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A B S T R A C T

This paper presents a systematic numerical investigation of the hydroelastic response and energy capture 
characteristics of raft-type WEC–interconnected very large floating structure (VLFS) system. In the proposed 
configuration, the WEC is positioned at the fore-end of VLFS, and its power take-off (PTO) mechanism is modeled 
as a hinge with rotational damping. The wave excitation induces the rotational motion around the hinge, which 
can drive the PTO to absorb the wave energy. Meanwhile, adjacent VLFS modules are connected by hinges with 
prescribed rotational stiffness, enabling inter-module rotations and thereby representing the global structural 
flexibility. From a methodological perspective, the VLFS structure is discretized employing the discrete-mod
ule–beam bending (DMBB) method, and the motion equation of the system in the frequency domain is formu
lated with Lagrange multiplier method. A numerical search procedure is further implemented to determine the 
optimal PTO damping, with the objective of maximizing power capture efficiency. On this basis, a parametric 
study is utilized to evaluate the influence of wave and system properties. The results demonstrate that variations 
in wave and system parameters can significantly influence both the deformation of the VLFS and the power 
capture of the WEC. Overall, the present study provides valuable insights for the structural design and perfor
mance optimization of WEC–VLFS systems.

1. Introduction

As a significant alternative to conventional land reclamation, VLFSs 
have been widely envisioned and applied across a variety of engineering 
scenarios, including floating bridges, offshore airports, floating photo
voltaic (PV) farms, and offshore oil and gas storage and transfer facilities 
(Lamas-Pardo et al., 2015; Zhang et al., 2026). Given that VLFSs typi
cally possess extremely large horizontal dimensions and small thickness, 
their elastic deformations under environmental loads are often consid
erably more pronounced than rigid-body motions. Consequently, the 
interaction between structural flexibility and the surrounding fluid field 
emerges as a critical research field that requires in-depth 
investigation—namely, the hydroelastic problem. Accurate character
ization and analysis of this phenomenon are essential for reliably pre
dicting the overall dynamic response of VLFSs and for guiding their 
optimized design, carrying both significant theoretical implications and 
practical engineering value.

So far, several numerical approaches have been developed to 
investigate the hydroelasticity of flexible structures under wave excita
tion, which can be broadly classified into three categories: modal su
perposition method, direct method, and DMBB method. In the modal 
superposition approach, a systematic modal analysis of the structure is 
first conducted to extract a sufficient number of rigid-body and elastic 
modes, after which the overall hydroelastic response is obtained by 
linearly superimposing the responses of all relevant modes (Senjanović 
et al., 2008; Michailides et al., 2013). This method is theoretically 
rigorous; however, its accuracy depends strongly on the adequacy of 
mode truncation and the number of modes considered. The direct 
method, by contrast, constructs a finite element model of the structure 
and solves the fully coupled system with external hydrodynamic loads to 
directly obtain the hydroelastic response (Kim et al., 2007; Taylor, 
2007). While this approach can comprehensively capture fluid
–structure interaction effects, it typically involves the solution of 
large-scale systems of equations, resulting in high computational cost 
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and relatively low efficiency. The DMBB method, in comparison, dis
cretizes a continuous flexible structure into multiple rigid submodules 
connected via Euler–Bernoulli beam elements to represent bending de
formations (Zhang et al., 2018; Chen et al., 2022; Zhao et al., 2023; Jin 
et al., 2025). This method does not require prior modal analysis nor the 
construction of a full finite element model, and it generally achieves 
favorable computational efficiency while maintaining adequate accu
racy, making it highly attractive for practical engineering applications. 
In addition to the three mainstream approaches mentioned above, re
searchers have also developed several complementary methods, 
including the discrete–module–finite element method (Chen et al., 2023; 
Shi et al., 2024) and semi-analytical approaches (Kashiwagi, 2000; 
Belibassakis and Athanassoulis, 2005; Papathanasiou et al., 2015). 
These techniques characterize the hydroelastic response of flexible 
structures from different perspectives, thereby further enriching the 
theoretical and numerical analysis framework in this field.

For most engineering applications, the operational performance and 
structural safety of VLFSs are closely related to their hydroelastic 
response under wave action, making effective mitigation of such re
sponses of significant engineering and research importance. A range of 
control and optimization strategies has been proposed to reduce the 
bending deflections induced in flexible structures by wave excitation 
(Wang et al., 2010). The most traditional and straightforward approach 
involves increasing the overall structural stiffness to limit deformation 
responses (Andrianov and Hermans, 2003). However, this strategy 
typically entails substantial material and construction costs and is often 
difficult to implement for existing VLFSs, thereby limiting its practical 
applicability. Beyond stiffness enhancement, researchers have proposed 
a variety of alternative measures from the perspectives of external hy
drodynamic control and structural dynamic optimization. These 
include: deploying breakwaters to attenuate incident wave energy 
(Hong et al., 2006; Diamantoulaki et al., 2008; Loukogeorgaki et al., 
2012); installing submerged motion-restraining devices to enhance 
fluid damping effects (Pham et al., 2008; Cheng et al., 2016; Nguyen 
et al., 2023); configuring mooring systems to constrain overall struc
tural motions (Zhao et al., 2007; Karmakar and Guedes Soares, 2012; 
Karperaki et al., 2016); optimizing the structure's shape to improve 
hydrodynamic performance (Kim et al., 2005; Tay and Wang, 2012); 
and introducing semi-rigid connections within the structure to regulate 
the global distribution of flexibility and stiffness (Riyansyah et al., 2010; 
Gao et al., 2011; Yoon et al., 2014).

From another perspective, ocean waves contain vast energy re
sources. Integrating WECs into VLFS systems, simultaneously mitigating 
hydroelastic responses while enabling energy extraction, has emerged as 
a promising solution that combines structural control with renewable 
energy utilization. Moreover, the harvested wave energy can provide a 
continuous power supply for onboard equipment, thereby enhancing the 
overall energy self-sufficiency of VLFS platforms (Zhang et al., 2019). 
Motivated by this concept, many scholars have focused on exploring 
various configurations of integrated WEC–VLFS systems and conducting 
systematic numerical investigations into their hydroelastic behavior. 
Nguyen and Wang (2020) proposed a configuration in which 
heaving-type WECs are mounted on a pontoon-type VLFS. In this system, 
each PTO unit is connected to the VLFS at one end and anchored to the 
seabed at the other. The results showed that, compared with previously 
proposed WEC–VLFS systems (Nguyen et al., 2019), this configuration 
exhibits superior energy capture performance under long-wave and 
large oblique wave conditions. Cheng et al. (2023) designed an inte
grated system where several oscillating water column (OWC) devices, 
combined with oscillating flaps, are arranged along the weather side of a 
VLFS. The numerical results indicated that the addition of oscillating 
flaps at the bottom of the OWC walls can further reduce the hydroelastic 
response of the structure; moreover, when the flaps are installed on the 
rear wall, the energy capture efficiency is significantly enhanced. Tay 
(2025) introduced a design concept that integrates raft-type modular 
WECs with a large floating PV platform, aiming to simultaneously 

suppress structural responses and improve energy harvesting perfor
mance. Numerical simulations demonstrated that optimizing the WEC 
length can increase wave energy absorption efficiency by at least 30%, 
while effectively reducing structural deformations. Zhao et al. (2026)
investigated an oscillating-body WEC–VLFS coupled system, systemati
cally examining the influence of key physical parameters on hydroe
lastic responses and energy capture efficiency. Based on an efficient 
hydroelastic analysis model developed from the potential flow model, 
the numerical results revealed that neglecting hydroelastic effects may 
lead to significant overestimation of energy capture efficiency in the 
low-frequency range. Wu and Yuan (2026a) proposed an integrated 
concept combining modular WECs with interconnected VLFS and 
established a hydroelastic model to study the effects of WEC geometries 
on system behavior. The findings indicated that, among various design 
parameters, the WEC length exhibits the most pronounced effects on 
both global structural response and energy absorption efficiency. 
Furthermore, the incorporation of WECs was found to be particularly 
effective in suppressing structural deformations under short-wave 
conditions.

