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The sequential process is a conventional procedure in designing an ocean wave energy converter, from
mechanical systems to electrical loading. However, many studies do not consider the reciprocal influences
between the two domains. Therefore, the potential of a wave energy converter has not been properly explored.
In this paper, the performance of an oscillating surge wave energy converter driven by regular wave excitation
is investigated, in which the dynamics of subsystems and their couplings are fully taken into account. We
analytically determine the maximum possible power that can be harvested for a specific geometry of the
wave capture structure. We further show that these geometric dimensions and the rest of the system can be
optimized within a unified framework to maximize the output power under given ocean wave characteristics.
The upper bound on power is expressed as a function of an effective figure of merit for the power take-
off of the wave energy converter, a dimensionless parameter that quantifies the coupling strength of the
electromagnetic transducer relative to the electrical parasitic losses and mechanical transmission damping.
We further consider practical limitations where ideal conditions, such as attaining resonance, may not be
feasible. For both ideal and non-ideal cases, we derive analytical solutions to system parameters, including the
resistive and reactive elements of complex electrical loads, mechanical transmission, and generator moment of
inertia. In order to verify the analytical derivations, we implement an equivalent circuit model in a dynamic
simulator, achieving nearly identical results between simulations and analytical theory. These findings provide
a comprehensive framework for optimizing the performance of an oscillating surge wave energy converter and
similar architectures.

1. Introduction fundamentally constrained by the incident wave wavelengths, oscillat-
ing surge wave energy converters utilize a hinged flap mechanism that
pivots about a base anchored to the seabed or a floating platform [11],

enabling greater scalability and improved adaptability to a range of

The global shift towards sustainable energy resources is essential
due to both the increasing concerns regarding the environment and

the finite nature of traditional fossil fuels [1]. As populations grow
and energy demands rise rapidly, the need for reliable and renew-
able energy solutions becomes more pressing [2]. Renewable energy
technologies such as solar, wave, and wind energy hold significant
promise to address these challenges [3,4]. Among others, the vast
availability of wave energy, approximately 2.11 TW of average power
in the entire globe [5,6], or an estimated theoretical wave energy
potential of nearly 29,500 TWh/year [7], demonstrates its potential
as a clean and abundant resource that could provide 60% to 100% of
global electricity demand. Various wave energy converter architectures
have been developed to capture the kinetic and potential energy of
ocean waves and convert them into useful electrical energy [8,9].
Among these architectures, oscillating surge wave energy converters
have gained attention for their ability to efficiently harness wave
energy from the surge motion of ocean waves in nearshore regions [10].
Differing from point absorbers, whose dimensions and efficiency are
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wave conditions [12].

In general, the design of a wave energy converter involves complex
procedures [13]. It includes computing the fluid—structure interactions
based on hydrodynamic principles [14], optimizing the geometry of the
wave energy capture device, maximizing the efficiency of the power
take-off system, and identifying optimal control strategies [15]. These
processes have been iterative and sequential [16], focusing separately
on individual objectives [17]. However, this approach often leads
to suboptimal solutions because it neglects the coupling effects and
interdependencies among subsystems. In contrast, a co-design method
simultaneously considers the dynamics of the entire system to max-
imize overall energy conversion [18]. It ensures that design rules
for one subsystem align with the objectives of others, thereby en-
hancing system performance [19]. For example, a co-design approach
may simultaneously tune the flap dynamics, such as effective inertia

E-mail addresses: drtruong@umich.edu (B.D. Truong), leizuio@umich.edu (L. Zuo).

https://doi.org/10.1016/j.renene.2026.125495

Received 18 August 2025; Received in revised form 16 February 2026; Accepted 24 February 2026

Available online 27 February 2026

0960-1481/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/renene
https://www.elsevier.com/locate/renene
https://orcid.org/0000-0001-7108-4713
mailto:drtruong@umich.edu
mailto:leizuo@umich.edu
https://doi.org/10.1016/j.renene.2026.125495
https://doi.org/10.1016/j.renene.2026.125495
http://creativecommons.org/licenses/by/4.0/

B.D. Truong and L. Zuo

Generator

Mechanical
transmission
system

(LLLLLLL,

()
R

Wave-excitation
torque

be
Radiation
damping

L‘J

Flap motion 2

Flap

Effective
inertia

Renewable Energy 263 (2026) 125495

Mechanical transmission system
(Drivetrain)
Damping

|
/
by

Electromagnetic transducer

Stiffness

Coil inductance

Inertia

Transmission

Sea floor

Hydrostatic stiffness

Coil resistance

5 ratio

Electrical load

Fig. 1. Concept of an oscillating surge energy converter using a flap as the wave capture structure.

and restoring stiffness, together with the power-take-off, such that
the system operates near its effective resonance to maximize power
delivered to the electrical load. Another common co-design example
is to concurrently select the mechanical transmission ratio and the
generator parameters to balance torque amplification against electrical
parasitic losses, thereby optimizing the output power [20]. While sev-
eral studies have explored various aspects of co-design in wave energy
converters, comprehensive methodologies and generalized principles
remain limited in the literature. This limitation arises from the fact
that these studies were concerned with specific numerical examples of
wave converters [21], which could have been chosen differently and
potentially led to different conclusions.

In the context of wave energy harvesting, ocean waves are usually
categorized into two types, regular and irregular [22]. Regular waves
are idealized representations often used in controlled environments,
characterized by harmonic patterns with defined wave height and
period [23]. On the contrary, irregular waves more accurately represent
ocean conditions, which exhibit randomness and variability in height,
period, and direction due to the complex interactions of multiple waves
and other environmental factors [24]. Despite the predominance of
irregular waves in the ocean, exploring regular waves remains highly
valuable in the design and optimization of wave energy converters [25,
26]. These investigations provide a simplified framework that enables
engineers to understand fundamental interactions between ocean waves
and wave energy harvesters, optimize system parameters, and estab-
lish standard metrics for performance evaluation [27,28]. The results
obtained from considering power harnessed under regular waves are in-
sightful for both refining mathematical models and experimental setups
for the entire system. This approach thus facilitates the development of
robust and efficient wave energy converters that can operate reliably
in the complex conditions encountered in real-world applications.

