the comparison between inner and outer radii
at z=D ¼ 1:0, whose results are represented in the left and right col-
umns in each panel, respectively. Figure 15(a) is very clear in showing
that the process of wake recovery is not uniform across the radial
direction. In particular, all cases still experience negative values of
Rinner, while the outer radii are consistent with the global behavior
observed above in Fig. 13(a). Therefore, Fig. 15(a) highlights that just
downstream of the rotor plane the influence by the wake from an
upstream turbine is able to trigger a faster recovery at the outer radii,
while this is still not the case at the inner ones, which are actually expe-
riencing an increase of the momentum deficit across the streamwise
direction. The especially low value of Rinner for the case DT10 is due
to the expansion by the core of the near wake of the turbine, producing
a minimum across the streamwise evolution of Rinner. Actually, this
behavior was verified also for DT8 and DT6, but in those cases, it

occurs slightly more upstream, shifting the minimum for Rinner to
smaller streamwise coordinates.

The panel in Fig. 15(b) shows that the contribution by radial
advection is substantially different across cases. It is clear that for DT6

FIG. 12. Streamwise evolution of the ensemble-averaged turbulent kinetic energy:
(a) at the boundary of the extraction area (r¼R) and (b) average over the extrac-
tion area (0 � r � R). Comparison across configurations.

FIG. 13. Terms of the momentum balance equation at z=D ¼ 1:0, averaged across
the projection of the extraction area of the turbine: overall transport (a), radial
advection (b), radial turbulent transport (c), and pressure transport (d).
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radial advection is producing a significant recovery in the outer region
of the wake, whilst its role in the inner wake is still very limited. This is
the case within both inner and outer wakes for DT8, whose contrac-
tion begins slightly more downstream. The results for DT10 deserve

more attention. The positive value of the quantity Rinner
1 is due to a

non-monotonic radial evolution of the streamwise velocity, resulting at
the boundary between the inner and the outer wakes (r ¼ 0:5R) in neg-
ative values for @�uz/@r and producing positive values of ��ur @�uz/@r,

FIG. 14. Terms of the momentum balance equation at z=D ¼ 3:0, averaged across
the projection of the extraction area of the turbine: overall transport (a), radial
advection (b), radial turbulent transport (c), and total turbulent transport (d).

FIG. 15. Terms of the momentum balance equation at z=D ¼ 1:0, averaged across
the projections of the inner and outer extraction areas of the turbine (left and right col-
umns in each panel, respectively), as defined in Eqs. (14) and (15): overall transport
(a), radial advection (b), radial turbulent transport (c), and pressure transport (d).
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due to the expansion of the wake core (�ur > 0). As discussed above,
this is a behavior also occurring for DT8 and DT6, but slightly more
upstream. In contrast, the positive values of Rinner

1 for the isolated tur-
bine are due to the contraction of the inner wake, occurring down-
stream of the expansion of the hub vortex just behind the turbine.
Therefore, for both DT10 and IST in Fig. 15(b), the positive values
of Rinner

1 are actually not associated with phenomena of wake recovery
via supply of momentum from the free-stream. They come instead
from the complex topology of the flow within the core of the near
wake.

Figure 15(c), dealing with the radial turbulent transport, is even
more explicit in pointing that, while the instability of the tip vortices is
already promoting a significant recovery of the outer wake, in a similar
way across downstream turbines, this process does not involve the
wake core yet. Figure 15(d) demonstrates that, in contrast with the
other terms contributing to the balance of streamwise momentum,
pressure transport is rather uniform across the radial direction. Its role
within the near wake is obviously quite significant.