Building upon the previous study (Wu and Yuan, 2026a), the present 
work extends the investigation by shifting the research focus from WEC 
geometric parameters to key system properties of the VLFS. For the 
proposed raft-type WEC–interconnected VLFS system, the DMBB 
method is employed to achieve a modular discretization of the structure, 
while the governing equation of motion in the frequency domain are 
formulated using the Lagrange multiplier method. On this basis, a nu
merical search strategy is implemented to determine the optimal PTO 
damping, with the aim of achieving optimal energy capture perfor
mance. Subsequently, a comprehensive parametric study is conducted 
with respect to both wave and system properties. Particular attention is 
given to the effects of wave incident angle, structural flexibility, hinge 
rotational stiffness, hinge location, and the number of hinges on the 
hydroelasticity and energy absorption. By integrating the present study 
with prior work (Wu and Yuan, 2026a), a systematic investigation of the 
WEC–VLFS system is carried out from two complementary perspectives, 
namely “WEC parameters” and “VLFS properties.” The findings are ex
pected to provide valuable insights into the design optimization and 
performance evaluation of other types of WEC–VLFS systems.

2. Theoretical background

2.1. Description of raft-type WEC-interconnected VLFS integrated system

Fig. 1 illustrates an illustration of the raft-type WEC–interconnected 
VLFS configuration, in which the variables of the key system properties 
are also defined. Both the relative rotation between adjacent VLFS 
modules, and the relative rotation between the WEC and the fore-end of 
the VLFS are assumed to occur only about the y-axis; that is, the hinge 
connections release solely the rotational degree of freedom (DoF) in 
pitch. A PTO system is installed at the hinge connecting the WEC and the 
VLFS, enabling electricity generation through their wave-induced rela
tive rotation about the y-axis. Among various PTO configurations, hy
draulic systems are the most commonly adopted in practice. In the 
present study, the PTO damping coefficient Cp is assumed to be constant. 
This simplification has also been adopted in other studies (Zheng et al., 
2015; Zhang et al., 2019; Wu and Yuan, 2026b), thereby allowing the 
application of frequency-domain analysis. For the numerical modeling 
of multi-hinged VLFS configurations, the formulation can be readily 
extended based on the methodology developed for the single-hinged 
VLFS described in this section.

2.2. Frequency-domain motion equation

In this study, the hydroelastic response of the VLFS is evaluated using 
the DMBB method, which effectively couples multibody hydrodynamics 
and structural dynamics based on potential flow theory and 
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Euler–Bernoulli beam theory, respectively. Firstly, the VLFS fore and aft 
modules are discretized into N1 and N2 rigid submodules, respectively. 
The hydrodynamic coefficients and wave excitation forces acting on 
these submodules are then computed within potential flow framework. 
Subsequently, each submodule is treated as a lumped mass concentrated 

at its center of gravity (CoG), and the structural deformation is deter
mined by connecting adjacent submodules with equivalent 
Euler–Bernoulli beam elements. Further details regarding the imple
mentation of the DMBB method can be found in the work of Lu et al. 
(2019).

Fig. 1. An illustration of raft-type WEC-interconnected VLFS configuration.

Fig. 2. An illustration of hydroelastic analysis procedure based on the DMBB method.
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As for the hinge connections between the two VLFS modules and 
between the WEC and the first submodule of the VLFS, they are 
numerically modeled using the Lagrange multiplier method. The WEC is 
assumed to be the N1 +N2 +1-th body. As previously stated, the two 
bodies connected by a hinge are only allowed to undergo relative rota
tion about the y-axis. Accordingly, the displacement continuity condi
tions imposed by these two hinge constraints can be expressed as 
follows: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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ξ(1)5 = ξ(N1+N2+1)
3 -

(
Lw

2
+

Lg

2

)

ξ(N1+N2+1)
5

ξ(1)4 = ξ(N1+N2+1)
4

ξ(1)6 = ξ(N1+N2+1)
6

(1) 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ(N1)
1 = ξ(N1+1)

1

ξ(N1)
2 +

L1

2N1
ξ(N1)

6 = ξ(N1+1)
2 -

L2

2N2
ξ(N1+1)

6

ξ(N1)
3 -

L1

2N1
ξ(N1)

5 = ξ(N1+1)
3 +

L2

2N2
ξ(N1+1)

5

ξ(N1)
4 = ξ(N1+1)

4

ξ(N1)
6 = ξ(N1+1)

6

(2) 

Fig. 3. An illustration of hydroelastic response calculation.

Fig. 4. Comparison of hydroelastic responses between the present and the prior studies: (a) vertical displacement at a wavelength of λ = 120 m; (b) vertical bending 
moment at a wavelength of λ = 144 m.

Fig. 5. Comparison of the dimensionless results between the present and the prior studies: (a) maximum CWR; (b) optimal PTO damping.
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It's worth noting that, ξ(j) =
[
ξ(j)1 ξ(j)2 ξ(j)3 ξ(j)4 ξ(j)5 ξ(j)6

]T 
is the complex 

displacement of thej-th body, where ξ(j)i (i= 1, 2,3) is the translational 
displacement along the x, y and z-axis, and ξ(j)i (i= 4,5, 6) is the rota
tional displacement around the x, y and z-axis.