The primary objective of this paper is to determine the maximum
possible power that can be harvested by an oscillating surge wave
energy converter under a given torque strength induced by regular
ocean waves. This optimal power, here referred to as the physical
power bound, can be utilized as a theoretical benchmark to evaluate
the effectiveness of an energy converter, offering insight into the system
performance in comparison with an ideal. In the following Sections,
different analytical power optimization techniques are explored, aiming
to (i) provide a comprehensive understanding of the conditions under
which system parameters need to be satisfied to achieve the output
power bound, (ii) assess whether reaching this bound is practically
feasible. The analytical accuracy is verified using numerical dynamic
simulations performed by a circuit simulator. Generalized principles
on design rules for each subsystem of a wave energy converter are
also discussed, with a focus on optimizing the extracted power. Distinct
from studies that primarily optimize specific designs or controllers for
particular sea states, this work derives an explicit theoretical power
bound and closed-form optimal conditions in a unified framework for

both mechanical and electrical domains, thereby enabling quantita-
tive assessment of practical oscillating surge wave energy converter
implementations against the theoretical limit.

2. Modeling of oscillating surge wave energy converter
2.1. Structure and principle of operations

A typical configuration of an oscillating surge wave energy con-
verter is shown in Fig. 1 [11]. It consists of a structure employed to
capture energy of the ocean waves, usually referred to as a flap, a
mechanical transmission system for velocity transfer and amplification,
and a linear electromagnetic generator functioning as a power take-off
device. The generated electrical energy is eventually delivered to the
utility grid or loads.

A simple and widely used geometry of the flap is rectangular, which
oscillates about the bottom edge anchored to the sea floor during oper-
ation. For the wave energy converter under consideration, its dynamics
can be described using one mechanical coordinate (single degree of
freedom). The flap is characterized by an effective moment of inertia
I;(w), an overall damping b;(w), and a linear hydrostatic stiffness K,
where o is the angular frequency of the wave. I;(w) is the sum of the
physical moment of inertia I and the added moment of inertia I,(w),
ie., Iy(®) = I + I,(w). b;(w) may include both linear viscous damping
and radiation damping terms [12]. In general, the added moment of
inertia I,(w) and the radiation damping coefficient b;(w) are frequency-
dependent. These parameters can be numerically obtained through
boundary element method (BEM) solvers such as NEMOH [29], an
open-source tool, Capytaine [30], a Python-based package, or WAMIT,
a commercial software. The modeling of fluid—structure interaction
between the flap and ocean waves is complex, requiring solving the
coupled equations governing fluid flow and structural dynamics. This
objective is beyond the scope of the paper but can be found in other
works, such as [31,32].

The flap is coupled to the electric generator by a mechanical trans-
mission system composed of a belt mechanism with a linear trans-
duction factor (also known as the gear ratio) of N, assuming no
slippage occurs. The mechanical part of the drivetrain and generator
is equivalently represented by a moment of inertia I;, a damping
coefficient by, and a mechanical stiffness K, that is included for a
general theoretical investigation. In the electrical port, a pickup coil
with an inductance of L is placed in proximity to permanent magnets
to form an electromagnetic transducer. The inevitable conductive losses
of the coil are accounted for by a resistance R in series with the
coil inductance. The coupling between the mechanical and electrical
domains is modeled as a linear transducer, with an electromagnetic
(electrodynamic) transduction factor of I'. Under the excitation of the
waves, the flap oscillates in a rotational trajectory. Its kinetic energy
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Fig. 3. Alternative equivalent circuit model based on reflected impedance theory.

is mechanically transferred to the generator shaft and subsequently
converted to electricity through Faraday’s law of induction.

In the final stage of the energy conversion process, the power
produced by the wave energy converter is directed to a storage element
or the alternating current (AC) grid through electronic interfaces or a
power management and control unit. In order to simplify the analysis
without loss of generality, a general complex load of the form Z; =
jX1 + Ry, is considered, where { X7, R; } are real quantities and R;, > 0.
While Z; does not exactly represent a realistic interface circuit, it
can be considered as the equivalent input impedance of the circuit
to be supplied, which is useful for identifying the upper limit on the
performance of the ocean wave energy converter.

The analysis in this paper applies to a linear wave energy converter
modeled by deterministic equations and driven by regular (monochro-
matic) waves with a precisely known angular frequency. Nonlinear
effects, including nonlinear hydrodynamics such as quadratic viscous
drag and higher-order wave effects, and nonlinearities in the me-
chanical transmission system, e.g., Coulomb friction and mechanical
end-stops that constrain motion, are neglected. As a consequence, the
moment of inertia I; and mechanical damping coefficient b; are as-
sumed to be constant at the given operating frequency, and the external
torque takes the form of T = T, cos(w?). The performance evaluation of
a wave energy conversion system with non-linear properties and a wave
converter driven by irregular waves is left open for future study. In the
latter scenario, the waves can be approximated by non-white or colored
noise, characterized by a frequency-dependent power spectral density.
This case may require a hybrid modeling approach where the drive
torque and relevant parameters such as I;(w) and b;(w) are described
by stochastic processes.

2.2. Equivalent circuit models

An equivalent circuit model is formulated based on impedance
analogies, also known as Maxwell analogy. The mechanical domain
is represented in the e — V' convention where the torque is an across
variable and the velocity is a through variable. The mechanical trans-
mission system (often referred to as drivetrain) and the electromagnetic
generator are modeled as a linear two-port transformer and gyrator,
respectively. This circuit model is depicted in Fig. 2. Given the well-
established theories, mathematical models, and analytical techniques
in electrical systems compared to other energy domains, unifying the
entire energy conversion system into a single electrical domain can
simplify the analysis procedure. This approach also provides a com-
mon framework for efficiently analyzing different components and
subsystems.

An alternative circuit model is further developed utilizing the re-
flected impedance theory, in which the transducer constitutive relation-
ships are embedded in the effective circuit components. For instance,
as shown in Fig. 3, the generator inductance L is transformed into a
capacitance with a value of L/(N2I'?). As a representative example,
assuming that the load encompasses a capacitance C connected in series
with the resistance R;, their reflected impedances are an inductance
of CN?I? and a resistance of N2>I'?/R;, respectively, which are now
in parallel with each other and with the capacitance L/(N2I'?). This
purely electrical circuit constituted solely of passive elements and is
convenient for the analysis in the subsequent Sections.