Figure 16 deals with similar comparisons, but at the streamwise
coordinate z=D ¼ 3:0. Figure 16(a) shows that for the downstream
turbines recovery by supply of streamwise momentum from the free-
stream reached also the inner wake. There R is even slightly higher
within the wake core since the process is at a more advanced stage at
the outer radii. Across both inner and outer wakes, the rate of recovery
of streamwise momentum is rather uniform across all downstream
turbines. As discussed above for the average over the whole extraction
area, the values of Rinner and Router are slightly higher for DT10 than
for DT8 and DT6 since the peak of their streamwise evolution shifts
slightly more upstream as the distance from the upstream turbine is
reduced. It is evident that for the isolated turbine the process of wake
recovery is still at an early stage and practically did not start at the
inner radii yet. Figure 16(b) shows that radial advection is the main
source of momentum replenishment for the outer region of the wake.
This is not the case for the wake core, whose recovery is instead pro-
moted mainly by turbulent transport, as demonstrated in the panels of
Figs. 16(c) and 16(d). This is the case for all downstream turbines.
Again, the values of turbulent transport for DT10 in Figs. 16(c) and
16(d) are higher than those for DT8 and DT6 since the latter peaked
more upstream. In contrast, for the isolated turbine turbulent trans-
port is larger than radial advection also at the outer radii, but this
result is due to the process of wake recovery being at its initial stage, so
the development of inward radial flows is still limited.

V. CONCLUSIONS

Large-Eddy simulations were conducted, dealing with an axial-
flow hydrokinetic turbine, at three positions in the wake of an
upstream one. A cylindrical grid consisting of 3.8� 109 points was uti-
lized, making the present study by far the most well-resolved available
in the literature in this class of flows. Results were compared against
those of the wake of the same turbine in isolated conditions, operating
in a uniform flow. Although direct comparisons with experiments
were not available, the trends observed in the present numerical study
were verified in close agreement with the results of the experimental
studies dealing with aligned axial-flow, hydrokinetic turbines by
Mycek et al.,42 Okulov et al.,11,12 and Kang et al..87

This study is an extension of our earlier work.53 In particu-
lar, we analyzed in detail all terms of the momentum balance

equation and their dependence on the distance of the downstream
turbine from the upstream one. From the results of the LES com-
putations reported in this study, we can present the following
conclusions:

FIG. 16. Terms of the momentum balance equation at z=D ¼ 3:0, averaged across
the projection of the inner and outer extraction areas of the turbine (left and right col-
umns in each panel, respectively), as defined in Eqs. (14) and (15): overall transport
(a), radial advection (b), radial turbulent transport (c), and total turbulent transport (d).
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• The process of wake recovery is strongly tied to the instability of
the tip vortices: the latter starts the phenomena of radial advec-
tion and turbulent transport at the outer boundary of the wake,
enabling replenishment of momentum in the wake core from the
free-stream.

• Compared to the case of the isolated turbine in uniform flow, the
wake recovery of the downstream turbines features a stronger
contribution by radial turbulent transport just downstream of the
instability of the tip vortices, accelerating the overall process.

• Even more than for an isolated turbine, wake recovery is domi-
nated at inner radii by turbulent transport. For instance, its con-
tribution at three diameters from the downstream turbines was
found between 3 and 4 times higher in comparison with the case
of the same turbine operating within the free-stream: turbulent
transport allows accelerating the momentum replenishment once
the mean radial gradients are mainly depleted.

The implications of these results are important in terms of
modeling of the process of wake recovery by lower-fidelity method-
ologies. For instance, while one can expect that RANS can resolve
fairly accurately the momentum transport associated with radial
advection and the initial turbulent transport tied to the large scales,
that are the tip vortices when they are still coherent, the turbulent
transport due to small scales requires to be entirely modeled.
Meanwhile, we verified that the latter is very important to complete
the process of momentum replenishment downstream of the
breakup of the tip vortices. Therefore, it would be important to ver-
ify if turbulence models are actually able to mimic accurately this
physics, which in arrays of turbines influences the kinetic energy
available to downstream devices.

Finally, it should be acknowledged that the supporting stanchion
or tower for the actual installation of a hydrokinetic turbine may play
an important role in affecting the process of instability of the tip vorti-
ces and, in turn, the physics of wake recovery. The support for the
rotor is an additional source of momentum deficit downstream of the
turbine, but it is also expected to accelerate the instability of the tip
vortices and the shear layers at the outer boundary of the wake, start-
ing in advance the phenomena of radial advection and turbulent mix-
ing promoting wake recovery. This effect was not included in the
present simulations, which considered the rotor geometry only. In our
future studies, it would be interesting to account for it, to explore its
influence on the flow physics and assess the accuracy of simulations
based on a simplified setup.
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