Eqs. (1) and (2) can be assembled to form the global constraint 
matrix of the entire system, 

DJ =

[ D(1) 05×6(N1+N2-1) D(N1+N2+1)

05×6(N1-1) D(N1) D(N1+1) 05×6N2

]

(3) 

where D(1), D(N1+N2+1), D(N1) and D(N1+1) are all matrices of dimension 5 
× 6,

The internal force vector associated with the two hinges can be 
expressed as: 

FJ =
[
F(1,N1+N2+1)

J F(N1 ,N1+1)
J

]T (6) 

where F(1,N1+N2+1)
J =

[
F(1,N1+N2+1)

J1 F(1,N1+N2+1)
J2 F(1,N1+N2+1)

J3 F(1,N1+N2+1)
J4 

F(1,N1+N2+1)
J6

]
andF(N1 ,N1+1)

J =
[
F(N1 ,N1+1)

J1 F(N1 ,N1+1)
J2 F(N1 ,N1+1)

J3 F(N1 ,N1+1)
J4 

F(N1 ,N1+1)
J6

]
correspond to the hinge between the WEC and the first VLFS 

submodule, and the hinge between the two VLFS modules, respectively. 
FJi(i= 1, 2,3) represent the forces along the x, y and z-axis, while 
FJi(i= 4, 6) denote the moments about the x- and z-axis. During the 
hydroelastic analysis, the hinge internal force vector is converted into 
equivalent external forces acting at the CoGs of the adjacent bodies 
using the formula DT

J FJ (Sun et al., 2011).
Finally, on the basis of DMBB and Lagrange multiplier methods 

described above, the motion equation for the system in the frequency 
domain can be expressed as follows: 
[

-ω2(M+A(ω))+ iω
(
B(ω)+Cpto

)
+KHy +KRot +KSt DT

J

DJ 0

][
ξ
FJ

]

=

[
FE
0

]

(7) 

where M is the mass matrix; A(ω) andB(ω) are the added mass and ra
diation damping matrices at the wave frequency ω, respectively; KHy, 
KRot, and KSt denote the hydrostatic stiffness, hinge rotational stiffness, 
and structural stiffness matrices, respectively; Cpto is the PTO damping 
matrix; ξ and FE are the displacement and wave excitation force vectors. 
The expression forms of these vectors and matrices are given in 
Appendix A. Meanwhile, a schematic illustration of the hydroelastic 
analysis procedure using this approach is presented in Fig. 2. Specif
ically, the numbering of all submodules and beam elements is indicated 
in the figure.

After solving Eq. (7) to obtain the displacement responses of each 
body, the power captured by the WEC can be calculated using the 
following formula, 

Pw =
1
2
Cpω2

⃒
⃒ξ(N1+N2+1)

5 -ξ(1)5

⃒
⃒
2

(8) 

Accordingly, the capture width ratio (CWR) of the WEC can be defined 
as: 

Ω=
Pw

dePI
(9) 

where de denotes the effective width of the WEC in the wave incident 
angle; PI represents the incident wave power per unit width. 

PI =
ρgA2ω

4k

(

1+
2kh

sinh(2kh)

)

(10) 

where ρ is the density of seawater; g is the gravitational acceleration; A 
and k denote the wave amplitude and wave number of the incident 
wave, respectively; h is the water depth. Under finite water depth con
dition, ω and k can be related by the following formula: 

ω2 = gktanh kh (11) 
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(5) 
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2.3. Calculation of hydroelastic response

After solving Eq. (7), the displacements of all lumped masses on the 
VLFS are obtained. Based on the structural stiffness matrix of any beam 
element, Ke (see Appendix A), the forces at the element ends induced 
from structural deformation can then be computed. Fig. 3 illustrates the 
displacements of the lumped masses p and q (ξ(p) and ξ(q)) at the ends of 
beam element e and the induced structural forces (F(p)

St and F(p)
St ). The 

structural forces can be calculated as follows: 
[

F(p)
St

F(q)
St

]

=Ke

[
ξ(p)

ξ(q)

]

=

[
K(p,p)

e K(p,q)
e

K(q,p)
e K(q,q)

e

][
ξ(p)

ξ(q)
]

(12) 

where K(p,p)
e , K(p,q)

e , K(q,p)
e andK(q,q)

e are the four submatrices of Ke with 
the dimension of 6× 6.

In addition, the figure also indicates a given point r along beam 
element e. Formed between the left end p and point r, the stiffness matrix 
of the sub-beam element f is defined as Kf , which has the same di
mensions as Ke. The displacement and structural force at point r can then 
be related as follows: 
[

F(p)
St

F(r)
St

]

=Kf

[
ξ(p)

ξ(r)

]

=

⎡

⎣
K(p,p)

f K(p,r)
f

K(r,p)
f K(r,r)

f

⎤

⎦

[
ξ(p)

ξ(r)
]

(13) 

After manipulation of Eq. (13), the displacement and structural force at 
point r can be obtained, 

ξ(r) =
[
K(p,r)

f

]-1[
F(p)

St -K(p,p)
f ξ(p)

]
(14) 

F(r)
St =K(r,p)

f ξ(p) + K(r,r)
f

[
K(p,r)

f

]-1(
F(p)

St -K(p,p)
f ξ(p)

)
(15) 

As pointed out by Sun et al. (2018), the structural forces obtained 
from Eq. (15) are accurate only at the interfaces between adjacent 
submodules. Therefore, once the interface forces are obtained, a 
high-order interpolation scheme, as proposed by Sun et al. (2018), can 
be employed to evaluate the structural forces at arbitrary locations along 
the VLFS. Denoting the longitudinal coordinates of the left and right 
interfaces of a submodule as xi andxi+1, and the corresponding vertical 
bending moment and shear force as Mi, Ni, and Mi+1, Ni+1, the inter
polation function for the vertical bending moment along this submodule 
can be expressed as: 

M(x)= a1 + a2x + a3x2 + a4x3 (16a) 

Based on the relationship between bending moment and shear force 
in Euler–Bernoulli beam theory, substituting the position coordinates 
and structural forces at both ends of this submodule into Eq. (16) yields: 
⎡

⎢
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⎢
⎣

1
1
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1
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⎥
⎥
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By manipulating Eq. (17), the four constant coefficients in Eq. (16) can 
be determined, 
⎡
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⎢
⎢
⎢
⎢
⎣

a1

a2

a3

a4

⎤

⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎣

1
1
0
0

xi

xi+1

1
1

x2
i

x2
i+1

2xi

2xi+1

x3
i

x3
i+1

3x2
i

3x2
i+1

⎤

⎥
⎥
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⎢
⎢
⎢
⎢
⎢
⎣
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⎤

⎥
⎥
⎥
⎥
⎥
⎦

(16b) 

Finally, it should be emphasized that the hydroelastic response 
considered in this study involves two quantities: the vertical displace
ment ξ(r)3 and the vertical bending moment My = F(r)

St5, of which the 

dimensionless forms can be expressed as ξ(r)3 /A and My(Lw + Lv)
2
/(EIA), 

respectively.

3. Validation of the numerical model

This paper employs the DMBB method in combination with the 
Lagrange multiplier method to perform numerical analysis of the 
WEC–VLFS configuration. To ensure the accuracy of the present study, 
both methods need to be validated. A VLFS model composed of two 
connected modules, with a hinge of zero rotational stiffness at the 
middle (Fu et al., 2007), is considered as the validation case, of which 
the length is 300 m, the width is 60 m, and the depth and draft are 2 m 
and 0.5 m, respectively. Fu et al. (2007) previously computed the 
hydroelastic response of this model using the conventional modal su
perposition method. Fig. 4 shows the hydroelastic responses in the 
present study, exhibiting good agreement with those of Fu et al.