In the mechanical transmission model, the transduction factor N
can be chosen as either negative or positive to establish consistency
between the torque and angular velocity sign conventions and the
assumption that power flow is defined as positive into the transformer
at both ports [33]. However, the circuit model in Fig. 3 shows that
the effective impedance parameters are always quadratic functions of
N. Therefore, the sign of N does not affect the dynamics of the entire
system or the output power, and from now on, we assume that N > 0.

For the linearized electromagnetic transducer, two sign conventions
are commonly adopted [34,35]. With the definition that power is
positive into each port of the transducer, the motor torque constant
and the motor back electromotive force (back EMF) voltage constant
are equal in absolute value but opposite in sign, i.e., HI'|. Alternatively,
a sign convention where electrical power into the transducer is positive
and mechanical power out is positive can be used, making these two
constants identical. Similar to the drivetrain modeling, the electrical
elements in Fig. 3 are quadratic functions of I', which eliminates the
difference between the two sign conventions and the significance of the
sign of I'. This allows a single mathematical structure of the system
dynamics to cover both, and the same form of output power can
be obtained regardless of the sign convention in use. In the models
formulated in this paper, the electrodynamic transduction factor I is
treated as a positive parameter.

3. Theoretical power bound

In this Section, we seek to find the maximum possible power that
can be delivered to an electrical load using the Thévenin equivalent
circuit and network theory. Here, we adopt the perspective of the power
available from the source to assess a strict upper bound on the system
performance. Practical limitations and the feasibility of the outcomes
are not considered at this stage. For instance, resonance conditions may
not be achievable due to various physical and implementation con-
straints. However, the theoretical limit derived can serve as a reference
for evaluating the effectiveness of a given wave energy converter.
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figure of merit M, for power take-off of a wave energy converter, as deter-
mined by Eq. (7).

In Appendix A, we have shown that the maximum power transmit-
ted through a lossless network is equal to the power available from the
source that supplies it. Without loss of generality, the internal induc-
tance L of the generator is a lossless element and can be incorporated
in an effective load, Z£ = joL + Z; . Thus, the Thévenin equivalent
circuit corresponding to the model in Fig. 3 is developed in Fig. 4. The
Thévenin equivalent torque and impedance are defined as follows,
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Based on the network theory, the maximum possible power that can
be delivered to an electrical load, which is referred to as the physical
power bound, can be determined by

2
P; = max R,:m . 3
8RR Zy)
Substituting (1) and (2) into the expression of P, in (3), we arrive at
2 A72 12
LN (b +N2bg)(N>I'* + RN?by+ Rby)
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Neglecting practical considerations, we assume that multiple system
parameters can be adapted, including inertia, stiffness, and transduc-

tion factor. The second term in the denominator of P, is always
non-negative, and must be equal to zero to maximize P,

K + N2K, )

o (I + NI =0,

or equivalently,

K; + N2K,; = o*(I; + N°1). (5)

Eq. (5) represents an effective resonance condition of the wave energy
converter, in which the combined stiffness K; + N2K, balances the in-
ertial term w?(I; + N21,), thereby eliminating the equivalent reactance
at w. The optimal mechanical transmission factor N is determined by
the equation 0P,,/0N = 0, which results in

RP? M2
N4 = i _ < 1 > 1 6)
by + Rb] My ) Mi+1
where the non-dimensional parameters are defined as
1“2
My = ——,
'™ Rb,
FZ
My = —.
27 Rb;

The upper bound of the output power is then given by

VM FT-1

p=p YT T %)

0
VM +1+1
where we define the critical power
2
T

Py ==
07 8b,

(8)
As shown in Fig. 5, the power Py is always less than P, for all positive
M, and Py is a strictly monotonic increasing function of M,. P, can
be regarded as the power limit of a theoretically ideal system, attained
when one or more of the following conditions are met, resulting in a
very large value of M,;: The mechanical and electrical loss factors by
and R are negligibly small, and the electromagnetic transduction factor
I is high. M, can be interpreted as a figure of merit for the power take-
off of a wave energy converter, which should be as large as possible to
maximize the output power. At the limit, P; - P, when M, - 0, and
approximately Py ~ P, if M; > 1. M, is an intermediate parameter
that, along with M,, identifies the optimal value of the mechanical
transmission factor N. Once the wave energy converter is fabricated
and its intrinsic parameters are identified, no electronic circuit interface
or control unit can extract more power than Pg.

It is essential to emphasize that, given the characteristics of the
waves such as wave height and frequency, the maximum scavenge
power is defined by the input excitation torque T;, the overall damping
coefficient of the flap configuration b;, and the effective figure of
merit M,. Specifically, the power output P, is proportional to T 02 and
inversely proportional to b;. Since T,, and b; are both dependent on
geometry and frequency, the ultimate goal in designing a flap structure
is to optimize its shape and dimensions to achieve the highest P, for a
given wave frequency, rather than simply minimizing b; or maximizing
T, alone. There are several methods to enhance the effective figure
of merit M, for power take-off, such as decreasing the electrically
parasitic loss R, lowering the mechanical loss by, and increasing the
electrodynamic transduction factor I'. Minimizing the power loss in
a belt transmission system, characterized by the lumped mechanical
damping constant by, has been extensively studied for decades [36-38].
Strategies to reduce by include proper tensioning and alignment as
well as employing high-quality materials and low-friction coatings. For
an electromagnetic generator, in the absence of size constraints, the
number of turns of the pickup coil is proportional to both the resistance
R and the electrodynamic transduction factor I' [39,40]. However,
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M, « I? and inversely proportional to R. Therefore, increasing
the number of turns could significantly increase M,. Since the ratio
M,/M, = b /by is independent of I' and R, a larger M, achieved
through this approach can also be beneficial for reducing the optimum
N when necessary. Under space constraints, increasing the number of
turns while keeping the same wire diameter is not feasible. Alternative
methods to increase I' include using stronger permanent magnets or
incorporating magnetic flux concentrators.