Furthermore, since this system is relatively complex, it is difficult to 
derive an explicit analytical expression for the optimal PTO damping 
coefficient. Therefore, the present study employs a numerical search 
method to determine the optimal PTO damping. The procedure can be 
briefly described as follows: In the first iteration, the PTO damping range 
[0, Cmax] is adopted as the search domain. To ensure that the optimal 
PTO damping is not excluded, Cmax should be assigned a sufficiently 
large value (e.g., 1011). This interval is uniformly divided into mb sub
intervals with a step size of ΔC1, where the subscript “1” denotes the first 
iteration. The resulting (nb + 1) PTO damping values are then 
substituted into Eqs. (7) and (8) to compute (nb + 1) corresponding total 
power outputs of the WEC. These values are compared to identify the 
maximum, denoted as Pmax,1, and the corresponding PTO damping is 
denoted as Cp,1. In the second iteration, the search domain is refined to 
[Cp,1 − ΔC1, Cp,1 + ΔC1], which is again uniformly divided into mb 
subintervals with a step size of ΔC2. The same procedure is repeated to 
obtain Pmax,2. This iterative process continues for n iterations until the 
convergence criterion |Pmax,n − Pmax,n-1| < ε is satisfied, where ε is a 
small positive number (e.g., 10− 6). The final value Cp,n is then taken as 
the optimal PTO damping, denoted as Copt.

To ensure the accuracy of the current study, the raft-type twin-body 
WEC model studied by Zheng et al. (2015) is employed to validate this 
search approach. The model consists of two identical elliptical cylinders 
separated by a distance of 1 m. Each cylinder has a length of 20 m, a 
major axis of 5 m, a minor axis of 2.5 m, and a mass of 100629 kg. 
Assuming a rigid-body behavior, Zheng et al. analyzes the maximum 
capture width ratio (CWR) (Ωmax) and the optimal dimensionless PTO 
damping (Copt) of this WEC model at various dimensionless radius of 
gyration (r). Since the present model with eight identical submodules 
accounts for structural flexibility, a sufficiently large structural stiffness 
is prescribed in the calculations to satisfy the rigid-body assumption. 
The results obtained from the numerical search method are shown in 
Fig. 5. It is evident that the present results are in good agreement with 
those reported by Zheng et al.

4. Results and discussion

Firstly, the main parameters of the WEC and VLFS are listed in 
Table 1. Since the gap between the fore-end of the VLFS and the WEC is 
quite narrow (Lg = 0.5 m), the fluid resonance may occur inside. Based 
on the system parameters, an empirical formula is employed to estimate 
the natural frequency of fluid motion within the narrow gap (Tan et al., 
2017): 

ωn =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g

d +
Lg(Lw+Lv)

4(h-d)

√

(19) 

Thus, for Lg = 0.5 m, the natural frequency is 2.38 rad/s, corre
sponding to a wavelength of λ = 10.9 m. Compared with the overall 
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dimension of the system, this wavelength is quite short and therefore 
falls outside the scope of the present study. Moreover, to avoid numer
ical problems, no mesh discretization is applied at the interfaces be
tween adjacent submodules within the VLFS (Tuitman et al., 2012). It's 
noteworthy that for a VLFS with the length of 300 m, discreting it into 
eight identical submodules can ensure the reliability of the numerical 
study (Lu et al., 2019; Sun et al., 2018; Xu et al., 2017).

Finally, based on the established numerical model, subsections 
4.1–4.5 conduct a parametric analysis, with the corresponding param
eter settings listed in Table 2. Some typical wavelengths of λ/ (Lw +

Lv) = 0.2, 0.4, 0.6, 0.8, 1.0 and 1.4 are selected for investigation, which 
are also adopted in other studies (Lu et al., 2019; Sun et al., 2018; Xu 
et al., 2017; Shi et al., 2023). It should be noted that, for each subsec
tion, the optimal PTO damping corresponding to the specific parameters 
and wave conditions is applied.

4.1. Effects of wave incident angle

Fig. 6 presents the vertical displacement of the VLFS under different 
wave incident angles. Under short-wave condition λ/ (Lw + Lv) = 0.2, 

the displacement amplitude is relatively small, but significant local os
cillations are observed along the length direction. As the incidence angle 
increases, the displacement response is significantly amplified, reaching 
a maximum at θ = 60◦. This behavior is primarily attributed to the large 
phase differences induced by oblique waves at different locations along 
the structure, which enhance local deformations. As the wavelength 
increases (λ/(Lw + Lv) = 0.4 and 0.6), the displacement of the structure 
increases markedly, exhibiting a pronounced peak in the middle. The 
presence of a hinge at this location allows relative rotation between the 
fore and aft modules, thereby accentuating the local response. When the 
wavelength approaches or equals to the length of the structure (λ/(Lw +

Lv) = 0.8 and 1.0), the structure exhibits overall modular deformation, 
while the hinge connector partially release bending moments through 
relative rotation, altering the deformation distribution. Under these 
conditions, the differences in displacement response between various 
incident angles are less pronounced compared with the short-wave 
conditions. Under long-wave condition (λ/(Lw + Lv) = 1.4), the 
displacement distribution becomes more uniform, and variations among 
different incident angles are minimal. The structural response is domi
nated by entire vertical motion, with relatively small deformation and 
hinge rotation, resulting in a substantially reduced influence of wave 
incidence angle.

Fig. 7 presents the vertical bending moment of the VLFS under 
different wave incident angles. Due to the hinge located at the midspan 
of the structure, the bending moment at x/Lv = 0.5 is zero, indicating 
that the hinge effectively releases moment transmission between the 
fore and aft modules. Under short-wave conditions (λ/(Lw + Lv) = 0.2), 
the bending moment exhibits pronounced local oscillations along the 
structural length, with multiple localized peaks. As the incident angle 
increases, the bending moment response is significantly amplified, 
reaching a maximum at θ = 60◦. This behavior is primarily attributed to 
oblique waves generating stronger spatial variations in the loading 
along the structure, thereby enhancing local deformations. As the 
wavelength increases (λ/(Lw + Lv) = 0.4 and 0.6), the bending moment 
distribution becomes progressively smoother, with distinct peaks 
appearing at the midspan of each module, while the moment at the 
hinge location remains minimal. When the wavelength approaches or 
exceeds the length of the structure (λ/(Lw + Lv) = 0.8 and 1.0), the 
bending moment reaches higher amplitudes and exhibits a typical 
double-peak distribution. Unlike the displacement response, the 
maximum bending moment at these wavelengths generally occurs in the 
heading wave (θ = 0◦), while larger incident angles reduce the moment 
levels. This suggests that oblique waves disperse wave energy along the 
structure, thereby mitigating the overall bending effects. Under long- 
wave condition (λ/(Lw + Lv) = 1.4), the bending moment amplitudes 
decrease substantially, and the differences among various incident an
gles become less pronounced. At this wavelength, the structural 
response is dominated by entire vertical motion, with limited bending 
deformation, resulting in overall lower bending moment levels.