While primarily focusing on the power available from the source,
the Thévenin-equivalence technique can also provide insights into the
properties of the load. The optimal complex load can be obtained
by satisfying the conjugate impedance matching condition, where the
load impedance equals the complex conjugate of the Thévenin source
impedance, Z| = Z; . This is motivated by the fact that the optimum
complex load impedance can be implemented either through an active
pulse width modulation (PWM) rectifier [41], or a passive rectifier
coupled with a buck-boost converter [42,43]. As a consequence of Eq.
(5), the imaginary parts of Thévenin equivalent impedance Z;, are
canceled out, therefore, G{Z] } = 0. In order to eliminate the imaginary
impedance introduced by the inductance in the effective load Z!, a
capacitance can be connected at the output port, with X; = 1/(-wC) =
—wL, leading to

C=1/(0*L). 9

The load resistance is then adjusted to match the real part of Z,;, which
is now identical to Z;,. This matching results in

Ry = RyM, + 1. (10)

Once (5), (6), (9), and (10) are satisfied, the power induced in the load
R; reaches its physical bound Pg. This Section focuses on the specific
aim of finding the global optimum of a wave energy converter oper-
ating in regular waves of a single frequency. However, the conditions
required for this optimal performance may not be achievable in practice
due to operational or engineering constraints. How system performance
behaves away from the optimum under various scenarios remains an
open question, which is to be explored in subsequent Sections.

4. Power optimization for resonant wave energy converter

We investigate various techniques for optimizing the power de-
livered to a load, aiming to comprehensively understand the optimal
conditions of the system parameters required to achieve the maximum
possible output power. Our focus in this Section shifts to the load
side, with the complex load impedance Z; considered as the primary
variable in the optimization scheme. However, the potential contribu-
tions of other parameters, such as the mechanical transduction factor
N, to the maximization of harvested power are also examined. We
concentrate on the special case of resonance, as it has been shown that
the maximum output power of an energy harvester is attained when
the resonance frequency of the system closely matches or is identical
to the frequency of the driving excitation [44]. The performance of a
more general system, whose resonance frequency may be far from the
frequency of the waves, is evaluated in Section 5.

4.1. A general framework

Our first aim is to provide a framework to analyze the performance
of an ocean wave energy converter in a general scenario. The lumped
element circuit model depicted in Fig. 2 is utilized for a clearer physical
interpretation of the actual dynamic quantities, such as velocities of the
mechanical parts and voltage across the load, and how they are derived
from the model. The complex velocity amplitudes of the flap and the
generator shaft are given by

Ty

o=—"2"_
by + Zip

,¥=NO, (11
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respectively, where the input impedance is

Z, jowl; + K
. = jw -
in = JWIf jw

12)

+N2<bd+jwld+ﬁ+ I >

jo R+ joL+jX; + Ry
In this formulation, the excitation torque 7' and the damping coefficient
by can be considered to mathematically constitute an effective source of
power, in which the largest possible power it can provide the rest of the
system is P,. Z;, then represents the impedance seen from this power
source. The voltage across the load resistance R; and the corresponding
output power are

vr
Vi = R, 13
L™ R+joL+jX +R, - as
2
1]
=L 14
L™2 R, a#

The set of equations [(11)-(14)] offers a general procedure applicable
to any set of physical parameters for studying the system performance
under various conditions. In the next two sub-sections, we explore
simple cases operating at resonance, where resonators are formed in
both the mechanical and electrical domains to suppress the imaginary
parts of impedance.

4.2. Optimal load and mechanical transmission ratio at resonance fre-
quency

In theory, a resonance structure can be achieved by designing the
moment of inertia and mechanical spring stiffness in the mechanical
domain and connecting an external capacitance in the electrical output
port of the electromagnetic generator such that the following conditions
are satisfied,

Ki = 0*l;, Ky = 0’1y, X, + 0L = 0. 5)

At resonance, the output power in (14) is simplified to

R T,NT)?
PL:l = 2 G 212 12" (16)
2(R+Ry) [(b LNy 4 N 2
t d
R+R,

The stationary points of the power with respect to R, and N are
determined by dP, /dR;, = 0 and 0P, /0N = 0, which are equivalent
to

(I'* + (R — R )bg)N? + bs(R— Ry) =0, a7
(I'* + (R + R )bg)N? — be(R+ Ry) = 0. 18)
In analogy to M; and M,, we define the following dimensionless
parameters

_ r _ M,

T R(bp+ N2by) N2+ M/ M,

Eq. (17) results in the optimal load as a function of the mechanical
transmission factor

M

Ro= R+ - R+ N2y, 19
by + N2by
and the output power becomes
P (TyNT)?
=
8(b; + N2by)[(NI)* + R(b; + N?by)| 20)
N2M;

YT+ N2M, (L + 1/ M)
Simultaneously solving Eqgs. (17) and (18) yields identical solutions for
the optimal mechanical transmission factor and load resistance as in
(6) and (10), respectively. Substituting the optimal solutions back into
(16) leads to an output power equal to the physical bound Py in (7).
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This analysis shows that, regardless of the initial pathway chosen,
whether starting with the power available from the Thévenin equiva-
lent source in (3) or the output power expression in (16), the global
optimal solutions for the load and mechanical transduction factor at
resonance, as well as the upper bound on generated power, remain
the same. In addition, it seems to indicate the effectiveness of the
impedance matching method in finding the optimal load compared to
the gradient descent technique. The former, as presented at the end
of Section 3, may be more straightforward in some circumstances,
especially for complex architectures with multiple stages of energy
conversion and numerous system parameters. However, it is less clear
whether these arguments always hold. Therefore, both approaches are
employed as tools for further studies in this paper, and the results are
evaluated in detail.