Fig. 8 shows the CWR of the WEC under different wave incident 
angles. Overall, the CWR decreases noticeably with increasing wave
length, and for most wavelengths, the heading wave (θ = 0◦) yields 
higher values. Under short-wave conditions (λ/(Lw + Lv) = 0.2), the 
CWR reaches its maximum at θ = 60◦. This is because short waves 
exhibit strong spatial variations, and oblique waves induce more pro
nounced phase differences along the structure, enhancing the relative 
motion of the VLFS and WEC. As the wavelength increases (λ/(Lw +Lv)

≥0.4), the CWR in the heading wave gradually becomes dominant, 
while it decreases markedly with increasing incident angle. This 
behavior is mainly due to the dispersal of wave energy along the length 
under oblique waves, which reduces the relative motion of the VLFS and 
WEC. For even longer waves (λ/(Lw +Lv) ≥0.8), the CWR declines 
substantially and tends to converge across different incident angles. This 
is because, under long-wave conditions, the system motion is dominated 
by entire vertical motion, and the relative motion of the WEC and VLFS 
is weakened.

Table 1 
Key parameters of the WEC and VLFS.

Parameter Unit Value

​ Gap distance/ Lg m 0.5
​ Water depth/ h m 60
WEC Length/ Lv m 45

Breadth/ B m 45
Depth/ D m 2.5
Draft/ d m 1
Mass kg 2.076 × 106

VLFS Length/ Lw m 300
Breadth/ B m 45
Depth/ D m 2.5
Draft/ d m 1
Mass kg 1.384 × 107

​ Vertical bending moment/(EI) N.m2 6.97 × 1011

Table 2 
Parameter settings for subsections 4.1-4.5.

Subsections Wave 
incident 
angle 
(deg)

Structural 
flexibility 
(EI = 6.97 ×
1011N.m2)

Hinge 
rotational 
stiffness (×
1010 N m)

Hinge 
location 
(xh/Lv)

Hinge 
number 
(Nh)

4.1 0; 
30; 
45; 
60

EI 0 0.5 1

4.2 0 0.01 EI; 
0.1 EI; 
EI; 
10 EI; 
100 EI

0 0.5 1

4.3 0 EI 0; 
0.16; 
0.48; 
0.8

0.5 1

4.4 0 EI 0 0.25; 
0.5; 
0.75

1

4.5 0 EI 0 0.5; 
0.25, 0.5, 
0.75; 
0.125, 
0.25, 
0.375, 
0.5, 
0.625, 
0.75, 
0.875

1; 
3; 
7
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4.2. Effects of structural flexibility

Fig. 9 presents the vertical displacement of the VLFS with different 

vertical bending stiffness. Under short-wave conditions (λ/(Lw +

Lv) = 0.2 and 0.4), the overall structural displacement is relatively small 
but exhibits significant local oscillations. When the bending stiffness is 

Fig. 6. Vertical displacement of the VLFS under different wave incident angles.

Fig. 7. Vertical bending moment of the VLFS under different wave incident angles.
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low, the structure is more susceptible to local bending deformations, 
resulting in larger displacement amplitudes; as the bending stiffness 
increases, structural deformations are significantly reduced and the 
displacement distribution becomes smoother. As the wavelength in
creases (λ/(Lw + Lv) = 0.6 and 0.8), the displacement increases mark
edly, with response peaks appearing near the hinge. This is due to the 
reduced moment transmission at the hinge, which allows the fore and aft 
modules to rotate more freely relative to each other. When the wave
length approaches or exceeds the length of the structure (λ/ (Lw +

Lv) = 1.0 and 1.4), the displacement response becomes increasingly 
dominated by entire vertical motion, and the differences among various 

bending stiffness conditions diminish.
Fig. 10 shows the distribution of vertical bending moment along the 

longitudinal direction of the VLFS with different vertical bending stiff
ness. Under short-wave conditions (λ/(Lw + Lv) = 0.2 and 0.4), the 
bending moment amplitudes are relatively small overall, but pro
nounced local variations occur along the structural length. As the 
bending stiffness increases, the bending moment response is signifi
cantly amplified, since stiffer structures deform less under wave action, 
causing more of the wave energy to be converted into internal forces and 
thus elevating the bending moment level. With increasing wavelength 
(λ/(Lw + Lv) = 0.6 and 0.8), the bending moment distribution gradually 
develops two distinct peaks located at the midspan of each module, 
while the moment at the hinge remains close to zero. At these wave
lengths, the bending moment amplitude increases noticeably with 
stiffness, indicating that higher structural rigidity enhances the overall 
bending response. When the wavelength approaches or exceeds the 
characteristic length of the structure (λ/(Lw + Lv) = 1.0 and 1.4), the 
bending moment distribution exhibits a stable double-peak pattern. 
Differences among various stiffness conditions remain pronounced, with 
higher bending stiffness producing larger bending moment responses.

Fig. 11 illustrates the CWR of the WEC under different vertical 
bending stiffness conditions. Under short-wave conditions (λ/(Lw +

Lv) = 0.2), the WEC achieves its maximum CWR at the lowest bending 
stiffness (0.01 EI), while for the other stiffness values, the CWR gradually 
increases with increasing bending stiffness. This indicates that, under 
short waves, more flexible VLFS are prone to local deformations, which 
enhance the relative motion of the VLFS and WEC. At λ/(Lw + Lv) = 0.4, 
the CWR exhibits a different trend with bending stiffness. When the 
stiffness is greater than or equal to EI, the CWR decreases as stiffness 
increases; whereas for stiffness values below EI, the CWR remains 
relatively low. This suggests that, at this wavelength, a certain matching 
exists between the structural stiffness and the wavelengths, which af
fects the system's energy capture capability. For longer waves 
(λ/(Lw +Lv) ≥0.6), the CWR clearly increases with the bending stiffness. 

Fig. 8. CWR of the WEC under different wave incident angles.

Fig. 9. Vertical displacement of the VLFS with different vertical bending stiffness.
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This is because higher structural stiffness reduces the bending defor
mation, maintaining more stable relative motion of the VLFS and WEC.

4.3. Effects of hinge rotational stiffness

Fig. 12 presents the vertical displacement of the VLFS under different 
hinge rotational stiffness conditions. As a hinge connection is introduced 
at the midspan of the structure, variations in rotational stiffness alter the 
relative rotational capacity between the fore and aft modules, thereby 
influencing the overall hydroelastic response. Under short-wave 

conditions (λ/(Lw + Lv) = 0.2 and 0.4), the effects of rotational stiffness 
on the displacement distribution are pronounced. A smaller rotational 
stiffness allows greater relative rotation at the hinge, resulting in sig
nificant local displacement variations in its vicinity. As the rotational 
stiffness increases, the relative rotation between adjacent modules is 
progressively constrained, leading to a reduction in peak displacement 
and a smoother structural response. With increasing wavelength 
(λ/(Lw + Lv) = 0.6 and 0.8), the displacement pattern gradually transi
tions to module-scale global deformation, with peak displacement 
typically occurring at the hinge location. At these wavelengths, the in
fluence of rotational stiffness becomes less significant; however, higher 
rotational stiffness still reduces local displacement amplitudes and 
promotes a more uniform deformation profile. When the wavelength 
approaches or exceeds the structural scale (λ/(Lw + Lv) = 1.0 and 1.4), 
the displacement curves corresponding to different rotational stiffness 
values nearly coincide. This indicates that the structural response is 
predominantly governed by entire vertical motion, and the influence of 
hinge rotational stiffness on the displacement response becomes 
negligible.