An important observation here is that the first two equalities in
(15) form a special case of the condition (5). It can be seen as one
specific solution to (5) that is independent of the mechanical trans-
mission factor N. Any physical set of parameters {K;, I;, Ky, Iy} that
does not satisfy (15), but fulfills (5) when combined with N, will also
suppress the imaginary parts of the input impedance Z;, and all the
results in this Section are recovered. Therefore, the local resonance
frequencies of the flap and drivetrain are not necessarily equal to the
wave frequency to maximize the harvested power. For example, in an
extreme scenario when the mechanical stiffness of the drivetrain K,
is set equal to zero, the moment of inertia I, can be designed such
that I; = (K;/w? — I;)/N?, thereby (5) is achieved. In this case, the
local resonance frequency of the flap even should not match the wave
frequency as it leads to I; = 0, an unphysical value. It should be noted
that conditions (5) and (15) are associated with (6), where the optimum
of N is expressed as a function of dimensionless quantities M, and M,.

Since the impedance matching method is widely used in the liter-
ature, one might question the possible outcomes if the optimal load
resistance R; is determined by this approach. As shown in Appendix
B, solving Eq. (17) and implementing impedance matching to the load
yield the same expression (19). As a consequence, the ultimate optimal
solutions for N and R; correspond to (6) and (10), respectively. In ad-
dition, an optimization procedure utilizing the bi-conjugate impedance
matching method is presented in Appendix C. Under the resonance sce-
nario, both the imaginary parts of the input and output impedances are
suppressed to zero. The matching conditions then reduce to equating
the real parts of the input and output impedances with the load resis-
tance and the radiation damping coefficient, subject to two variables,
Ry, and N. This method yields the same solutions for N and R; as in
(6) and (10), respectively. Therefore, in this case, sequentially applying
impedance matching to the load and optimizing the mechanical trans-
mission factor is equivalent to the bi-conjugate impedance matching
technique, with N treated as an additional variable alongside the load
resistance.

The results derived in this Section offer solutions for designing
an optimal wave energy converter without considering practical con-
straints. However, solving Eq. (5) for I; and Ky may yield physically
unrealistic values, depending on the mechanical properties of the flap
and the frequency of the regular waves. Thus, some authors may be
more interested in the performance of a system whose characteristics do
not fulfill this condition, and how it compares to the global optimum.
This aspect is addressed in the next Section.

5. General power optimization and system effectiveness
5.1. Wave energy converter effectiveness

We now consider more general scenarios in which resonators in the
mechanical domain may or may not be formed, and only the load can

be arbitrarily adjusted by power electronic interface circuits. To assess
the performance of a wave energy converter, we introduce the system
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effectiveness, which can be defined as the ratio between the harvester
output power and the largest achievable power of the optimal system,

=B @D
=B

This metric indicates how well a wave energy converter performs
compared to an ideal configuration. The output power P; is computed
by the process [(11)-(14)], while Pg is given by (7). In this Section, we
further evaluate the gradient descent and impedance matching methods
to determine which is preferable for optimizing the performance of the
general complex system under consideration.

5.2. General power optimization using gradient descent approach

In order to reduce the complexity of derivation, we introduce the
notations

be = by + N2by,
X, = X; + N2X, = (0l; — K; /o) + N> (0l — Ky /),
I,=NT

where X; = wl; — K;/w, and Xy = wly — Ky/w. The stationary points
of the output power are obtained by setting its derivatives in relation
to the real and imaginary parts of the load equal to zero, dP, /X =0
and 0P /oR; =0, leading to the equations

(X + X)X +6H) - I2X, =0,
2
(R? = RO(XZ + b2 + [(X + XL )b
+2Rb, I+ [I2 = (X + X)X] =0,

respectively, where X = wL. Hence the optimal solution for the load is

X, =— &
L X2+
: (22)
R - I2b,
T Xz
€ €

In a similar manner, conjugate-impedance matching to the load in the
general case is performed, yielding the same results for both the real
and imaginary parts as in (22). The analytical derivations are provided
in detail in Appendix D.

Substituting these expressions back into (14), we arrive at

riry
8[I2b + RXZ+ )|

P 23)

Considering X, a variable, the derivative of the output power in (23)
in terms of X, is

B I2TgRX,

0Xe 4|12, + RX2 +b2)]

We have that 0P /0X, = 0 if and only if X, = 0, 0P /0X, > O for
X, <0, and 0P /0X, <O for X, > 0. In the limits, A, — 0 when X, -
+00. The output power P;, monotonically increases and decreases with
negative and positive X, respectively, and attains a unique maximum
when X, is zero. Therefore, if it is not feasible to optimize the wave
energy converter such that X, is canceled out, minimizing the quantity
|X e|2 is always desirable to maximize the output power.

We note that the parameters b, X, and I, are dependent on the
mechanical transmission factor N. The optimal value of N can be found
by setting 0P, /0N = 0, where the power P, is given by (23), resulting
in

R(XZ +b2)

_ _ (Xt /ba)* +(M1/M2)2_ 24)
T2by + R(X2 + %)

(Xq/b)* + M +1

4

Inserting the mechanical transmission factor from (24) into (23), we
obtain the maximum output power with the simultaneous optimization
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Table 1
Example of system parameters.

Parameters Value

Flap structure [12]

Effective mechanical damping coefficient, b; 10.34, N m s/rad

Overall moment of inertia, I 59.10, kg m?
Mechanical stiffness, K; 290, N m/rad
Mechanical transmission system (drivetrain) [20]
Effective mechanical damping coefficient, b, 2, N m s/rad
Moment of inertia, I, 20, kg m?
Mechanical stiffness, K, 0, N m/rad
Electromagnetic generator [20,45]
Coil inductance, L 1.4, mH
Parasitic resistance, R 38, mQ
Electromagnetic transduction factor, I’ 5.397, N m/A
Wave frequency, f 0.15, Hz

of the variables X;, R;, and N

Xq\? f
PL=P{ M -2 ((b—) +1)((3) +Mmi+1)
d
(25)

|
s
|2
|
——;
~—
=
+
~
o=
|2

WXV 4 (Xe Xy

() -5

Direct consequences of these investigations are the findings presented

in Section 4.2, which focus on resonance when X, = X; = 0. In a more

general case, if X, = 0, following the same gradient descent optimiza-

tion procedure yields identical results for the optimal N, X;, R;, and

output power as shown in (6), (9), (10), and (7), respectively.
Assuming that in a realistic system, the condition X, = 0 may not

be achievable. The minimization problem of |Xe|2 with the optimal N

in (24) can be formulated as follows,

2
X;/bg)? + (M [ M,)?
min |Xe|2= Xf+Xd ( f/ d) ( 1/ 2) )
(Xg/bg)* + M, + 1
Since X; results from optimizing the flap geometry such that the power
P, is maximized, and mechanical loss factors such as by and b; are
always desired to be as minimal as possible, the common choice of

variable to minimize |Xe|2 is X4. Without any constraints, X, can be
determined by the equation d|XC|2 /dXg4 =0, leading to the solution

Xy = —Xf% M, +1, (26)
which also results in X, = 0. Substituting (26) back into (24) and (22),
the optimal solutions for the complex load and mechanical transmission
factor recover those for the idealized resonance case.

Denoting the right-hand side of (26) as X, we also find that
d|X.[*/dX, > 0 for all X, > X and d|X,|’/dX, < 0 for all X, < X7
In other words, |Xe|2 monotonically decreases for X; on the left side
of the minimum point X} and monotonically increases for X, on the
right side. Therefore, if X, is subject to a constraint of X € [X,;, X4,],
where X, and X,, are the lower and upper bounds to X, (X4, <
Xg4,), then the optimal X, is chosen depending on the relationships
among these bounds and X7. In particular, X4 = Xg, if Xy, < X7,
Xy = X! if X3 € [Xqp.Xg,), and X4 = Xy, if X3 < X,,. Note
that the practical bounds on X, depend on the wave frequency w
and constraints on the moment of inertia and spring constant of the
drivetrain, I; and K. This also underscores an important role of K,
in maximizing the system performance, and that assuming or setting
K4 =0 in a numerical optimization scheme is not justified.

Fig. 6 illustrates an example of the maximum effectiveness of an
oscillating surge wave energy converter, under both resonance condi-
tions (either (5) or (15)) and a more general non-resonance scenario,
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Fig. 6. Maximum effectiveness of the wave energy converter as a function of
the normalized mechanical transmission factor N /N,. The optimal mechanical
transmission factor at resonance N, is the solution to (6), and the physical
power bound P; is specified in (7). For the resonance scenario, the output
power is computed using (20), and the load resistance is given by (19). For
the non-resonance case, the optimal complex load and corresponding output
power are expressed by (22) and (23), respectively. The red solid circle and
square represent the points of highest effectiveness at the optimal values of
N, determined by (6) and (24), respectively.

described as a function of the normalized mechanical transmission
factor. The example set of system parameters in use {b;, by, I', R} is
listed in Table 1. For the non-resonance case, the optimal mechanical
transmission factor is considerably higher than at resonance. Since
neither condition (5) nor (15) is satisfied, the system effectiveness is
well below the theoretical optimum. Furthermore, it is essential to
emphasize that as the mechanical transmission factor increases, the
effectiveness of the considered system gradually approaches that of the
optimal case. This property explains why the numerical optimization
presented in [20] tends to yield a high value of N. In this regime, the
difference in output power between the truly optimal design and a non-
optimal solution becomes nearly negligible. This finding underscores
the importance of deriving analytical solutions for the optimal design
of an oscillating surge wave energy converter, as they can offer insights
that numerical algorithms typically cannot provide.

Up to this point, questions regarding how to determine the optimal
set of system parameters, such as the mechanical transmission factor,
moment of inertia and spring stiffness of the drivetrain, as well as the
complex load, have been thoroughly investigated for both ideal and
general cases. The modeling techniques and optimization procedures
presented in this paper can also be generalized and adapted to other rel-
evant structures, including buoy point absorber wave energy converters
and ocean current energy harvesters.

6. Numerical verification with dynamic circuit simulation

To verify the analytical model and primary findings presented in the
previous sections, we perform numerical simulations for comparison by
implementing the equivalent circuit model shown in Fig. 2 in LTspice,
a dynamic circuit-based simulator. For consistency, the same system
parameters detailed in Table 1 are also used for the circuit simulations.
Each simulation is run for a total duration of 175 s. The average output
power is evaluated from the voltage waveforms over the interval 7, =
100 to t, = 175 s to ensure the system has reached steady state and the
data comprises a sufficient number of operating periods,

CUmELVE 0D

P 27
L R R 27
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Fig. 7. Effectiveness of the wave energy converter as a function of the
normalized load resistance R; /R, at a given mechanical transmission factor:
Comparison between analytical solution (solid line) and dynamic simulation
(circles). The optimal load resistance at resonance, R, and the physical power
bound, Pg, are defined by (10) and (7), respectively.

< 15 S
=~ =N o

Effectiveness, Ey = P/ Pg
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Fig. 8. Effectiveness of the wave energy converter as a function of the nor-
malized mechanical transmission factor N /N,: Comparison between analytical
solution (solid line) and dynamical simulation (circle). The optimal mechanical
transmission factor at resonance N, and the physical power bound P, are given
by (6) and (7), respectively.

where n is the number of discrete output voltage values within the time
interval [z,,1,]. In LTspice, the time step is dynamically adjusted, with
a maximum increment set at 0.1 ms.

Fig. 7 shows a comparison between the analytical solutions and
dynamic simulations, demonstrating excellent agreement with nearly
identical results for both resonance and non-resonance scenarios. In
these cases, the mechanical transmission factor N is kept fixed, while
the load resistance R; is varied to evaluate system effectiveness. Un-
der resonance conditions, (15) is satisfied, and P takes the form
expressed in (16). For general non-resonance operation, the procedure
[(11)-(14)] is applied, with the imaginary part of the load impedance
X, set by the first equation in (22). In LTspice, a capacitor is im-
plemented with a capacitance of C = —1/(wX}) if X < 0, whereas
an inductor with inductance L, = X /w is incorporated if X; > 0,
depending on the specific value of N.
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Fig. 8 presents an investigation of the maximum effectiveness of the
system for different values of the mechanical transmission factor, con-
sidering both resonance and more realistic non-resonance operations.
For the former, the load resistance is set to the general optimal value
at resonance as described by (19). For the latter, the complex load
expression in (22) is employed. Once again, the analytical solutions
and numerical simulations yield nearly indistinguishable outcomes.
These findings highlight the accuracy and reliability of the developed
model and analytical solutions, providing an efficient alternative for
exploring the design space towards an optimal wave energy converter,
in comparison with the time-consuming and less-explicit nature of
numerical tools.