Fig. 13 illustrates the vertical bending moment of the VLFS under 
different hinge rotational stiffness conditions. At short-wave wave
lengths (λ/(Lw + Lv) = 0.2 and 0.4), the influence of rotational stiffness 
on the bending moment distribution is significant. A smaller rotational 
stiffness allows greater relative rotation between the fore and aft mod
ules, thereby alleviating the overall structural bending response. As the 
rotational stiffness increases, the rotational motion at the hinge is pro
gressively restrained, leading to an enhancement of global bending and 
an increase in bending moment amplitude. With increasing wavelength 
(λ/(Lw + Lv) = 0.6 and 0.8), the bending moment distribution gradually 
exhibits two distinct peaks, located near the midspan of each module, 
while the bending moment at the hinge remains minimal. Within this 
wavelength range, higher rotational stiffness further amplifies the peak 
bending moments, indicating that restricting hinge rotation intensifies 
the overall bending response of the structure. When the wavelength 

Fig. 10. Vertical bending moment of the VLFS with different vertical bending stiffness.

Fig. 11. CWR of the WEC under different vertical bending stiffness conditions.
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Fig. 12. Vertical displacement of the VLFS under different hinge rotational stiffness conditions.

Fig. 13. Vertical bending moment of the VLFS under different hinge rotational stiffness conditions.
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approaches or exceeds the structural scale (λ/(Lw + Lv) = 1.0 and 1.4), 
the overall shape of the bending moment distribution remains nearly 
unchanged for different rotational stiffness values. However, the 
bending moment amplitude still increases with increasing rotational 
stiffness. This suggests that larger rotational stiffness makes the struc
tural behavior closer to that of a continuous system, thereby enhancing 
the global bending internal forces.

Fig. 14 presents the CWR of the WEC under different hinge rotational 
stiffness conditions. Overall, the hinge rotational stiffness has a certain 
influence on the WEC capture efficiency; however, this effect is 

primarily significant under short-wave conditions and gradually di
minishes as the wavelength increases. Under short-wave conditions 
(λ/(Lw + Lv) ≤ 0.4), the CWR is relatively high, and it slightly decreases 
with increasing hinge rotational stiffness. This is because a larger rota
tional stiffness constrains the overall deformation of the VLFS, thereby 
reducing the relative motion amplitude around the hinge of the PTO 
system. As the wavelength increases (λ/(Lw + Lv) ≥ 0.6), the CWR de
creases rapidly, and the differences among various rotational stiffness 
conditions become negligible. This indicates that, under long-wave 
conditions, the system motion is dominated by entire vertical motion, 
and the relative motion between the VLFS and WEC is significantly 
reduced. As a result, the influence of hinge rotational stiffness on the 
CWR becomes insignificant.

4.4. Effects of hinge location

Fig. 15 illustrates the vertical displacement of the VLFS under 
different hinge location conditions. At short-wave wavelengths (λ/(Lw +

Lv) = 0.2 and 0.4), the structural displacement exhibits pronounced 
local oscillations along the length direction, due to the strong spatial 
variation of short waves acting on the structure. When the hinge is 
deployed at the midspan of the VLFS, the fore and aft modules can un
dergo significant relative rotation about this point, thereby amplifying 
local deformation and resulting in larger displacement amplitudes. In 
contrast, when the hinge is positioned closer to the fore or aft ends, the 
rotational interaction between modules has a weaker influence on the 
overall response, leading to relatively smaller displacement variations. 
As the wavelength increases (λ/(Lw + Lv) = 0.6 and 0.8), the displace
ment response gradually transitions from local oscillations to module- 
scale global deformation. Within this wavelength range, the hinge 
location alters the deformation pattern, causing displacement peaks to 
appear in different regions of the structure. When the hinge is located at 
the midspan, the structure is more likely to develop a symmetric bending 

Fig. 14. CWR of the WEC under different hinge rotational stiffness conditions.

Fig. 15. Vertical displacement of the VLFS under different hinge location conditions.
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mode, resulting in larger displacement responses. When the wavelength 
is comparable to or greater than the structural scale (λ/ (Lw + Lv) = 1.0 
and 1.4), the structural motion becomes increasingly dominated by 
entire vertical motion, and spatial deformation diminishes. Conse
quently, the differences in displacement among various hinge location 
conditions become negligible.

Fig. 16 shows the vertical bending moments of the VLFS under 
different hinge location conditions. At short-wave wavelengths (λ/
(Lw + Lv) = 0.2 and 0.4), the bending moment exhibits pronounced 
local variations along the structural length. Different hinge locations 
modify the spatial distribution of structural bending deformation, 
leading to noticeable differences in both the positions and amplitudes of 
bending moment peaks. When the hinge is deployed at the midspan of 
the VLFS, the two modules have comparable lengths, making it easier for 
the structure to develop a symmetric bending mode and thus resulting in 
larger bending moment responses. As the wavelength increases (λ/
(Lw + Lv) ≥ 0.6), the bending moment distribution gradually develops 
two dominant peaks, located at the middle of each module, while the 
bending moment at the hinge remains minimal. When the hinge deviates 
from the structural center, the asymmetry in module lengths becomes 
more pronounced, causing the bending moment peak to be more sig
nificant in the longer module.

Fig. 17 shows the CWR of the WEC under different hinge location 
conditions. Overall, for most wavelength cases, a hinge position at xh/ 
Lv = 0.75 yields relatively higher CWR. For λ/(Lw + Lv) = 0.2, the WEC 
achieves the highest CWR when the hinge is deployed at the middle 
position of the VLFS, whereas the CWR for xh/ Lv = 0.25 and 0.75 is 
nearly identical. This is because, compared with the cases of xh/ 
Lv = 0.25 and 0.75, deploying the hinge at the midspan results in more 
pronounced global deformation of the structure at this wavelength, 
thereby increasing the relative motion amplitude between the VLFS 
front end and the WEC. For λ/(Lw + Lv) = 0.4, the CWR reaches its 

maximum when the hinge is deployed near the aft part of the VLFS (xh/ 
Lv = 0.75). This indicates that the hinge location alters the deformation 
mode of the VLFS, which in turn affects the motion response at the front 
end and consequently influences the relative motion of the VLFS and 
WEC. As the wavelength further increases (λ/(Lw +Lv) ≥0.6), the CWR 
decreases rapidly, and the differences among various hinge locations 
gradually diminish. This is because, under long-wave conditions, the 
VLFS and the WEC increasingly exhibit entire vertical motion, and thus 
the influence of hinge location on the CWR becomes insignificant.

Fig. 16. Vertical bending moment of the VLFS under different hinge location conditions.

Fig. 17. CWR of the WEC under different hinge location conditions.
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Fig. 18. Vertical displacement of the VLFS with different numbers of hinge.

Fig. 19. Vertical bending moment of the VLFS with different numbers of hinge.
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4.5. Effects of hinge number

Fig. 18 shows the vertical displacement of the VLFS with different 
numbers of hinge. At short-wave wavelengths (λ/(Lw + Lv) = 0.2 and 
0.4), the displacement exhibits pronounced local oscillations along the 
structural length. As the number of hinges increases, the structure is 
divided into a greater number of relatively independent modules, which 
facilitates relative rotation between adjacent modules. This, in turn, 
enhances local deformation and leads to more significant variations in 
displacement. With increasing wavelength (λ/(Lw + Lv) = 0.6 and 0.8), 
the structural response gradually transitions from local oscillations to 
module-scale global deformation. At these wavelengths, the number of 
hinges continues to influence the deformation pattern, with a larger 
number of hinges resulting in a more distributed deformation and 
consequently altering the spatial distribution of displacement peaks. 
When the wavelength further approaches or exceeds the structural scale 
(λ/(Lw + Lv) = 1.0 and 1.4), the displacement curves corresponding to 
different hinge numbers become progressively smoother, and the dif
ferences among various cases are significantly reduced. This is because, 
under long-wave conditions, the structural motion is dominated by 
entire vertical motion, while local deformation is weakened; therefore, 
the effects of hinge number on the displacement response gradually 
diminish.

Fig. 19 illustrates the vertical bending moment of the VLFS with 
different hinge numbers. At short-wave wavelengths (λ/ (Lw + Lv) = 0.2 
and 0.4), noticeable differences in bending moments are observed 
among cases with different hinge numbers. When the number of hinges 
is small, the longer modules tend to develop larger bending moment 
responses under short-wave excitation. However, as the number of 
hinges increases, the structure is divided into more, shorter modules, 
allowing greater relative rotation between adjacent modules. This 
rotational flexibility effectively releases bending moments, resulting in a 
significant reduction in their amplitudes. As the wavelength further 
increases (λ/(Lw +Lv) ≥ 0.6), the bending moment distribution under 
different hinge-number conditions becomes nearly identical in modal 
shape. The peak bending moments are primarily located at the midspan 
of each module. This indicates that, under intermediate-to-long wave 
conditions, the structural bending modes are predominantly governed 
by wave characteristics, whereas the number of hinges mainly in
fluences the magnitude of bending moments without significantly 
altering their spatial distribution patterns.

Fig. 20 presents the CWR under different hinge number conditions. 
Overall, for most wavelengths, a smaller number of hinges leads to 

higher CWR. When λ/(Lw + Lv) = 0.2, the CWR increases with the 
number of hinges. This is because, at this wavelength, increasing the 
number of hinges enhances the local deformation capability of the VLFS, 
making the response at the front end more pronounced. Consequently, 
the relative motion of the WEC and the VLFS is amplified. However, for 
λ/(Lw +Lv) >0.2, the CWR decreases as the number of hinges increases. 
This indicates that, with increasing wavelength, a larger number of 
hinges causes the structural deformation to become more distributed, 
thereby weakening the motion response at the front end and reducing 
the relative motion of the VLFS and WEC. As the wavelength further 
increases (λ/(Lw +Lv) ≥0.8), the differences in CWR among different 
hinge-number conditions gradually diminish. This is because, under 
long-wave conditions, the VLFS and the WEC increasingly exhibit entire 
vertical motion, resulting in reduced relative motion between them. 
Consequently, the influence of hinge number on the CWR becomes 
insignificant.

5. Conclusion

This paper presents a numerical study of the hydroelasticity and 
energy conversion of raft-type WEC-interconnected VLFS system. A 
hydroelastic analysis model based on the DMBB method is developed, 
and the motion equation for the coupled system is derived in the fre
quency domain. On this basis, a numerical search procedure is utilized to 
determine the optimal PTO damping. Subsequently, a parametric study 
is conducted using the established numerical model to examine the in
fluence of wave and system properties on the deformation of the VLFS 
and power capture of the WEC. Based on the results, the main conclu
sions are summarized as follows. 

(1) Under short-wave conditions, larger wave incident angles lead to 
increases in both the vertical displacement and bending moment 
of the VLFS, whereas under long-wave conditions, they result in 
larger displacement but smaller bending moment. In addition, 
under short-wave conditions, oblique waves may enhance the 
relative motion of the VLFS and WEC, thereby improving the 
capture efficiency, while under relatively long-wave conditions, 
the heading wave is more favorable for wave energy extraction.

(2) The structural flexibility exerts opposite effects on the displace
ment and bending moment responses of the VLFS. As the flexi
bility increases, the vertical displacement of the structure 
decreases significantly, whereas the bending moment increases 
markedly. Moreover, a smaller flexibility of the VLFS is beneficial 
for enhancing local deformation and improving the capture effi
ciency under short-wave conditions, while a larger flexibility is 
more advantageous for improving energy capture efficiency 
under intermediate-to long-wave conditions.

(3) A larger hinge rotational stiffness can reduce local displacement 
variations but increases the bending moment level. In addition, a 
smaller hinge rotational stiffness is more favorable under short- 
wave conditions for enhancing the relative rotation between 
the VLFS and WEC, thereby improving the capture efficiency. 
However, under long-wave conditions, the effects of hinge rota
tional stiffness on the energy capture efficiency are relatively 
limited.

(4) The hinge location not only alters the spatial distribution of 
vertical displacement of the VLFS but also affects the distribution 
characteristics of bending moments along the structural length, 
thereby exerting a significant influence on the hydroelastic 
response of the structure. Furthermore, increasing the number of 
hinges enhances local displacement variations, while effectively 
reducing the overall bending moment level of the structure.

(5) The hinge location and number influence the relative motion of 
the VLFS and WEC by altering the structural deformation modes 
and the motion characteristics of the VLFS fore end, thereby 

Fig. 20. CWR of the WEC under different hinge number conditions.
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affecting the WEC capture efficiency. This influence is more 
pronounced under short-to intermediate-wave conditions.

The WEC unit among the system not only captures wave energy to 
provide power supply for various facilities on the VLFS, but also func
tions in a manner analogous to a breakwater, thereby mitigating the 
deformation of the VLFS. It is noteworthy that this study is limited to the 
analysis of structural response and energy capture performance under 
regular wave conditions using a linear frequency-domain approach. For 
irregular wave conditions, time-domain analysis may be required to 
further account for the effects of nonlinear wave loads on the dynamic 
response of the system.
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Appendix A 

Some related vectors and matrices in Section 2 can be expressed as: 

M=
[

M(1) M(2) ⋱ M(N1+N2+1)
]

6(N1+N2+1)×6(N1+N2+1) (A1) 

KHy =
[

C(1) C(2) ⋱ C(N1+N2+1)
]

6(N1+N2+1)×6(N1+N2+1) (A2) 

where M(i) and C(i) denote the mass and hydrostatic stiffness matrices of the i-th body, respectively, both of which are of dimension 6 × 6. 