7. Discussions

Although the impedance matching theorem is convenient as it
provides direct relationships between the real and imaginary parts of
the optimal load and the output impedance of the system, it should
be noted that it does not always yield the same results as the gradient
descent method [46]. Furthermore, bi-conjugate impedance matching
to the load and to the power source simultaneously is not guaranteed to
always have a physical solution [47]. In some particular circumstances,
identical outcomes can be obtained regardless of the approach used.
For instance, the investigations in Sections 3 and 4.2, and Appendix
C yield the same global maximum point of the output power. For
the oscillating surge wave energy converters under consideration, both
gradient descent and impedance matching to the load lead to the same
solutions for the complex load under both resonance and non-resonance
scenarios. In general, the gradient descent method can be employed
as a complementary approach when optimization involves multiple
variables in addition to the electrical load impedance.

Eq. (5) (or equivalently, X, = 0) can be solved with at least two
independent variables, I; and K,. Thus, there are infinite possibilities
to optimize the performance of a wave energy converter such that
the output power can achieve its physical bound, from both physics
and mathematics points of view. However, due to potential practical
limitations, the final parameter selections are made based on their
specific constraints, which may lead to a maximum output power less
than its upper bound. While the analysis presented in this work has
accounted for the dynamics of the entire system as a unified unit,
the analytical findings show that each subsystem can be optimized
separately using its corresponding optimal criteria. This could reduce
computational complexity compared to numerically optimizing the
system as a multiple-variable problem. Moreover, achieving global
optimality with numerical solutions in a consistent and reliable manner
is challenging.

A general procedure to optimize the wave energy converter can
be briefly summarized as follows. The geometry of the flap plays a
vital role in capturing the energy carried by ocean waves. It should be
designed such that minimizing the effective damping coefficient b; and
maximizing the external torque amplitude T}, acting on the flap, thereby
increasing the power P. The parameters I; and K; are not considered
as variables but rather consequences of this optimization scheme. The
electrical components of the electromagnetic transducer are adjusted
to achieve a sufficiently large effective figure of merit M, so that Py
closely approaches P,. The moment of inertia I; and spring stiffness
K, of the drivetrain are then optimized accordingly to minimize the
quantity |XC|2. Finally, a power electronic circuit and control unit
is employed to synthesize the optimal effective load impedance to
maximize the output power.

In the ideal case where X, = 0, i.e., the mechanical characteristics
of the drivetrain I, and K, are configured to satisfy (26), the optimal
transmission factor N and the imaginary and real parts of the load
Z; are given by (6), (9), and (10), respectively. The output power in
this case reaches its upper limit Py, as defined in (7). When subject
to practical constraints that cause X, to differ from zero, the optimal
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X4 is at one of its constraints to minimize |Xe|2, and the pair {74, Ky}
is selected accordingly. The optimum of N is calculated using (24),
and the optimal complex load is expressed by (22). The maximum
achievable power in this scenario is described by (25), which is always
lower than Pg. The performance of the system can be evaluated by
the effectiveness (21). The analytical solutions presented in this paper
partially provide general design rules for an optimal wave energy
converter.

We note that the radiation damping coefficient, effective inertia,
and excitation torque amplitude are evaluated at the excitation fre-
quency and treated as constants only within the single-frequency har-
monic balance. These parameters are not assumed to be globally con-
stant. Therefore, all findings remain valid at each frequency » after
replacing by — bi(w), I; - I;(w), and T, — T,(w). The practical
implication of this frequency dependence is that both the optimal
conditions and the corresponding maximum output power become
frequency-dependent. In particular, the closed-form solutions for sys-
tem parameters, such as the mechanical transmission factor and the
complex load, derived in the paper, should be interpreted as optimal at
the chosen operating frequency.

Although the analysis is presented for regular waves at a single
angular frequency, the obtained formulation can be extended to ir-
regular seas under the same linear, time-invariant assumptions. The
incident wave field of an irregular sea state can be represented as
a superposition of harmonic components with random phases, char-
acterized by a wave-elevation power spectral density S(w) in the
frequency domain. In models such as JONSWAP or Pierson-Moskowitz,
S(w) is typically parameterized by the significant wave height and
a characteristic period (frequency), often peak period (frequency).
The output power derived for monochromatic excitation becomes
frequency-dependent P, (w), which can be computed from Eq. (14)
using frequency-dependent hydrodynamic coefficients and the exci-
tation strength at each frequency. Let P ;(w) denote the delivered
power under unit-amplitude regular-wave excitation. The average out-
put power for irregular-wave operation can be estimated by spectral
integration, in particular, by weighting the frequency-dependent power
P, y(w) by S(w) and integrating over frequency. Details are provided
in [48]. The same procedure can be applied to the frequency-dependent
theoretical power bound Ps(w) in Eq. (7). If the system parameters,
such as drivetrain stiffness and complex load impedance, can be ac-
tively controlled and synthesized in a frequency-dependent manner,
the optimal conditions can be enforced at each frequency. The question
of the practical realizability of such frequency-dependent control and
synthesis is beyond the scope of this paper and remains open for future
work. In practice, implementing frequency-dependent parameters is
challenging. An alternative common technique is to maximize the
spectral integral over the target sea state, with frequency-independent
parameters tuned near the dominant spectral band (e.g., at the peak
frequency).

8. Conclusions

We have developed equivalent circuit models and investigated the
performance of an oscillating surge wave energy converter under both
resonance and general operating scenarios. We have determined the
physical power bound and identified the necessary and sufficient con-
ditions to achieve the largest theoretical maximum power. We have
introduced an effective figure of merit for power take-off of a wave
energy converter, a comprehensive metric for evaluating the over-
all performance and effectiveness of the system. A rigorous analysis
shows that the gradient descent and impedance matching methods
yield identical solutions for the real and imaginary components of
the electrical load. The analytical expressions for the complex load
are convenient tools that provide significant insights into selecting
appropriate coefficients for control units to optimize complex energy
harvesting systems. Furthermore, optimal values of other parameters
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Zs

Vs jY

Fig. 9. Thévenin equivalent circuit representation for the lossless network
under consideration.

in addition to the load, such as the transmission factor, inertia, and
spring stiffness of the mechanical transmission system, are explored
for both unconstrained and constrained regimes. Analytical solutions
for these system properties are derived accordingly, employing the
gradient descent approach. The findings offer valuable principles for
designing an efficient linear oscillating surge wave energy converter
under harmonic excitation by regular waves, and the presented frame-
work can be extended to optimize various structures, including point
absorber wave energy converters.
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Appendix A. Power transmitted through a lossless network

We consider a harmonic voltage source Vg = V,cos(wr) with its
internal impedance Zg = Rg + jXg, connected with a lossless net-
work represented by an imaginary impedance jY. This configuration is
shown in Fig. 9. We now prove that the maximum power transmitted
through this network is identical to the power available from the
source. The voltage and impedance of the Thévenin equivalent circuit
in the frequency domain are given by

Vo
Vs = R ,
s+/Xs+Y)
JY(Rs +jXs)

o= — 2 * 97 2
hS T Ry +j(Xg +Y) @9

(28)

The maximum power transmitted from port 1 to port 2 is the power
available from the Thévenin source, derived as

2 2
p 1 [Vins| _lV_oz_l Vsl
o T8 R(Zys) S8Ry 8 R{Zg)

(30

which is the power available from the voltage source Vs, or the highest
power that the source can deliver to the rest of the circuit.



B.D. Truong and L. Zuo

Appendix B. Power optimization at resonance: Impedance match-
ing to the load

We consider the conjugate impedance matching of a load for max-
imizing the power delivered to it from a generator. The condition of
this classical circuit theory concept is

XL = _S{Zoul}’
RL = ?R{Zoul}

where the general form of the output impedance seen from the load is
given by

Zow = R+ joL

(31

FZ
+Lb+‘w1+ﬁ.
N2\t Jaolg jw

Under the resonance operation, the conditions (5) and (9) are satisfied,
and the imaginary part of the fractional term in the output impedance is
suppressed. jX; becomes the impedance of a capacitance in series with
R; , which cancels the impedance of the coil inductance, i.e., X; +wL =
0. The optimal load resistance and the corresponding power coincide
with those in (19) and (20), respectively. Both are functions of the
mechanical transmission factor N. From the perspective of sequential
optimization, the optimal solution for N, if it exists, is obtained by
differentiating P in (20) with respect to N and setting the result equal
to zero, yielding a unique solution identical to that in (6).

+
by + jool —d
wl; +
dej

Appendix C. Power optimization at resonance: Bi-conjugate
impedance matching

A classical method to maximize the power delivered to the load of
a complex system is the bi-conjugate impedance matching theorem. In
particular, the input impedance is matched to the conjugate impedance
of the effective power source, and the output impedance is set equal to

the conjugate impedance of the complex load,
Z, = Z%,
mn i (32)
Zow =Z;.

The effective power source is specified by {T,5;}, where the source
impedance is purely real, Zg = b;. Under resonance, i.e., when the
conditions in (15) are fulfilled, the required impedance matching is
simplified as

_ 2
b= N2 (b, + R+RL), (33)
2
Ro= R+ N (34)
by + Nb,

The unique physical solutions for N and R; are (6) and (10), re-
spectively. This analysis shows that, under resonance conditions, the
procedure of applying conjugate-impedance matching to the load and
subsequently optimizing the mechanical transmission factor using the
gradient descent method is equivalent to the bi-conjugate impedance
matching technique.

Appendix D. General power optimization: Impedance matching to
the load

Applying the condition of impedance matching to the load in (31),
its real and imaginary parts are derived as

b
2 f
r <Xd+ﬁ>

(35)

X\’ b\’
Xd'*'ﬁ + bd+ﬁ

10
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where Xy = wly — Ky/o, X; = wl; — K;/w, and X = wL. These
solutions are identical to the compact forms presented in (22). In
many energy harvesting systems, a control unit is utilized to synthesize
the optimal complex load for maximizing the power delivered to the
load [42,43]. The analytical expression in (35) provides an efficient
means for realization, with the potential to reduce both the complexity
of search algorithms and the computational cost. Another example is a
controller employed in wave energy converters, which aims to provide
sufficient actuating torque for the power take-off system to optimize
electric output power [20]. Conventional controllers, such as PI and P
control, typically rely on the conjugate impedance matching approach.
The explicit solution in (35) can then be extended to explore their
capability and feasibility.

Appendix E. General power optimization: Bi-conjugate impedance
matching

We have demonstrated in Section 5 that sequentially optimizing
the complex load, mechanical transmission factor, and imaginary part
of the drivetrain impedance, in that precise order, yields the ultimate
optimal conditions for the resonant system presented in Section 4. For
comparison, we now implement the bi-conjugate impedance matching
theorem, as formulated in Eq. (32), for the general case where all
system parameters are incorporated, subject to a set of four variables
{R., X, N, X,}.

Two explicit equations representing the condition Z,, = Z;' can be
described by (35). The other requirements for impedance matching to
the source, Z;, = Z{, are as follows

(N> (R+ Ry)
(R+ R+ (X + X )%
(NTYP(X + Xp)
T RAR P+ X+ X2
Simultaneously solving these four equations for the variables { Ry, X; ,
N, X,} yields the exact same solutions as those derived in Section 4,

which ultimately reduce to the resonance case. The optimal solution
set is summarized as follows,

by = N2by + (36)

0=X;+N>X, (37)

R, = RVM+1,
X, =X,
2 2
N <ﬂ> 1
2oy +R2 \ My My+1

M
Xy = —x[ﬁ M, +1.

This study demonstrates the effectiveness of the bi-conjugate
impedance matching method in finding the global optimal conditions.
However, the gradient descent approach yields more comprehensive in-
sights, especially in circumstances where the ultimate optimal solutions
are unattainable. For example, if X; cannot be engineered to achieve
its optimal value, there is room for output power improvement by
optimizing the mechanical transmission factor, a flexibility not afforded
by bi-conjugate impedance matching.
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