M(i) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

m(i)

0
0
0

m(i)z(i)g

0

0
m(i)

0
-m(i)z(i)g

0
m(i)x(i)

g

0
0

m(i)

0
-m(i)x(i)

g

0

0
-m(i)z(i)g

0
I(i)44

0
I(i)64

m(i)z(i)g

0
-m(i)x(i)

g

0
I(i)55

0

0
m(i)x(i)

g

0
I(i)46

0
I(i)66

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A3) 

C(i) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
0
0
0
0
0

0
0
0
0
0
0

0
0

ρgA(i)
w

0
-ρgM(i)

w

0

0
0
0

ρg
(
I(i)w1 + V(i)z(i)b

)

0
0

0
0

-ρgM(i)
w

0
ρg

(
I(i)w2 + V(i)z(i)b

)

0

0
0
0
0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A4) 

where m(i) is the mass of the i-th body; 
(

x(i)
g , y(i)

g , z(i)g

)
denote the coordinates of the CoG; I(i)44, I(i)55, and I(i)66 are the moments of inertia corresponding to 

roll, pitch, and yaw DoFs, respectively; I(i)46 = I(i)64 represents the coupled moment of inertia between roll and yaw DoFs; A(i)
w is the waterplane area; M(i)

w 

is the first moment of the waterplane area about the y-axis; I(i)w1 and I(i)w2 are the second moments of the waterplane area about the x- and y-axis, 
respectively; V(i) is the displaced volume; z(i)b is the vertical coordinate of the center of buoyancy (CoB). 

A(ω)=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

A(1,1)

A(2,1)

⋮

A(N1+N2+1,1)

A(1,2)

A(2,2)

⋮

A(N1+N2+1,2)

⋯

⋯
⋱

⋯

A(1,N1+N2+1)

A(2,N1+N2+1)

⋮

A(N1+N2+1,N1+N2+1)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

6(N1+N2+1)×6(N1+N2+1)

(A5) 

B(ω)=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

B(1,1)

B(2,1)

⋮

B(N1+N2+1,1)

B(1,2)

B(2,2)

⋮

B(N1+N2+1,2)

⋯

⋯
⋱

⋯

B(1,N1+N2+1)

B(2,N1+N2+1)

⋮

B(N1+N2+1,N1+N2+1)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

6(N1+N2+1)×6(N1+N2+1)

(A6) 

where A(i,j) and B(i,j) denote the added mass and radiation damping matrices of the i-th body induced by the motion of the j-th body, respectively, both 
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of which are of dimension 6 × 6. 

ξ=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ξ(1)

ξ(2)

⋮

ξ(N1+N2+1)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

6(N1+N2+1)×1

(A7) 

FE =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

F(1)
E

F(2)
E

⋮
F(N1+N2+1)

E

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

6(N1+N2+1)×1

(A8) 

where F(i)
E =

[
F(i)

E,1 F(i)
E,2 F(i)

E,3 F(i)
E,4 F(i)

E,5 F(i)
E,6

]T 
denotes the wave excitation force acting on the i-th body. 

Ke =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

EAc

le
0
0

0
0

0

-
EAc

le
0
0

0
0

0

12EIz

l3e
0

0
0

6EIz

l2e
0

-
12EIz

l3e
0

0
0

6EIz

l2e

12EIy

l3e
0

-
6EIy

l2e
0
0

0

-
12EIy

l3e
0

-
6EIy

l2e
0

GIx

le
0

0
0

0
0

-
GIx

le
0

0

4EIy

le
0
0

0
6EIy

l2e
0

2EIy

le
0

4EIz

le
0

-
6EIz

l2e
0

0
0

2EIz

le

EAc

le
0
0

0
0

0

12EIz

l3e
0

0
0

-
6EIz

l2e

12EIy

l3e
0

6EIy

l2e
0

GIx

le
0

0

4EIy

le
0

symm.

4EIz

le

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A9) 

where Ke is a 12 × 12 matrix; E and G = E
2(1+ν) are the Young's modulus and shear modulus, respectively, where ν denotes Poisson's ratio; le and Ac are 

the length and cross-sectional area of the beam, respectively; Ix, Iy, and Iz are the second moments of area about the x-, y-, and z-axis, respectively. 

KSt=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

K(1,1)
0 +K

(1,1)

1

K(2,1)
1

K(1,2)
1

K(2,2)
1 +K(2,2)

2

⋱
K(N1 ,N1)

N1-1

K(N1+1,N1+1)
N1+2

K(N1+2,N1+1)
N1+2

K(N1+1,N1+2)
N1+2

K(N1+2,N1+2)
N1+2 +K(N1+2,N1+2)

N1+3

⋱ K(N1+N2 ,N1+N2)
N1+N2

+K(N1+N2 ,N1+N2)

N1+N2+1 06(N1+N2)×6

06×6(N1+N2) 06×6

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

6(N1+N2+1)×6(N1+N2+1)

(A10) 

where K(i,j)
q (q=0,1, ...,N1-1; i=q or q+1; j=q or q+1) of the beam elements on module 1, and K(i,j)

q (q=N1+2, ...,N1+N2; i= q-1 or q; j=q-1 orq)o f 
the beam elements on module 2, are all the submatrices ofKq. 

K(1,1)
0 = -K(1,0)

0
[
K(0,0)

0
]-1

K(0,1)
0 + K(1,1)

0 (A11) 

K(N1+N2 ,N1+N2)

N1+N2+1 = -K(N1+N2+1,N1+N2+2)
N1+N2+1

[
K(N1+N2+2,N1+N2+2)

N1+N2+1

]-1
K(N1+N2+2,N1+N2+1)

N1+N2+1 + K(N1+N2+1,N1+N2+1)
N1+N2+1 (A12) 

where K(1,1)
0 denotes the equivalent stiffness submatrix exerted by beam element 0 on lumped mass 1; likewise, K(N1+N2 ,N1+N2)

N1+N2+1 represents the equivalent 
stiffness submatrix exerted by beam element N1 + N2 + 1 on lumped mass N1 + N2. 
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Cpto =

⎡

⎢
⎢
⎢
⎣

Cpto 06×6(N1+N2-1) -Cpto

0(N1+N2-1)×6(N1+N2+1)

-Cpto 06×6(N1+N2-1) Cpto

⎤

⎥
⎥
⎥
⎦

6(N1+N2+1)×6(N1+N2+1)

(A13) 

where the expression of Cpto is, 

Cpto =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0
0

0
0

0

0

0
0

0
0

0

0

0
0

0
0

0

0

0
0

0
0

0

0

0
0

0
Cp

0

0

0
0

0
0

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A14) 

KRot =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

06(N1-1)×6(N1+N2+1)

06×6(N1-1)

06×6(N1-1)

KRot

-KRot

-KRot

KRot

06×6N2

06×6N2

06N2×6(N1+N2+1)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

6(N1+N2+1)×6(N1+N2+1)

(A15) 

where KRot can be expressed as: 

KRot =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0
0

0
0

0

0

0
0

0
0

0

0

0
0

0
0

0

0

0
0

0
0

0

0

0
0

0
Kr

0

0

0
0

0
0

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A16) 

where Kr is the hinge rotational stiffness coefficient.
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